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NECESSARY AND SUFFICIENT CONDITIONS OF FIRST ORDER NEUTRAL 
DIFFERENTIAL EQUATIONS 


ABHAY KUMAR SETHI"** AND JUNG RYE LEE** 


ABSTRACT. In this work, we establish the necessary and sufficient conditions for oscillation of a 
class of functional differential equations of the form 


((a(t) + p(t)x(t — o))' + q(t)o(a(t — 7)) + v(t)~(a(t — n)) = 0 


of a neutral coefficient p(t), by using the Knaster-Tarski fixed point theorem and Banach’s fixed 
point theorem. 


1. INTRODUCTION 


Consider a class of first-order nonlinear neutral differential equations of the form 


((x(t) + p(t)a(t — o)))’ + at) o(x(t — 7)) + vt)d(a(t — n)) = 0, (1.1) 
where r, g, v, T, 0,n € C(R+,R+4), p€ C(Ri,R), 6€ C(R,R) such that x(x) > 0, r(x) > 0 
for x £0 and ¢, ~ € C(R,R) satisfying the property x¢(x) > 0, uy(u) > 0 for z,u 4 0. 
In this work, our objective is to establish the necessary and sufficient condition results for oscil- 
lation of all solutions of (1.1), where 
(Ao) p € C([0,co), R), f € C(R,R), ¢,7,0,n € C(R+,R+) such that t-7 <t,t—o <t and 
t—n<t; 
(A1) ¢,v € C(R,R) are nondecreasing and satisfy ud(u) > 0, uv(u) > 0 for u,v 4 0. 
Fatima et al. |1] studied the nonlinear neutral differential equation (NDDE) of the form 
[r(t) (a(t) + p(t)a(t — 7))I' + a(t)a(t — 2) =0, (1.2) 
where p € C|[to,00)],R], 7,¢ € Cl[to,0c0o),R*], 7,07 © R*, and they obtained new sufficient 
conditions for all solutions of NDDE to be oscillatory. 
Graef et al. |8| studied the first order neutral delay differential equations of the form 


[x(t) + p(t)x(t — 7)]' + a(t) f(x(t— o)) =0, (1.3) 


under the conditions 

(a) p€ R,t ando are positive constants; 

(b) q: [to, co) 4 Ris a continuous function with q(t) > 0; 

(c) f: R> Ris continuous with uf(u) > 0 for u #40, and there is a positive constant 

M such that Flu) > M >0, where ais a ratio of odd positive integers. They established internal 
conditions for all solutions of nonlinear first order neutral delay differential equations. 


Grammatikopoulos et al. (9| studied first order neutral delay differential equations of the form 
[x(t) — p()a(t — 7) + Q()x(t — 4)) = 0, (1.4) 
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where p, Q,6 € C([to, co), R*), and Jim Cation No. They established sufficient conditions for 


oscillation of all solutions of the the neutial delay differential equations. 

The motivation of the present work comes from the above studies. In this work, an attempt is 
made to establish the necessary and sufficient ers for asymptotic gag - solutions of 
(i), under various ranges in the neutral coefficient p(t). Clearly, (1.2), {1.3} 11.3) and (1.4) are special 
cases of (u.1). However, there are few results to study the oscillation oF (ll tay us purpose of 
this work is to obtain some sufficient condition results for oscillation of (1-1). This work would be 
interesting than the works of as long as (1.1) is concerned. 

Neutral delay differential equations find numerous applications in electric network. For example, 
they are frequently used for the study of distributed networks containing lossless transmission lines 
which arise in high speed computers where the lossless transmission lines are used to interconnect 
switching circuits (see for example (12}). The problem of obtaining sufficient conditions to ensure 
the second order differential equations which are special cases of is oscillatory has received a 
great attention. Since the first order equations have the applied applications, there is permanent 
interest in obtaining new sufficient conditions for oscillation or nonoscillation of solutions of varietal 


type of the first order equations (see (2}{7|[11}/13}[1.41/16} {181/20} ). 


Definition 1.1. By a solution of (7.1), we mean a continuously differentiable function x(t) which 
is defined for t > T* = min{(t — a0), (t — 70), (t — no) } such that x(t) satisfies for all t > to. 
In the sequel, it will always be assumed that the solution of exists on some half line |t1, 00), 
t; > to. A solution of is said to be oscillatory if it has arbitrarily large zeros; otherwise, it is 
called nonoscillatory. Equation is called oscillatory if all its solutions are oscillatory. 


2. OSCILLATION RESULTS 


This section deals with the oscillation results for necessary and sufficient conditions for oscil- 
lation of all solutions of (1.1), Throughout our discussion, we use the following notation 


z(t) = z(t) + p(t)z(t — 0). 


Lemma 2.1. Let p,x,z € C([0,co),R) be such that z(t) = x(t) + p(t)e(t-—o), t > 7 > 0, 
at) > O-fort > ty Sry liniiniys., 2(t) = 0 ond Jim z(t) = L exists. Let p(t) satisfy one of the 
—> CO 


following conditions: 


1)0< pi < p(t) < po <1, it) 1 < ps3 < p(t) < ps < ~, iti) — 00 < —ps < p(t) <0, 
where r; >0,1<i21<5. 
Then L = 0. 


Theorem 2.2. Assume that (Ao) and (A1) hold and 0 < aj < p(t) < ag < 1 fort € Ry. Let ¢, 
Ww be Lipschitzian on intervals of the form [a,8],0<a< 8 < ow. Then every solution of 
converges to zero as t + oo if and only if 


(A2) JP" la(s) + v(s)]ds = oo 


Proof. Assume that (Ag) holds. Let x(t) be a solution of (1.1) on [t;, co], t; > 0. Let x(t) > 0 for 
t > ty. Set 


z(t) = x(t) + p(t)z(t—o), t > to. (2.1) 
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Then becomes SETHI ET AL 1-9 
2'(t) = —q(t)o(a(t — 7) — v(t)Y(w(t - n)) < 0, (2.2) 


and hence z(t) is a decreasing function for t > t; > to+p. Since z(t) > 0 for t > ta, Jim z(t) exists. 
Consequently, z(t) > x(t) implies that x(t) is bounded. Our aim is to show that Jim x(t) = 0. For 
this, we need to show that lim inf;,.. x(t) = 0. If liminf;_,., x(t) 4 0, then there exist tz > t2 and 
B > 0 such that x(t—o) > 8 > 0 for t > tz. Ultimately, 

t 


[ eete—) + ove - mat > o(6ylatHlde + ¥(8) f owlae 


3 t3 
— +oo, as t> ow, 


due to (Ag). 
On the other hand, we integrate (2.2) from tz to t(> tg) to obtain 


[ la(t)o(a(t — 7) + ot) o(a(t — n))] dt < —2(t) + 2(t3) 
; <oo, as t7 OW, 
which is a contradiction. Therefore, lim inf;_,.. z(t) = 0. Consequently, Jim z(t) = 0 due to Lemma 
Thus we obtain 
0 = lim z(t) = limsup(2(t) + p(t)a(t — o)) 


t—00 t-00 


> lim sup z(t), 


too 
which implies that lim sup;_,,, z(t) = 0, that is, Jim #4) =O. 
co 
Assume that x(t) < 0 for t > to. Setting y(t) = —a(t) for t > to in (1.1), we obtain 


((y(t) + p(t)y(t — o)))’ + a(t) o(y(t — 7)) + v(t)d(y(t — 0) = 0, 


and proceeding as above it is easy to prove that lim: +. y(t) = 0. 
In order to prove the condition (Ag) is necessary, we suppose that 


i? [q(s) + v(s)] ds < co (2.3) 


and we need to show that the equation (1.1) admits a nonoscillatory solution which does not tend 
to zero as t + co when the limit exists. If possible, let there exist t; > 0 such that 


sane 1-— ay 
d 
J lals) +0(s))as < 
where C = max{C}, & (1), ¥(1)}, C; is the Lipschitz constant of @ and C2 is the Lipschitz 


constant of y on = 1]. For tg > t1, set Y = BC([t2, co), R), the space of real valued bounded 
continuous functions on [t2,0o). Clearly, Y is a Banach space with respect to sup norm defined by 


[|¥]] = sup{|¥ (é)| +t > ta}. 


Let’s define 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


Clearly, S is a closed and convex subspace try “Let T°. $ — S be defined by 


y(t) — J Tulea+e), tb [t,t +o) 
—p(t)y(t — 0) + E+ f° [a(s)o(y(t — 7)) + o(s)w(y(t — 9) ] ds,t > te +p. 


For every y € S, 


Ty(t) <= + (1) [ ta(s)ids + va [ to(s)las 
2+ 3a, l-a, l+a 
5 Fae 
and 
Ty(t) > —p(t)y(t -7) + 


2+3a, — 2(1—a}) 
a aa: 


IV 


which imply that Ty € S. Now, for y1, yo € S, 
IZyi(t) — Tye(t)| < |p@)Ily(t — 7) — y(t — 7)| 
+C; / q(s)|yi(s — 7) — yo(s — o)|ds + C2 / v(s)|yi(s — 7) — y2(s — 1) Ids, 
t t 


that is, 


ITya(t) — Tya(t)| < allan — vall + Calla — all [ta s)jds-+ Calin — val [ots ds 


<(m +432) in yall 


[Tyr — Tyeal| < wllyr — yall, 


which implies that 


that is, T is a contraction mapping, where pp = aj ++— = = iia. <1. Since S' is complete and T is 


a contraction on S, by the Banach’s fixed point re T has a unique fixed point on 2, 1 . 
Hence Ty = y and 


(t) = ee +p), té [te,te+ 9] 
—p(t)y(t — 0) + 282 [f° q(s)b(y(s—7)) + JP v(s)b(y(s — n)))] ds,t > te +p 


is a nonoscillatory solution of (1.1). Therefore, (Ag) is necessary. This completes the proof of the 
theorem. 


Theorem 2.3. Assume that (Ag) and (A1) hold and 1 < a3 < p(t) < a4 < 06 such that a} > a4 
fort € Ry. Let ¢, w be Lipschitzian on intervals of the form [a,8],0<a< 6 < oo. Then every 
solution of converges to zero as t + o0 if and only if (Az) holds. 


Proof. The sufficient part is the same as in the proof of Theorem [2.2] 
For the necessary part, we suppose that (2.2) holds. It is possible to find a t; > 0 such that 


[ ae) + olds < SS, 
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THI 
1 


where K = max{K,, © “?}, Ki, Ko are Lipschi tz Goustants of @ and ~ on [a,b] and Kk, = (a ), wb) 


such that 
2X(a3? a4) a4(a3 1) 
C= ’ 
203204 
ee aa a4(a3 — 1) x. 
2a3 2(a3? — a4) 


Let Y = BC([te,co),R) be the space of real valued bounded continuous functions on [t2, co). 
Clearly, Y is a Banach space with respect to sup norm defined by 


ly|| = sup{ly(t)| : t 2 ta}. 
Define 
S={weY: axu) 20, 1t2S bo}: 
It is easy to see that S is a closed convex subspace of Y. Let T': S — S be such that 


Ta(te+p), t€ [te,te+ 


oe - ae) eo) a a) ee q(s)o(x(s Zz T))ds + ees v(s)v(a(s - n)))as| t2tet is 


For every x € S, 


CLONE FY atte ey etn Maar . 
Tat) = aGse) [a )d * pE+0)) i. eas) (s+o)) 
1 a3 — 1 - 
fair t= 
and 
a(t+7)) aN 
PH) 2 Teta) | pet) 
beste 
a3 a4 
a3 —1+2A r 
2a2 a4 
= 2(a3? — a4) — ag(az — 1) i 
203704 ; 


which imply that Tx € S. For yy, yo € S, 


Tu () — Tul] < rel (t+ 2) — volt +2 
+ | f asdlunls— 7) -als—7)1] a 
+ aay [f vellnts -m -mnts - ol a, 
that is, 
ITus(t) ~ Tvo(t)| < —llon — yell + lon — well f a(s)ds-+ Ilan — wall foto 
< (2 +S) lin - wal, 
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: ‘ ‘ ET AL 1-9 6 
which implies that a 


[Zy1 — Tye|| < wllys — yall, 

. . . —_ 1 —] 
that is, T is a contraction, where pp = (4 + ae 
T has a unique fixed point which is a nonoscillatory solution of (1.1) on [a,6]. Thus the proof of 
the theorem is complete. 


) < 1. Hence by the Banach’s fixed point theorem, 


Theorem 2.4. Assume that (Ag) and (A;) hold and —1 < —as < p(t) < 0, a5 > 0 fort € Ry. 
Then every solution of converges to zero as t + o0 if and only if (Ag) holds. 


Proof. Proceeding as in the proof of Theorem [2.2| we obtain (2.2). Hence r(t)z(t) is monotonic on 
[t2,00), tg > ty. Let z(t) > 0 for t > tg. Then lim;,., z(t) exists. Let z(t) < 0 for t > tg. We 
claim that x(t) is bounded. If not, there exists {n,} such that T(m,) < T, and j,— co as n > ov, 
x(n) + Co as n > oo and 


x(7,) = max{als) 2 ig Ss < Hy}: 
Therefore, 


2(Mn) = (Mn) + P(Mn)x(IM — 7) 
> (1 —as5)x(™m) 


—+ +00, as n> Ow, 


which is a contradiction to the fact z(t) > 0. So our claim holds. Consequently, z(t) < x(t) implies 
that limp... z(t) exists. Hence for any z(t), x(t) is bounded. Using the same type of argument 
as in the proof of Theorem it is easy to show that liminf;,.. z(t) = 0 and by Lemma 
limy+o0 z(t) = 0. Indeed, 
0 = lim 2(t) = limsup(z(t) + p(t)z(t — ))) 
too too 


= se _ 
> lim sup z(t) + lim inf ( asx(t — o)) 


too 
= (1 —as) limsup z(t) 
too 
which implies that lim sup;_,,, z(t) = 0. The rest of the proof follows from Theorem [2.2| 
Next, we suppose that (2.2) holds. Then there exists t; > 0 such that 
a 1 — as 
la(s) + o(s)]}ds< -—, ta hh. 
| Se(1)(1) 

For tg > ti, let Y = BC([t2,00),R) be the space of all real valued bounded continuous functions 
defined on [t2,00). Clearly, Y is a Banach space with respect to sup norm defined by 

lll = sup{|y(t)| : t > to}. 


Let K = {ye Y: y(t) >0, t >to}. Then Y is a partially ordered Banach space (see [3}). For 
u,v € Y, we define u < v if and only if u—v Ee K. Let 


= 
g={xer: Pt <a) <1, 12 0h. 


If xo(t) = 44%, then zp € S and 2p = g.l.b S. Further, if d c S* CS, then 
5 


1—- as 


s= {ees nsal) <b, ch, b si}. 
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Let vo(t) = 15, t > tz, where /f = sup{le Pe 1}. Then vp € S and vp = Lu.b S*. For 
tz =to+p, define T: S > S by 
Tx(t) _ Tx(t3), te [t2, ts] 
—p(t)e(t — 0) + 382 [2° a(n) ola(s — 7))ds + [2° v(s)v(e(s—n))ds] , > ts. 


For every x € S, Tx(t) > 14 and 


1—as5 


8 +441) fla(siids +o) f foo)las 


<1 


Teta) <a5t+ 


x 2+ 3a5 

5 
which imply that Tx € S. Now, for x21,x2 € S, it is easy to verify that 2; < x2 implies that 
Tx, < Tx 2. Hence by the Knaster-Tarski fixed point theorem ( {8} Theorem 1.7.3]), 7 has a unique 
fixed point such that lim; x(t) 4 0. This completes the proof of the theorem. 


Theorem 2.5. Assume that (Ag) and (A;) hold and —co < —ag < p(t) < —a7 < —1, ag,a7 > 0 
fort € R,. Let ¢, w be Lipschitzian on intervals of the form [a,8],0<a< 6 < oo. Then every 
bounded solution of converges to zero as t + oo if and only if (Az) holds. 


Proof. The proof of the theorem follows from Theorem For the necessary part, we need to 


mention the following: 
a a7 — 1 
[ tals) +0(s))as < Se. 


where K = max{ kK, Ko}, Ki, K2 are Lipschitz constants of ¢ and w on [a,b], Ko = ¢(a)y(b) such 
that 


2Aa7 = ag(a7 = iy) r 
a= ; b = 
2a6a7 a7 — 1 
for i 
’\> ag(a7 — 1) > 0, 
2a7 
and 
Tx(te+p), t€ [te,te+ 
Tat) = x(t+0)) 00 


p(t+o)) Fm) | 5a) Dee a(s)o(a(s—7))ds + fer, v(s)p(a(s — 0) )as} , 


where ¢t > to + p. This completes the proof of the theorem. 


Remark 2.6. In the above theorems, @ and w could be linear, sublinear or superlinear. 


Remark 2.7. Lemma|[2. 1] does not include p(t) = 1 for all t (see [s)). The present analysis does 
not allow the case p(t) = —1 for allt. Hence in our discussion, a necessary and sufficient condition 
is established excluding p(t) = +1 for allt. It seems that a different approach is necessary to study 
the case p(t) = +41. 


3. AN EXAMPLE 
Example 3.1. Consider 
((a(t) + a(t — m)))’ + e'b(a(t — 2m) + e'h(a(t — 3m)) = 0,t > 2, 


where ¢(x) = (x) = x°. Then all the conditions of Theorem [2.9 are satisfied for (1.1). Hence 
every solution of oscillates. In particular, x(t) = sint is one of such solution of (7.1). 
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Clearly, all the conditions of Theorem ayy atest shied. Hence, by Theorem [2.2] every solution$ 


of (1.1) oscillates. 


4. CONCLUSION 


In this work, we established the necessary and sufficient conditions for oscillation of a class of 
functional differential equations of the form 


((x(t) + p(t)x(t — o))’ + a(t) o(a(t — 7)) + v(t)b(a(t — )) = 0 


of a neutral coefficient p(t), by using the Knaster-Tarski fixed point theorem and Banach’s fixed 
point theorem. 
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On a class of k + 1 th-order difference equations with variable 
coefficients 
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Abstract 
A Lie point symmetry analysis of a class of higher order difference 
equations with variable coefficients is considered and new symmetries 
are found. These symmetries are utilized to investigate the existence 
of solutions. The results in this paper generalize some results in the 
literature. 


Key words: Difference equation; symmetry; reduction; group invariant so- 
lutions; periodicity 


1 Introduction 


Recently, rational difference equations have become a centre of interest of 
many authors, see [1-4]. Many methods have been developed to solve dif- 
ference equations in closed form, that is, when every solution can be written 
in terms of the initial values and the indexing variable index n only. Among 
others, is the Lie symmetry approach used for differential equations. This 
differential equations method for difference equations was studied by P. Hy- 
don and others (see [5-7, 9-11]). In [6], the author introduced an algorithm 
for obtaining symmetries and conservation laws of second-order difference 
equations. Now, it is known that these tools can be used to lower the order, 
via the invariants of the Lie group of transformations, as it was established 
for differential equations. 

In this work, we aim to use the Lie symmetry approach to solve the following 
difference equations: 


Epa 


k 
i=0 


*Cooresponding author: Mensah.Folly-Gbetoula@wits.ac.za 
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where 6, and y, are real sequences. The definitions and notation in this 
paper follow the ones used by Hydon in [6]. Therefore, we will have to shift 
the equation k times and study 


Un 


k 
1=0 


Untk+1 = 


(2) 


instead. 
Our work is a natural generalization of the results by Elabbasy, et. al. [1]. 
These authors used induction method to give solutions of 


(3) 


AXn—-k 


k 
B+] tnsi 
i-0 


Ln+1 = 


where the parameters a, (6 and y are non-negative real numbers and the 
initial values are positive numbers. 


2 Definitions and algorithm 


As mentioned earlier, the definitions and notation used in this paper follow 
those adopted by Hydon in [6]. 


Definition 2.1 A parameterized set of point transformations, 
T.: 2 &(a;¢), (4) 


where x = x;,1=1,...,p are continuous variables, is a one-parameter local 
Lie group of transformations if the following conditions are satisfied: 


1. [9 is the identity map if & = x when ¢ = 0 
2. Tal, = Vays for every a and b sufficiently close to 0 


3. Each £; can be represented as a Taylor series (in a neighborhood of 
€ =0 that is determined by x), and therefore 


£,(a : €) = aj + €€;(x) + O(c”), i = 1,..., p. (5) 
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Consider the k + 1th-order difference equation 


Untk+i = Q(un, Untly++: tiny); (6) 


for some function 2. We shall restrict our attention to Lie point symmetries 
where t, is a function of n and u, only. In other words, we assume that the 
Lie point symmetries are of the form 


v= Un = Un + €Q(N, Un) (7) 
and that the analogous prolonged infinitesimal symmetry generator takes the 
form 

XM Sin sé Un+i)5—— z (8) 
1=0 OUnsi 


where Q = Q(n, u,) is referred to as the characteristic. We define the sym- 
metry condition as 


Unit = Q(n, thas Un+1) nih Un+k) (9) 


whenever (6) holds. Substituting the Lie point symmetries (7) into the sym- 
metry condition (9) leads to the linearized symmetry condition 


Q(n tk +1, Unser) — X"0 = 0, (10) 


whenever (6) holds. 
One can solve for the characteristic Q(n, un) using the method of elimination 
and thereafter lower the order the difference equation (6) via the canonical 


coordinate [8] 
Atty, 
= 11 
9° | Oma) wy 


3 Main results 


3.1 Symmetries 
Consider the k + 1 th-order difference equations of the form (2), i-e., 


Un 


i ‘ 


i=0 


tiga == 
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We impose the symmetry condition (10) on (2) to get 
k 
Q(n Te k ok 1, Un+k+1) = be Dini (n 5 1, Una) = 0, (12) 
i=0 
where (2, denotes the partial derivative of with respect to y. 
The characteristic in (12) takes different arguments and one can eliminate the 
undesirable variable by implicit differentiation. In this optic, we differentiate 
(12) with respect to Un+1 ( keeping Q fixed) and viewing u,+2 as a function 


of Un, Un41,---;Un+k and Q, that is, we act the operator 
= O | OUnt2 O = O 7 Oe a OO (13) 
Onis: SOU Otte: Onan” aig OUgss 
n (12). This yields 
= OV pine Q' (0 + 1, tng) + Oring O'(0 + 2, Unto) 
k 
= S- sees — Pun Oo stints, | QUA Ay nig) =O (4) 
i=0 


Dent 
which simplifies to 


= Untitinge@ (n + 2, Unde) + UnsitingeQ'(n + 1, Ungi) — Uny2Q(n + 1, Un41) 
+ UntiQ(n + 2, Unz2) = 0 (15) 


after a set of rather long calculations. Note that ’ stands for the derivative 
with respect to the continuous variable. The differentiation of (15) with 
respect to Un, twice (keeping u,+2 fixed) leads to 


[tm41Q'(n + 1, Ungi) — O(n + 1, Unti)]” = 0 (16) 
after simplification. The solution of (16) is given by 
Q (nN, Un) = Ann + bpUy In Un + Cr (17) 


for some functions a,, 6, and c, of n. These functions are obtained by 
substituting (17) in (12) and by splitting the resulting equations with respect 
to product of shifts of u,, since they are functions of n only. It turns out 
that b, = c, = 0 and we are left with the following reduced system: 


i} S(t Say =O (18a) 


Un-.--Un+tk > An4i ct An+2 Fees Antk Antk+1 = 0, (18b) 
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or equivalently 


We have found that 


Thus, the k infinitesimal generators are given by 


2 
X, = exp (i) ee Pes a ke (21) 


3.2 Reduction and exact solutions 


Let 


2 
6, = exp (FS) and —Q,(n, Un) = (Os)"Un- (22) 


To lower the order of (2), we introduce the canonical coordinate defined in 
(11). We have 


dun tt 2 
s.= | Falta, tin) — Gaye il: =) 


Thanks to (19), we have proved that 


Xx, (os (GS pees aOR es) or Meee 00) 


So, 
Tn = (Os)"Sn + CA aar ora aire (62) Se (25) 
is an invariant function of X,, s = 0,1,2,...,k. For convenience, we consider 
i 


Pn] = exp{—rn} = + (26) 


k >) 
Il Unti 
i=0 
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instead. We choose 7, = 1/ I Un+; and the reader can readily check that 7, 
satisfies xe 

Fait = Bnfn + An (27) 
and that 


n-n(fim)E (aii). a 


ko=I4+1 


Tn 
Untk+1 = = Un (29) 
Tnt+l 
and thus 
n-1l ~ 
VT (k+1)s+j f 
U(k+1)n4+j =u [[ “4. io Onl nag Ae (30) 
sao | (k+1)st5+1 
We have 


(k+1)s+j—1 (k+1)s+j—1 (k+1)s+j-1 

es ie TD. Bee oe 3 Ay [[T Bre 
ky=0 l=0 kg=I1+1 

U(k4+1)nt+j Uj I] 


a _ [kt Dsti (k+1)s+j (k+1)stj 
a TO imi Br, a ~~ A, Il Bry 
1=0 


k1=0 kg=l41 


(k41)s+j—1 k (k+1)s+j—1 (k+1)s+j—1 
will le (Be + (IIs) ae Ee Be 
k,=0 i=0 l=0 kg=Il41 


= (k+1)s+j k (k+1)s+j (k+1)s+j 

- I Bu + (IIs) x (A TL Be 
k,=0 i=0 l=0 kg=I14+1 

(31) 


for 7 = 0,1,...,k. The solution to the sequence {z,,} is then given by 


(k+1)s+j—1 (k+1)s+j-1 (k+1)s+j—-1 

n-1 II Brey ne ss of II Bho 
k,=0 l=0 kg=l41 

Uk+1)n+j-k = Uj-k I] 


ih (k+1)s+j (k+1)s+j (k+1)s+j 
_ TL: Bape? oie Ty, 8 


k,=0 l=0 kg=l14+1 
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k 
where 7 = 0,1,2,...,4 and P = [|] z_;. In the subsequent sections, we 


=0 

investigate solutions to special cases of the difference equations. 

4 The case when £, and 47, are 1-periodic 

In this case, we assume that 69 = 8; for all 7 > 1 and 7 = 4; for all 7 > 1. 


4.1 The case when { 4 1 


The solution becomes 


k (k+1) 845 
k-+l)s+ 1-8 
naa By + (11 2.) 1m 70 
hie 
L(k+1)nt+j—k = Lj—k ans = ae” 7 | BN ee ere 
= s = 
= Bo ee (IL2-+] — apg 18 
— 


Set 6p == 4 where a is a constant. Then the solution reduces to 


k 
= . J—(aq7!)\(kt lst 
2 (a 1) (kt) s+3 an (IL+) | 1 


L(k+1)n+j—-k = x;-~] ( k ) ite is ’ 


s=0 (q-1)(k+1)s+541 4 


which is equivalent to 


k (k+1)s+j—-1 
n-1l+ (11 21] a 
L(k+1yn+j—k = 2;-20” | | = 


1=0 
k (k+1)stj 
ack 1+ (1 v.) s a! 


i=0 1=0 


More explicitly, we have 


k (k+1)s—1 
ee ea (11 vs) Sime 


7 i=0 I=0 
Uk+1)n—k = U-kK@ I] ‘ (ei1)s ) 
amas el (1 £ :) ie. 
i=0 l=0 
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U(k4+1)n41—k = T1—-ka 


k (k+1)s+1  ” 
col Ieee (Ii vs) ye a! 
i=0 1=0 


T 
~~ 
> 

i 
Ps 
oa 
Me 
oe 

Q_ 


e. 
ll 
fos) 


n-1 14 
= n 
U(k4+1)n4+2—-k = T2—-Ka | 


k (k+1)s+2 ? 
sO 1+ (11 21] yO 2a 
i=0 1=0 


i 
a 
rae 
| 
T 
aN 
—l 
i 
VEE 
= 
a 
Me 
+ 
ig 
bo 
a 


a 
ll 
3 


=. 


S 
ll 
° 


38 
> 
+ 
e 
3 
| 
i 
| 
8 
A. 
jm) 
iva) 
sl 
rae 
| 
T 
mNI< 
: 
Ne 
- 
= 
ae 
+}o 
a 
in 


and 


L > 
P 
ey 
> 
+ 
me 
s 
+ 
i 
Es 
QL 


n-1 1 + ( 
Lk+1)n = roa” 


=0 
k (k+1)s+k , 
Pay ae (11 vs) a! 


i=0 


This solution has appeared in [1]. 


4.1.1 The special case 6 = —1 and k is odd 


The solution simplifies to 


Deva Oe Ve lee) 


U(k4+1)nt1—k = L1 pH a ee es 0) 


U(k4+1)n+2—-k = LQ gH 1S ee a VO) 
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De a a eae ee 6) 0) 2 


Diep = yee ee ae AO) 


as long as the denominator does not vanish. 
However, the solution above can be written in compact form as 


—1)5+1y, 
L(k+1)ntj-k = Vj w(—1 + (Gp bey B_pye--- 2 120) 0)‘ ue 


tor Pas Oeste he 
This solution has appeared in [1] (See Theorem 9). 


k 

Remark 4.1 Note that if yo [| xi = 2, the solution is periodic with period 
i=0 

K+ 1. 


4.1.2 The special case 6 = —1 and k is even 


In this case, we have 


YY k —(— s 
ie ot (ene oe (11 2.) 1-( 2 an 
1=0 
Uk+ln+j—k = Vj el] k ieee 
s=0 (—1)sts+1 + (11 v) a : Yo 
1=0 


co Hi it (-+(tt-)»). 


s>0, = . s>0, 
s—j is even Lap ( 21) Yo 


s—j is odd 
If 7 is even and n is odd, 


= 


) 


ll 
fos) 


n—1 


E -|45°]-1 k [4] 
L(k+1)nt+j—k = Tj—k (1+ IT) (-1 +1) 
= - i=0 
= Lj-k (1 + Yo I.) ‘ 
i=0 
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If 7 is odd and n is odd, 


n—1 


k -l*s] i [234 J41 
L(k+1)n+j—-k = Tj—k (-1 +914) (-1 +L) 
i=0 i=0 
k 
= Lj-k (1 +a) : 
i=0 


If 7 is even and n is even, 


k —(|"J-1 k ["4)41 
L(k4)nt+j—-k = Xj (1+ oT] (1+ [T=.) 
i=0 i=0 
= Lj—k- 
If 7 is odd and n is even, 
k -(27)-1 k [24 }41 
L(k41)ntj—-k = Xj (+0) (1+ [T=) 
i=0 i=0 


= Vj-k- 
In summary, and more compactly, the solution is 
k 


(11 
tip { —1+ Lj , if nis odd 
L(k+1)nt+j-k = re ( uo i ) 


Denk if n is even. 


This solution has appeared in [1] (See Theorem 8). 


4.1.3 The case when ( = 1 


The solution is given by 


au ae (1 v) ((k + 1)s +4) 70 
U(k+l)ntj—k = Vj el] k 
ae (1 v) (k+Vs+i+l0 


i=0 


.  g=0,1,2,...,k. 


10 
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5 Conclusion 


We have utilized symmetry analysis to find point symmetries for certain 
(k + 1) th-order difference equations. We performed the group reduction of 
the equations using one of these symmetries and solutions were given in a 
unified manner. Our results generalise those in [1] in the sense that (a) a, 
6 and y need not necessarily be non-negative integers and (b) the constants 
can be replaced with sequences (variable constants). 
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ABSTRACT. In this paper, we find solutions and investigate the superstability 
bounded by function for the sine functional equation from the approximate 
inequality of the Pexider type functional equation: 


5 (PEP) 9 (252) = ner. 


Furthermore, the results are extended to Banach algebras. As a consequence, 
we obtain the superstability for the exponential functional equations, the hy- 
perbolic functional equations, and the jointed Pexider Lobacevski equation. 


Keywords: stability, superstability, sine functional equation, cosine functional 
equation. 


MSC 2020: 39B82, 39B52. 


1. INTRODUCTION 


In 1979, Baker et al. [4] announced the superstability as the new concept as 
follows: If f satisfies | f(a + y) — f(x) f(y)| < ¢ for some fixed ¢ > 0, then either f 
is bounded or f satisfies the exponential functional equation 


f@+y) = f(x) fy). (E) 
D’Alembert, in 1769, introduced the cosine (d’Alembert) functional equation 
fat+y) + f@—y) =2f(a) Ff), (C) 


whose superstability was proved on Abelian group by Baker [3] in 1980. 
The cosine (d’Alembert) functional equation was generalized to the following: 
fla+y) + fla—y) = 2f(a)g9(y), (W) 
fla+y) + fla —y) = 29(@) f(y), (K) 
in which (W) is called the Wilson equation, and (A) was raised by Kim [9]. 
The superstability of the cosine (Ch, Wilson (W) and Kim was founded in 


Badora [I], Ger [2], Kannappan and Kim [9], Kim [13] [15) (76) [20], and in [5} [7] [22]. 
In 1983, Cholewa [6] investigated the superstability of the sine functional equation 


(2)? - (54 = for) (5) 
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under the condition bounded by constant (Hyers sense). His result was improved to 
the condition bounded by a function (Gavruta’s sense in [8]) in Badora and Ger [2]. 


Their results were also improved by Kim {11} [12] [14], which are the superstability 
of the generalized sine functional equations: 


HY - 17 = f@s) (Sy) 
FAY - FEFY = oF) (Sus) 
HY - (AY = 99) (Soy) 
(SA) - 1G FY = ol@nw) (Son) 


under the condition bounded by a constant or a function. 

The aim of this paper is to find solutions and to investigate the superstability 
bounded by the function (Gavruta sense in [8]) for the sine functional equation 
from an approximate inequality of the Pexider type functional equation: 


i 


c+y 


2 


) -9 (252) =nerw 


(Sfgnk) 


which is represented by the exponential equations, hyperbolic cosine(sine) equations, 
and the jointed Pexider Lobacevski equation (PL). 

As corollaries, we obtain the superstability bounded by a constant or the function 
for the sine functional equation (S) from an approximate inequality of the sine type 


functional equations (S¢q), (Sg-), (Sg), (Sgn), and the Pexider type functional 


eho 
(PEP) 9 (252) = nerney (Stonn) 
(242) 9(252) = ners (Spans) 
5 (242) 9 (252) = nwo) (Sing) 
(PEP) 9 (252) = Fone (Spopn) 
(242) 6(252) = soe) (Soto) 
(242) 6(252) = rer (Spoe1) 
(PEP) 9 (252) = on (Spoon) 
(24) 9 (252) = oa) (Spo00) 
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(PEP) 9 (252) = orto (Stoot) 


Furthermore, the obtained results are extended to Banach algebras. 

In this paper, let (G,+) be an uniquely 2-divisible Abelian group, C the field of 
complex numbers, and G the field of real numbers. f,g,h,k are nonzero functions 
and ¢€ is a nonnegative real constant, y : G > R be a mapping. 


2. CREATION OF THE EQUATIONS AND ITS SOLUTION. 


The purpose of this chapter is to show the creation and the solution for the 
frequently risen function equations dued by the toe OF function. 


Let us recall the trigonometric formula, except for (C} (x). 
sin(a + y) + cos(x — y) = [sin(a) + cos(x)][sin(y) + ae implies 
flet+y)+9(@—y) = [F(®) + 9 @)IIF(Y) + 9y)] = A(@)hty). — (fghh) 
cos(x + y) + sin(a — y) = [cos(x) + sin(x)][cos(y) — sin(y)] implies 
flet+y) + g9(@—y) = [f(@) + 9@) FY) — 9) = h(@)ky). (Fgh) 
sin(x + y) — sin(a — y) = 2cos(x) sin(y) implies 
f(a+y)— f@—y) = 29(@) f(y). (Tas) 
cos(z + y) — cos(a# — y) = —2sin(x) sin(y) implies 
f(@+y)— f@—y) = —29(@)g(y) = 29(@) hy). 
cos(x + y) — sin(x — y) = [cos(x) — sin(x)][cos(y) + sin(y 
fa+y)— g(@— y) = [Fl@) — 9 @)IIF(y) + 9(y)] = A(w)kty). — (Lgnk) 
sin(a + y) — cos(a — y) = [sin(a) — cos(x)][cos(y) — sin(y)] implies 
fa+y)—g(@—y) =[f@) — g@)loy) — FW) = h@)kY). (Drank) 


f(at+y)— flx—y) = 2f(x) fly). (2) 


Like the cosine and the sine, the above functional equations are also derived 
simultaneously by the hyperbolic cosine (sine), exponential equation, and Jensen 
equation, as can be seen in the following relations: 


cosh(a + y) + cosh(« — y) = 2. cosh(x) cosh(y)( = —2 sinh(z) sinh(y)) 
sinh(x + y) + sinh(x — y) = 2sinh(x) cosh(y)( = 2 cosh(«) sinh(y)) 


arth gen? = 2av eta & Jew ote = 2e* cosh(y)( = 2e” sinh(y)) 


(n( + y) +e) + (n(x — y) +c) = 2(nz + c)( = 2n(y)) 
: Jensen equation, for f(x) = na+c,g(y) =1, 


(Ton) 


where the subtraction corresponds into parentheses ( ). 
Since the trigonometric and hyperbolic functions are expressed by an exponential 


© o-ie 
2% 


function as following: sing = z and sinha = ene respectively, all of the 
above functional equations naturally have exponential and hyperbolic functions as 


solution. 
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Now, let’s bring the quadratic functional equation generated by a product or a 
square of the above equations, which is the target of this paper. 
It is well known that the sine functional equation is derived as follows: 


5 (=38)° — § (#8)? = sin (=)? — sin (FH) 
= sin (x) sin (y) = f(x) f(y). 


Eq. has simultaneously an exponential solution as follows : 


1 ( jote i=) 2 1 ( gay -i55") 2 eit _ ev ely _ ey 
—|{e 2 —e 2 — _— e 2 —e 2 = a. 
21 2% 24 21 


Also, simultaneously, is satisfied for the hyperbolic sine function as follows: 
f (32) — F (2B) = sinh (25#)” — sinh (234) 
(ct — eH)" — (3 (e8#* — e“"))" = (4 (@ —e)) (HM) 

= sinh(x) sinh(y) = f(¢) f(y), 


which is added solutions as the hyperbolic sine, exponential function. 
Also, the other examples of the Pexider type quadratic functional equations 


ew ieriGn s 
ii) o( 22)” - 9 #)? 
itt) of 4) - f(FY) 
iw) — (¢(42)” - 9(554)”) 


have solutions to the hyperbolic sine(cosine) as follows: 


2 


2 
y 


f(x) fy) = 


Rae ee See 


(i) sinh? (*2%) — sinh? (*5¥) 

(ii) cosh? (*£") — cosh? (*5¥) 
(iii) cosh” (24) — sinh? (45%) 
( 


ww) — (sinh? (24%) — cosh? (54)). 


sinh(«) sinh(y) = 


Next, the Lobacevski equation 


(222) = peor (L) 


: 2 2ty\? 
is considered to the exponential equation by f (444) = (c *) = ety = 


ered = f(x) f(y). 
The Lobacevski equation was generalized by Kim [18] Kim and Park [21] 
to the Pexider type Lobacevski equations 


6(AE4) = stem, £(2” = oteyney. (PL) 


n 
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Hence (Sfgnx) and all (5) type equations are also represented as joint of and 
(PL) as follows: 


(2) 9) = (9) (vee) 
= p(a**¥) —q(a-**¥) = (pa® — ga~*) a¥ 
= h(x)k(y), 
where f(x) = v/p(a"), 9(z) = v/q(a-*), h(x) = pa® — qa-*, k(x) = a”. 


As a result, the target function equation (Sfgnx) has solutions as the trigonomet- 
ric, exponential, hyperbolic function, jointed Pexider Lobacevski equation. 


In the following, we show examples of solution applied to the trigonometric func- 


tion for (Sigg), (Sgn), (Sfonk), (Srgnn)- Of course, it is also natural to have the its so- 


lutions as exponential function, hyperbolic sine(cosine) function, Pexider Lobacevski 
equation. Their description will be skip. 


Solution 1. The functions f,g,h: G— C satisfy if and only if f,g,h are 
solutions with f(x) = cosa, g(x) =sinz, and h(x) = —sina. 

In particular, if the functions f,g: G— C satisfy the functional equation 
if and only if f,g are solutions with f(x) = cosa and g(x) = isina. 


Proof. f Garay (3) = cos (2tv)? cos (252) =-—singsiny = g(x)h(y). In 
particular case, it is established that f Gays aay = cos (2£¥)?—cos aay = 
—sinxsiny = 7? sinxsiny = g(x)g(y). 

Solution 2. The functions f,g,h,k:G— C satisfy if and only if f,g,h,k 
are solutions with f(x) = sin(x), g(x) = cos(x), h(a) = (sin? — cos?) (x), k(x) = 
(cos? — sin?)(2). 


Proof. f (22)? -g (4) = sin (242)? cos (=) = (sin? x — cos? x)(cos? y — 
sin? y) = h(a)k(y). 
Solution 3. (i) The functions f,g,h:G— C satisfy if and only if f,g,h 
are solutions with f(x) = cos(2x), g(x) = sin(2x), h(x) = (cos? — sin”)(z). 

(ii) The functions f,g,h : G —+ C satisfy (Sfgnn) if and only if f,g,h are 
solutions with f(x) = sin(x), g(x) = cos(x), h(x) = i(sin* — cos”)(z). 


Proof. (i) f (22)? -~g eas = e089 (g2z)" sin (22) = cag (x@+y)” —sin (a— 
y)” = (cos? x — sin? x)(cos? y — sin? y) = h(x)h(y). 
(i) f (24) — 9 (2) = sin ($2) — 00s (254) = (sin? a — cos? x)(cos? y — 


sin? y) = i?(sin? 2 — cos? x) (sin? y — cos? y) = h(x)h(y). 


Remark 1. (i) It is trivial that all [ZN 5} have solutions as an exponential functions, 
hyperbolic sine (cosine) functions, and Lovacheusky equations. 

(it) The investigation of solutions associated with the generative method for 
can be further extended to that for the Pexider type function equation: 


7 (st2) tg (3) = h(x)k(y). (Prank) 
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3. SUPERSTABILITY OF FROM THE APPROXIMATE INEQUALITY OF (5 ronk) 


We investigate the superstability of the sine functional equation (S) from the 
approximate inequality of the Pexider type functional equation (S'gnx) related to 
(S). As a corollary, we obtain the superstability of the sine functional equation (S). 


Theorem 1. Assume that f,g,h,k:G— C satisfy the inequality 


rt+y r—-yY . 
( rH 9 (254) — aww) 
which satisfies one of the cases k(0) =0, f(x)? = g(x). 
Then either h is bounded or k satisfies (S). In addition, if h satisfies (C), k and 
h satisfy (Ig ¢):= k (a + y) — k (a — y) = 2h(x)k(y). 


Proof. The inequality (3.1) may equivalently be written as 
|f (@+y) —g(e—y) — hQx)k(2y)| < g(2y), Va,yeG. (3.2) 


Let h be unbounded. Then we can choose a sequence {z,} in G such that 


< ply) Vz,y eG, (3.1) 


0 |h(22,)| > co, as nov. (3.3) 


Taking « = 2» in (3.2), we obtain 


2 


ene 
h(2an) 


and so by (3.3), we have 


k(2y) = lim 


Using (3.1) we have 


2p(y) = 


h(2e, +2)k(y) — f ( 


2 2 
h(2en — x)k(y) — f (= > = “) Ig (= > = “) 


> | (h(2an + @) + A(2an — x)) ky) 
(1 (ee 22) -9( 8) 
- (1 (204 =a) a (a ==4)') (3.5) 


for all x,y € G and all n € N. Consequently, 


+ 
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2(y) = h(Qez, + 2) + R(2rp — x) 


[h(2an)| — h(2an) k(y) 
f (tn + HY)” — 9 (an — £4)’ 
h(22,) 
f (en =etyy? g (an =etyy? 


h(2an) 


for allz,y€GandallneN. 
Taking the limit as n —> oo with the use of (3.4) and (3.6), we conclude that, 
for every x € G, there exists the limit function 


h(2ty +2) + hay — 2) 


L(x) = Jim han) , 
where the obtained function DL; : G — C satisfies the equation as even 
kK(at+y)+k(-r+y)=Ii(x)k(y) Va,yeG. (3.7) 
First, let us consider the case k(0) = 0. Then it forces by that k is odd. So 
(3.7) is 
k(aty)—k(a@—y)=Li(a)k(y) Va,yeG. (3.8) 
By means of and the oddness of &, we have the following 
k(x +y)? — k(x —y)? = [k(a + y) + k(x — y)] La (x) k(y) (3.9) 
= [k(2a + y) + k(2ax — y)]k(y) 
= [k(y + 2x) — k(y — 22)] k(y) 
= Ly (y)k(2a)k(y). 
Putting x = y in (3-8), we conclude that 
k(2y) = Li(y)k(y) for all z,y €G. (3.10) 
The equation (3-9), in return, leads with to the equation 
k(a+y)? — k(a — y)? = k(2x)k(2y), (3.11) 


which, by 2-divisibility of G, states nothing else but (S). 

In addition, if h satisfies (Ch, L, forces 2h, so (3.8) forces that k and h satisfy 
(Tf). 

For the other case f(x)? = g(x)’, it is enough to show that k(0) = 0. Suppose 
that this is not the case. Then, we may assume that k(0) = c: constant. 

Putting y = 0 in (3-1), from the above assumption, we obtain the inequality 


ln(a)| < 2) 


This inequality means that h is globally bounded, which is a contradiction by 
unboundedness assumption. Thus the claimed k(0) = 0 holds, so the proof is com- 
pleted. 


VaeG. 
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Theorem 2. Suppose that f,g,h,k:G— C satisfy the inequality 


ct+y 2 r-y é 
; (E) -6 (4) - mere 
which satisfies one of the cases h(0) = 0, f(x)? = g(—2)?. 


Then either k is bounded or h satisfies (S). In addition, if k satisfies (C), h and 
k satisfy the Wilson equation (W):= h(a+ty)+h(a—y) = 2h(x)k(y). 


<y(x) Va,yeG, (3.12) 


Proof. Let k be unbounded. Then we can choose a sequence {y,} in G such that 
k(2y,)| 3 co as n > co. An obvious slight change in the proof steps applied in the 
start of Theorem|I] gives us 


_ 4: f(@+yn)” — 9 (@— Yn)” 
h(2x) = Jim Kun) ‘ 


Replacing y by y+ 2y, and —y + 2y,, in (3.12), the same procedure of (3.5) and 
(3.6) allows, with an applying of (3.13), one to state the existence of a limit function 


BM oe k(2yn) 


where Lz : G —> C satisfies the equation 
h(a+y)+h(2—y)=h(2)Lo(y) Vaz,y eG. (3.14) 
For the case h(0) = 0, it forces by that A is odd. 
Putting y = x in (3.14), we get 
h(2x) = h(#)Lo(a) Va,E G. (3.15) 
From (3.14), the oddness of h and (3.15), we obtain the equation 
h(x + y)? — h(a — y)? = A(x) Lo(y)[A(a + y) — A(a — y)] 


(3.13) 


= h(x)[h(@ + 2y) — h(a — 2y)] 
= h(x)[h(2y + x) + h(2y — «)] 
= h(x)h(2y)Lo(x) 

= h(2x)h(2y), 


which, by 2-divisibility of G, states (S). 
In addition, if k satisfies (Ch, Ly forces 2k, so (3.14) forces that h and k satisfy 
m. 
The other case f(x)? = g(—2)? also is established h(0) = 0 for the same reason 
as that of Theorem 1, so the proof is completed. 


From Theorems [I] and [2] we obtain the following result as a corollary. 
Theorem 3. Suppose that f,g,h,k:G—C satisfy the inequality 


b(4) 0 (252) — ren) 


for allz,y EG. Then 


< min{y(x), p(y)} (3.16) 


29 GWANG HUI KIM 22-36 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


(i) either h under the cases k(0) = 0 or f(x)? = g(x)? is bounded or k satisfies 
(sp. In addition, if h satisfies (Ch, k and h satisfy (To F):= k(a+y)—k(a@-y)= 
Mh (a)k(y): 

(ii) either k under the cases h(0) = 0 or f(x)? = g(—a)? is bounded, or h 
satisfies (sp. In addition, if k satisfies (Ch, h and k satisfy the Wilson equation 


(W) :=h(x +y)+h(a —y) = 2h(a)k(y). 
As a corollary, we obtain the stability of the sine functional equation (S) from 


Theorems 


Corollary 1. Assume that f :G—>C satisfies the inequality 
oy 2 ea% 2 (i) e(y), 
) (SF2) - 1(*) - rem) 


S 4 (%) gle), 
Then, either f is bounded or f satisfies (Sp. 


(iit) min{ p(x), p(y)}- 


Proof. Assumption f(0) = 0 in Theorems is simply eliminated (see [2] Theorem 


5]). 


4, APPLICATION OF THE EQUATIONS (Sygnn), (Seong), (Srarn): 


Replacing according to the location by f, g, or h for the functions k, h in Theorems 
and [3} as corollaries, we obtain the stability of the sine functional equation 


from the approximate inequalities of (Srgnn), (Sone), (Sforn)> (Srgrg)- Other cases 


are skipped. All proofs follow from that of Theorems 


4.1. Stability of the equation (Sygnn). 
Corollary 2. Suppose that f,g,h: G—C satisfy the inequality 


2) 2) nn 


< 4 (tt) v(x) Va,yeG. 
(vit) min{ p(x), p(y) } 

Then, either h is bounded or h satisfies under one of the cases h(0) = 0, 

f(x)? = g(x)’, f(x)’ = g(-2)°, respectively. 


4.2. Stability of the equation (S/gn;). 
Corollary 3. Assume that f,g,h:G—C satisfy the inequality 


aa 2 4 2 
($4) -9(S4) - nero) 
which satisfies one of the cases f(0) =0, f(x)? = g(x)?. 

Then, either h is bounded or f satisfy (S). In addition, if h satisfies (Ch, then f 
and h satisfy (Zor):= f(aty)—f (x —y) = 2h(a) f(y). 


< gly), V2,yeG 
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Corollary 4. Suppose that f,g,h: G—C satisfy the inequality 
cr+y : ry - 
f g h(x) f(y) 
2 2 
which satisfies one of the cases h(0) = 0, i ies g(—2)". 


Then, either f is bounded or h satisfies (S). In addition, if f satisfies (C), h and 
f satisfy the Wilson equation (W):=h (a + "7 +h(a—y) = 2h(x) f(y). 


The following result follows from Corollaries [3] and |4| 


< (x), Va,yeG 


Corollary 5. Suppose that f,g,h:G—C satisfy the inequality 


Z+ry : z-y . 
§(E4) -9(S4) -nerrw) 
for allz,y EG. Then 

(i) either h is bounded under one of the cases f(0) = 0, ae )? = g(x)? or f satisfy 
(Sp. In addition, if h satisfies (C), f and h satisfy (Ty ¢):= f (e@+y)—f(«-y) = 


2h(x) f(y); 
(ii) Bh. f is bounded under one of ic) cases h(0) = 0, f(a)? = g(—x)? or h 


satisfies (S). In addition, if f satisfies (C), h and f satisfy the Wilson equation 
(W):=h ( eos y) = 2h(x) f(y). 


4.3. Stability of the equation (Srorn)- 
Corollary 6. Suppose that f,g,h: G—C satisfy the inequality 


r+y ° u-y - 
(FE) -9(%4) - ten) 
which satisfies one of the cases h(0) = 0, f(a)? = g(a)?. 
Then, either f is bounded or h satisfies (Sp. In addition, if f satisfies (C), h and 
f satisfy (Tyg):= h(a +y) — h(a —y) = 2F(a)h(y). 


Corollary 7. Suppose that f,g,h: G—C satisfy the inequality 
u+y u-y 5 
($4) -9(S*) - fon) 


which satisfies one of the cases f(0) = 0, Je os g(—x). 
Then, either h is bounded or Wh ae . In addition, if h satisfies (C), f and 


h satisfy the Wilson equation (W):= f (a+ y) + f(a —y) = 2f(x)h(y). 
Corollary 8. Suppose that f,g,h:G— C satisfy the inequality 


xc+y zr-y 
(254) -9(554) - fen) 
for allz,y eG. Then 

(i) el f is bounded under one of i cases h(0) = 0, fe a = g(x)? orh 


satisfies (S). In addition, if f satisfies (C), h and f satisfy (T, 
h(x — Te )a(y); 


< min{y(z), p(y) } 


< gly), 


< y(z), 


< min{y(z), p(y) } 


i | 

= 
So 
+ 
= 
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(ii) either h is bounded under one of the cases f(0) = 0, f(x)? = g(—x)? or f 
satisfies (Sp. In addition, if h satisfies (Ch, f and h satisfy the Wilson equation 
(W):=f (a +y) + f (@— y) = 2f(z)h(y). 


4.4, Stability of the equation (S/g/,). 
Corollary 9. Suppose that f,g: G— C satisfy the inequality 


r+y ‘ ry 3 
§(2E4) -9 (54) - toa 
which satisfies one of the cases g(0) =0, f(x)? = g(x)?. 
Then, either f is bounded or g satisfies (Sp. In addition, if f satisfies (Ch, g and 
f satisfy (Ty):= 9 (@+y) — 9 (@— y) = 2F(@)g(y). 


Corollary 10. Suppose that f,g: G— C satisfy the inequality 


ea? aw” 
§(FE4) -9(55*) - 10) 
which satisfies one of the cases f(0) =0, f(x)? = g(—2)?. 


Then, either g is bounded or f satisfies (Sp. In addition, if g satisfies (Ch, then 
f and g satisfy the Wilson equation (W). 


< v(y), 


< (2), 


Corollary 11. Suppose that f,g: G— C satisfy the inequality 


a+y 7 z-y ‘ 

r( 5 ) a( 5 ) f(x)gy) 
for allz,y EG. Then 

(i) either f is bounded under one of the cases g(0) = 0, f(x)? = g(x)? or g satisfies 
(S). In addition, if f satisfies (Ch, g and f satisfy (Ta 5):= g(ax+y)-g(a@-y)= 
2f(x)9(y); 

(ii) either g is bounded under one of the cases f(0) = 0, f(a)? = g(—ax)? or f 
satisfies (S). In addition, if g satisfies (Ch, then f and g satisfy the Wilson equation 
(7). 

Remark 2. As corollaries, we obtain more stability results for the following reduced 
equations of (Syanx)- 

(i) The stability for the functional equations (Syanab: (Syagn)- (Sroor)- (Syars), 
(Sor), (Sea), is skipped by same reason as the cases 


), (Siro fg)- In particular, the stability for the equations 
) is found in papers (see [LI] (14) [(19}). 

(ti) Applying p(x) = vly) = «€ in all results containing (i), then it imply the 
stability results. 


< min{y(z), p(y)} 


5. EXTENSION OF THE STABILITY RESULTS TO BANACH ALGEBRAS 


All the results in Sections [3] and [4]can be also extended to Banach algebras. The 
following theorem is an extension dued by Theorem [1] Theorem [2} and Theorem [3} 
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Theorem 4. Let (E,|| - ||) be @ semisimple commutative Banach algebra. Assume 
that f,g,h,k:G— E satisfy the inequality 


(ey 0 (25%) —rermw) 


Then, for an arbitrary linear multiplicative functional «* € E*, 

(i) either the superposition x* oh under the cases k(0) = 0 or f(x)? = g(x)? is 
bounded or k satisfies (Ss), In addition, if h satisfies (Ch, k and h satisfy (Ty) = 
(e+ y) — k(x —y) = 2A(x)k(y); 

(ii) either the superposition x* ok under the cases h(0) = 0 or f(a)? = g(—2)? is 
bounded or h satisfies (Sp. In addition, if k satisfies (Ch, h and k satisfy the Wilson 
equation (W):= h(a+y)+h(a— y) = 2h(x)k(y); 

(iii) (i) and (ii) hold. 


(7) gly), 
< 4 (iz) v(z), 
(#22) min{y(z), p(y)}- 


Proof. Assume that (i) holds and fix arbitrarily a linear multiplicative functional 
x* € E. As is well known we have ||2*|| = 1 whence, for every x,y € G, we have 


nono —1(ZE2) +5 (252) 
“re oon(e2) le) 
> |x*(h(x)) - a*(k(y)) — 2* (s (4) oe (: (34)) 


which states that the superpositions «* oh and x* o k yield a solution of stability 
inequality of Theorem Since, by assumption, the superposition x* o h is 
unbounded, an appeal to Theorem [I] forces that the function «* ok solves the sine 
equation (Sp. In other words, bearing the linear multiplicativity of z* in mind, for 
all x,y € G, the difference DS : G —> E defined by 


steak (222) 6 (252) — aoe 


falls into the kernel of z*. Therefore, in view of the unrestricted choice of x*, we 
infer that 


ply) = 


7 


DS(«,y) € ( {ker x* : a* is a multiplicative member of E*} 


for all x,y € G. Since the algebra E has been assumed to be semisimple, the last 
term of the above formula coincides with the singleton {0}, that is, 


DS(z,y)=0 forall xz,yEG, 


as claimed. The cases(ii), (iii) also are the same. 
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Corollary 12. Let (E,||-||) be a semisimple commutative Banach algebra. Assume 
that f,g,h:G— E satisfy the inequality 


ety\" a-y\* 
IH r) o( ) one Gi) min{ol), ela) 


For an arbitrary linear multiplicative functional x* € E*, either the superposition 
x* oh is bounded or h satisfies under one of the cases h(0) =0, f(x)? = g(x)?, 
f(a)? = g(—ax)?, respectively. 

Corollary 13. Let (E,||-||) be a semisimple commutative Banach algebra. Assume 
that f,g: G— E satisfy the inequality 
< 4 (i) $0), 


: ee. , (4) — (iii) min{ p(x), p(y)}- 


Then, for an arbitrary linear multiplicative functional «* € E*, 

(i) either the ae x* oh under one of the “O a j=) toe = ae ' 
is bounded or f satisfies (S), In addition, if h satisfies (C), f and h satisfy (T, 

(ii) either the ae x*of under one of the cases 0 F =O, fe) =9 atk, 
is bounded or h satisfies (sp. In addition, if f satisfies (Ch, h and f satisfy the 
Wilson equation (W); 

(iii) (i) and (ii) hold. 
Corollary 14. Let (F,||-||) be a semisimple commutative Banach algebra. Assume 
that f,g: G— E satisfy the inequality 

S 4 (a) 9(2), 


a+y\? 
I ( : ) (i) minfg(2), p(y}. 


Then, for an arbitrary linear multiplicative functional «* € E*, 

(i)) either the superposition x* o f under one of the cases h(0) = 0, f(x)? = g(x)? 
is bounded or h satisfy (Sp; 

In addition, if f satisfies (Ch, h and f satisfy (To F):= h(a+y)-h(#-y) = 
2 (a)h(y). 

(ii) either the wha ih. tn x* oh under the cases cy ) =0 or f(x)? = f(—2z)? is 
bounded ia satisfies (5) . In addition, if h satisfies (C), f and h satisfy the Wilson 
equation (W):= f ( ie, + f(«@—y) = f(x)rh(y); 

(iii) (i) i i) hold. 


Corollary 15. Let (E,||-||) be a semisimple commutative Banach algebra. Assume 
that f: G— E satisfies the inequality 
S 4 (ut ¥ 6 , 


e+y\? "we 
Ie ? ) i( ° ) meee (ii) min{y(z), p(y)}. 


For an arbitrary linear multiplicative functional x* € E*, either the superposition 


x*o f is bounded or f satisfies (sp. 


(7) gly), 


(7) p(y), 
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Remark 3. All items of Remark [J also hold to same results for all functional 
equations on Banach algebras. 


6. CONCLUSION 


We investigated the superstability bounded by function for the sine functional 
equation (S) from the approximate inequality of the Pexider type functional equa- 
tion (Sfgnx), and we studied a creative process for the sine, cosine(d’Alembert), 
Wilson, Kim’s, (S) type functional equations, which are a frequently arisen function 
equations related for the sine functional equation and the Pexider type functional 


equation (Sygnx). 


As a result, all (S) types functional equations related with and can be 
represented by the trigonometric, exponential, hyperbolic function, jointed Pexider 
Lobacevski equation. Furthermore, we showed the application of our results to a 
myriad of equations and the results were extended to Banach algebra. 
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TERNARY HOM-DERIVATION-HOMOMORPHISM 


SAJJAD KHAN, JUNG RYE LEE*, AND EON WHA SHIM 


ABSTRACT. In this paper, we introduce and solve the following additive-additive (s, t)-functional 
inequality 


lg (@+y+z)— g(x) — gly) — gf2)Il 
|h(a ty +z) + h(x — 2y+ 2) + h(x + y — 2z) — 3h(z)|| (0.1) 


s (39 (=*2**) - g(x) - 9) - (2) 


t (sh (=*E**) +t h(a —2y+z)+h(a+y-— 2z) 3h(z)) 


where s and ¢ are fixed nonzero complex numbers with |s| < 1 and |t| < 1. Using the 
direct method and the fixed point method, we prove the Hyers-Ulam stability of ternary hom- 
derivations and ternary homomorphisms in C*-ternary algebras, associated to the additive- 
additive (s, t)-functional inequality (0.1) and the following functional inequality 


Ilg(lx, ¥, 2]) — [9@), hy), A(z)] — (h(a), 9(y), h(@)] — [A(e), hy), (II (0.2) 
+||A([a, y, 21) — [A(x), Ay), P(Z)II S (@, y, 2). 


< 


? 


1. INTRODUCTION AND PRELIMINARIES 


A C*-ternary algebra is a complex Banach space A, equipped with a ternary product 
(x,y,z) ++ [x,y,z] of A® into A, which is C-linear in the outer variables, conjugate C-linear 
in the middle variable, and associative in the sense that [z,y,|z,w,v]] = [a,[w,z,y],v] = 
[[z,y, 2], w, v], and satisfies ||[2,y, 2]|] < ||| - [lyll - |lzI| and |[z, 2, 2]]] = ||2l|° (see [83)). 

Let A be a C*-ternary algebra. A C-linear mapping g : A —> A is a ternary derivation if 
g:A-— A satisfies 


g([2, 9, 2]) = (g(x), y, 2] + [2, 9(y), 2] + [ey g(2)] 
for all x,y,z € A, and a C-linear mapping h: A > A is a ternary homomorphism if h: A— A 
satisfies 
A([x,y, 2]) = [h(z), h(y), h(z)] 
for all x,y, z € A (see [1, 18]). For a ternary derivation g : A > A and a ternary homomorphism 
h: A> A, 


goh([x,y,2]) = [go h(x), h(y), h(2)] + [h(z), 9 0 h(y), h(z)] + [A@), Ay), g 0 h(Z)] 


for all x,y,z € A. The C-linear mapping goh: A — A is called a ternary hom-derivation, 
which is defined as follows: 
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Definition 1.1. Let A be a C*-ternary algebra and H : A > A be ternary homomorphism. A 
C-linear mapping D: A => A is called a ternary hom-derivation in A if D: A > A satisfies 


D([z,y, 2]) = [D(«), Hy), H(z)] + [H(z), Diy), A(2)| + [H(2), Aly), D(2)| 
for all x,y,z € A. 


The stability problem of functional equations originated from a question of Ulam [31] con- 
cerning the stability of group homomorphisms. Hyers [15] gave a first affirmative partial answer 
to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for ad- 
ditive mappings and by Rassias [26] for linear mappings by considering an unbounded Cauchy 
difference. A generalization of the Rassias theorem was obtained by Gavruta [13] by replacing 
the unbounded Cauchy difference by a general control function in the spirit of Rassias’ approach. 
Park [21, 22, 24] defined additive p-functional inequalities and proved the Hyers-Ulam stability 
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces. 
The stability problems of various functional equations and functional inequalities have been 
extensively investigated by a number of authors (see [8, 9, 10, 11, 12, 14, 19, 27, 28, 29, 30, 32]). 


We recall a fundamental result in fixed point theory. 


Theorem 1.2. [3, 6] Let (X,d) be a complete generalized metric space and let J: X > X 
be a strictly contractive mapping with Lipschitz constant a <1. Then for each given element 
xe xX, either 


d( J" a;,.J"* 12) = 00 


for all nonnegative integers n or there exists a positive integer ng such that 
(hy dG aI?) <0, Yn > no; 

(2) the sequence {J"x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {ye X | d(J™z,y) < oo}; 

(4) d(y,y*) < cdly, Jy) for ally EY. 

In 1996, Isac and Rassias [16] were the first to provide applications of stability theory of 
functional equations for the proof of new fixed point theorems with applications. By using 
fixed point methods, the stability problems of several functional equations have been extensively 
investigated by a number of authors (see [4, 5, 7, 23, 25]). 

In this paper, we solve the additive-additive (s, ¢)-functional inequality (0.1). Furthermore, 
we investigate ternary hom-derivations and ternary homomorphisms in C*-ternary algebras 
associated to the additive-additive (s, ¢)-functional inequality (0.1) and the functional inequality 
(0.2) by using the direct method and by the fixed point method. 

Throughout this paper, assume that A is a C*-ternary algebra and that s and ¢ are fixed 
nonzero complex numbers with |s| < 1 and |t| < 1. 
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2. STABILITY OF ADDITIVE-ADDITIVE (s,t)-FUNCTIONAL INEQUALITY (0.1): A DIRECT 
METHOD 


In this section, we solve and investigate the additive-additive (s, t)-functional inequality (0.1) 


in C*-ternary algebras. 


Lemma 2.1. If mappings g,h: A— A satisfy g(0) = h(0) = 0 and 


lg (e@+y +z) — g(x) — 9(y) — 9(2)ll 
ee a — 3h(x)|| (2.1) 


» (90 (==) ate) a0) 909) 


a |: (sn (=e) Bey ae 3h(z) | 


for all x,y,z € A, then the mappings g,h: A— A are additive. 


Proof. Letting « = y = z in (2.1), we get 
I|g(3x) — 3g(x)|| + |hBx) — 3h(x)|| < 0 


for all x € A. So g(3x) = 3g(x) and h(3x) = 3h(z) for all x € A. It follows from (2.1) that 


lg (e@+y +z) — 9(x) — gfy) — 9(2)ll 

+||A(a ty +z) + h(x —-2y4+ 2) + h(at+ y — 2z) — 3h(2)|| 

< |ls(g(@+y+ 2) — 9(z) —- gy) - gf) 

+ |lt(h(at+yt2z)+ h(x —2y+2)+ h(a + y — 2z) — 3h(z))|| 


for all x,y,z € A. Thus 
g(ut+yt+z) =g(x) + gly) + 9(2), 


h(at+tyt+z)+h(a—-2y4+2z)+h(at+y — 2z) = 3h(z) 


for all x,y,z € A, since |s| < 1 and |t| < 1. So the mappings g,h: A — A are additive. 


Lemma 2.2. [20, Theorem 2.1] Let f : A— A be an additive mapping such that 
f(Aa) = Af(@) 
for all € Tt :-= {€ EC: |€| = 1} and alla € A. Then the mapping f : A— A is C-linear. 


Using the direct method, we prove the Hyers-Ulam stability of pairs of ternary hom-derivations 
and ternary homomorphisms in C*-ternary algebras associated to the additive-additive (s, t)- 


functional inequality (2.1). 


Theorem 2.3. Let yp: A? — [0,00) be a function such that 


Dre (3-4 t=) < 00 (2.2) 
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for allx,y,z€ A. Let g,h: A— A be mappings satisfying g(0) = h(0) =0 and 


lg Aw +y + 2)) — A(g(z) + gy) + 9(2))II 
+\|h(A(@ + y + z)) + A(A(@ — 2y + z)) + A(A(a 4+ y — 2z)) — 3Ah(z)|| (2.3) 


#(29 (9S) — 3 «2))| 
+ |: (sn (a seuss) + Ah(rA(@ — 2y + z)) +hA(e + y — 2z)) - 3an(c)) | + p(2, y, Z) 
for allX € T! and all x,y,z € A. If the mappings g,h: A> A satisfy 


g(x,y, 2]) — [g(@), hy), h(2)] — (h(a), 9), h()] — [h@), ACY), II (2.4) 
+||A([x, y, 2]) — (h(a), h(y), AZ) S e(a, y, 2) 


for all x,y,z € A, then there exist a unique ternary hom-derivation D: A — A and a unique 


ternary homomorphism H : A— A such that 


le) — Deel + Ie) — HS 9° "6(F. 3535) (2.5) 


for alla eA. 
Proof. Letting A = 1 and y = z = g in (2.3), we get 
I|9(3x) — 3g(x)|| + ||h(82) — 3h(x)|| < (a, x, x) (2.6) 


and so 


for all x € A. Thus 


15) -ro( a9) roa) ar 
o9(5)-#°4(ha)| + Efon() -#-(6)] 


m 
ls ee os ae 


j=l41 


for all nonnegative integers m and / with m > / and all z € A. It follows from (2.7) that the 
sequences {3*g (ge )} and 13 hi( 3r)} are Cauchy for all 2 € A. Since Y is a Banach space, the 
sequences {3*g (se) } and (3kn()} converge. So one can define the mappings D,H : A— A 
by 

z 


De s= jim, 3*g @ ‘ & H(x) := lim 3*h @ 


k- oo 


for all x € A. Moreover, letting 1 = 0 and passing to the limit m — oo in (2.7), we get (2.5). 
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It folllows from (2.3) that 


ID Aw + y+ 2)) — A(D(z) + Diy) + D(z))II 
+HA(e+y+2))+ Ae - 2y4+ 2)) + A(A\(a 4+ y — 2z)) — 3A (2)|| 


. et+yt2 
= lim 3” a Ee 
ae g(r 3n ) s(o() +9(#) +9(F))| 
Ae 7 —2 2 
se eee pote ree) an (oe i**) | nate *) ami (=)| 
; rs r+yt+z2 x Y & 
< gin 3° [s (30 (0 Faz) - (0 (Gz) +9(Fe) +9(Fe)))] 


. rtytz x—-2ytz ate) (-))|| 
l ae —_____— h h 
+ lim 3 q (sh (a rl Jen (a 3n )+ (a a 3X ae 


s (3p (7 22**) — (DG) + DW) + D(2)))| 


+e (32 XE *) + He -20+ 2) + HOW +y-2)) - 3AH(@))| 


for all \ € T! and all x,y,z € A. So 


|D Ae + y + z)) — A(D(a) + Dy) + D(z))IlI 
+\|H(\(a+y+2))+ A(\(a - 2y4+ 2z)) + A(A(a 4+ y — 2z)) — 38AA(2)|| 


s(3p (7 *2**) — \(D(@) + DW) + D(2))| (2.8) 
+t (32 222 E**) 4 rw —2y+ 9) + HO + y-2)) — 3AN(@))| 


for all \ € T! and all x,y,z € A. 
Let A = 1 in (2.8). By Lemma 2.1, the mappings D, H : A— A are additive. 
It follows from (2.8) and the additivity of D and H that 


||D (Ate + y + 2)) — D(x) + Diy) + D(z))II 

H|HA(e + y + 2z)) + A(A(@ — 2y + z)) + A(A(@ + y — 2z)) — 3A 0 (2)|| 

< ||s(DA@+y+2)) —A D(z) + Dy) + D(Z)))II 

+ || (A A(@ + y+ z)) + A(A(@ — 2y4+ z)) + A(A(@ + y — 2z)) — 3A (z))|| 
for all \ € T! and all x,y,z € A. Since |s| < 1 and |t| <1, 


D(A(2 +y + 2)) — A(D(a2) + D(y) + D(z)) 
A(A(et+yt+z)) + A(A(a -— 2y + 2z)) + A(A(a 4+ y — 22)) — 3A0(z) 


loll 
oo 


and so D(Ax) = AD(a#) and H(Ax) = AH (2) for all \ € T! and all 2, y,z € A. Thus by Lemma 
2.2, the additive mappings D, H : A > A are C-linear. 
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It follows from (2.4) and the additivity of D, H that 


|D([z,y, 2) — [D@), Hy), H(2)] - [A (@), Dy), H(2)] — [A (2), Hy), DEI 
+||H ([2,y, 2]) — [A (2), Hy), A 


(Mam) [(G) Ge) -* Ge) 
~ |» Ge) 9 (ae) Cae) - [& Ga) * Ge) 9 (Ss) 
var [a (SE) ~ [GGe) Ge) * Ge) |] <2 2 Ge areas): 
which tends to zero as n —> 00, by (2.2). So 
D([x,y, 2]) — (D(x), H(y), H(z)] — [A (x), Dy), H(z)] — [A (2), H(y), D(z)] = 


A((2,y,2]) —[H(#), 4(y), (2) = 


for all x,y,z € A. Hence the mapping D: A — A is a ternary hom-derivation and the mapping 


= OT" 


0, 
0 


H:A-— Aisa ternary homomorphism. 


Corollary 2.4. Let r > 3 and 6 be nonnegative real numbers and g,h: A — A be mappings 
satisfying g(0) = h(0) =0 and 


lg A@ +y + 2)) — A(g(x) + gy) + 9(2))II 
+\|h(A(a + y + z)) + A(A(@ — 2y + 2)) + A(A(a 4+ y — 2z)) — 3AhA(2)|| (2.9) 


+ (96 (9 SF) — sate) + ate) +9(29)| 
eS 


+ | (sn (0 eter?) na sacshdchata consul 
+4(||z||" + il 


< 


for all\ € T! and all x,y,z € A. If the mappings g,h: A A satisfy 
llg([z, y, 2]) — [g(a), h(y), h(2)] — [A(@), g(y), h(z)] — [h(z), hy), 9@)II (2.10) 
+|[A([x, y, 2]) — [A(x), h(y), hCZDMM S (le ll” + Ulyll” + lel”) 


for all x,y,z € A, then there exist a unique ternary hom-derivation D: A — A and a unique 


ternary homomorphism H : A — A such that 


\|g(x) — D(x)|| + ||h(w) — H(2)| < — Il ||" 
for alla Ee A. 


Proof. The proof follows from Theorem 2.3 by y(a, y, z) = O(|x||" + |lyl]” + ||z||") for all a, y, z € 
A. 


Theorem 2.5. Let y : A® > [0,00) be a function and g,h: A — A be mappings satisfying 


g(0) = h(0) = 0, (2.3), (2.4) and 


1 
(Buz = D737 Pl v(3' x, 37y, 34z) < co (2.11) 
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for allxa,y,z © A. Then there exist a unique ternary hom-derivation D: A— A and a unique 


ternary homomorphism H : A — A such that 
1 
llo(z) — D(z)I + A(x) — H()I| < 5 O(a, 2,2) (2.12) 
for alla eA. 


Proof. It follows from (2.6) = 


1 1 
lo —- sa (32) +|r@) ~ 3232) < g(a, &, 2) (2.13) 
for all x € A. Thus 
1/2 ia 1 i 
m-1 1 m-1 1 
+1 +1 
< ¥ | 59 (82) - saa (32) + > [54 (2) - pa (2) 
j=l jal 
je F 
<3 5 p (2, Va, a ) 


for all nonnegative integers m and / with m > and all x € A. It follows from (2.14) that the 
sequences {s29(3*x)} and { x¢h(3*x)} are Cauchy for all zx € A. Since Y is a Banach space, the 
sequences {se9(3*x)} and {3h(3*x)} converge. So one can define the mappings D,H : A> A 
by 
es oh i 
Day = im, 369 (3 r) ; 
cop k 
He) im, ra (3 x) 
for all x € A. Moreover, letting | = 0 and passing to the limit m — oo in (2.14), we get (2.12). 
By the same reasoning as in the proof of Theorem 2.3, one can show that the mappings 


D,H:A-— A are C-linear. 
It follows from (2.4) and the additivity of D and H that 


|D([z,y, 2) — [D@), Hy), H(2)] — [A (@), Dy), H(2)] — [A (2), Hy), DEI 
ae y,2]) — [A (#), H(y), AI 
arn llg (27"[x, y, z]) — [9 (3° 2) ,A(3"y), h(B"z)] 


= in 
v (3"2), i ), h(3"z)] — [A (3"x) ,AB"y), 93" 2) 
— I[h (27" [a y, 2]) — [A (3"x) ,h(3"y) ,h(3"2)]| 
sa at ang SG 2) | Cars 3”y, 3”z) 
= 970 ye 3n peep 


which tends to zero as n — oo, by (2.11). So 
D(\x,y,2]) — [D(@), H(y), H(2)| — [A (@), Dy), A(2)] — [A (a), Hy), D)] 
A((x,y, 2]) —[H(«), H(y),H(z)] = 0 


I 
= 


for all x,y,z € A. Hence the mapping D: A > A is a ternary hom-derivation and the mapping 


H:A-— Aisa ternary homomorphism. 
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Corollary 2.6. Let r < 1 and 6 be nonnegative real numbers and g,h: A — A be mappings 
satisfying g(0) = h(0) =0, (2.9) and (2.10). Then there exist a unique ternary hom-derivation 
D:A->A and a unique ternary homomorphism H : A— A such that 


I|g(@) — D(@w)|| + ||h(@) — H(@)I| < lla" 


3 
3-3" 
for alla eA. 

Proof. The proof follows from Theorem 2.5 by y(z, y, 2) = O(|x||" + |lyl|” +|z||") for all x, y, z € 
A. 


3. STABILITY OF ADDITIVE-ADDITIVE (8, t)-FUNCTIONAL INEQUALITY (0.1): A FIXED POINT 
METHOD 


Using the fixed point method, we prove the Hyers-Ulam stability of pairs of hom-derivations 
and homomorphisms in C*-ternary algebras associated to the additive-additive (s, t)-functional 


inequality (0.1). 
Theorem 3.1. Let py: A? — [0,00) be a function such that there exists an L <1 with 


LY z DL L 
se eee < = (z,y, 3.1 
e(aeslsx (t,¥,2) S 3 (2,y,2) (3.1) 


for all x,y,z € A. Let g,h : A > A be mappings satisfying g(0) = h(0) = 0, (2.3) and 
(2.4). Then there exist a unique ternary hom-derivation D: A + A and a unique ternary 
homomorphism H : A — A such that 


llg(z) — D@)I + A(x) — H(@)Il s 5 = 


3a -L) DD? (e252) (3.2) 


for alla Ee A. 


Proof. It follows from (3.1) that 
[oe eee F 
ff ee el one TR 


for all x,y,z € A. By Theorem 2.3, there exist a unique ternary hom-derivation D: A— A 
and a unique ternary homomorphism H : A - A satisfying (2.5). 
Letting X = 1 and y = z = & in (2.3), we get 


Il|g(8x) — 39(x)|| + |h@Bx) — 8h(x)|| < pla, x, a) (3.3) 


for alla € A. 
Consider the set 


S:= {(g,h) : (A, A) > (A, A), 9(0) = h(0) = 0} 
and introduce the generalized metric on S: 


d((g,h), (gi, hi) = inf {uw € Ry : Ig) — m(@)|| + lh) — ha) S wy (@, @, @), Va € A}, 


where, as usual, inf ¢ = +oo. It is easy to show that (S,d) is complete (see [17]). 
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Now we consider the linear mapping J : S > S such that 


rss = (o(2) (2) 
for all « € A. 


Let (g,h), (g1,h1) € S be given such that d((g,h),(g1,h1)) =¢. Then 


I|g(@) — gi(@)| + l|h(@) — hi (IS eg (2, 2, &) 


fs9(5) -9m (5) + [*(3) (3) 


fee a L 
< < = =f, 
3eyp (=. 3° 5) < 3e59 (2,2, 2) Ep (£, 2,2) 


for all x € A, t d(J(g,h), J(g1,h1)) < Le. This means that 


for all x € A. Since 


d(T(g,h), (gi, ha)) < Ld((g, h), (gi, ha) 


for all (g,h), (gi, 1) € 8. 
It follows from (3.3) that 


a L 
= = < ae ee | 
la) 30 )|+ me an (S)<e(Gga) < gee) 


for all x € A. So d((g,h),(Jg, Jh)) < & = 
By Theorem 1.2, there exist mappings D, H : A > A satisfying the following: 
(1) (D, H) is a fixed point of J, ie., 


D(a) =3D @ ,  H(x)=3H (=) (3.4) 


for all x € A. The mapping (D, H) is a unique fixed point of J. This implies that (D, H) is a 
unique mapping satisfying (3.4) such that there exists a ys € (0,00) satisfying 


IIg(@) — D(w)|| + ||h(a) — Ha) Sep (a, @, @) 


for all x € A; 
(2) d(J'(g,h), (D,H)) > 0 as 1 > oo. This implies the equality 


3 i v\ A i u\ 
jim 3 g (=) = D(a), lor 3’h (=) = H(#) 


I-00 
for all x € A; 
(3) d((g,h), (D, H)) < z4,-d((g,h), J(g,h)), which implies 
I|g(x) — D(a)|| + |[|h(x) — H(a)|| < op” (x, x, 2) 


for all x € A. Thus we get the inequality (3.2). 


The rest of the proof is the same as in the proof of Theorem 2.3. 
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Corollary 3.2. Let r > 3 and 6 be nonnegative real numbers and g,h: A — A be mappings 
satisfying g(0) = h(0) =0, (2.9) and (2.10). Then there exist a unique ternary hom-derivation 
D:A->A and a unique ternary homomorphism H : A— A such that 


I9(x) — D(@)|| + h(a) — H@)I< gy 


Il ||" 
for alla Ee A. 


Proof. The proof follows from Theorem 3.1 by taking L = 3!~" and y(z, y, z) = A((|x||" +]|y||" + 
|z||") for all z,y,z € A. 


Theorem 3.3. Let y : A? — [0,00) be a function such that there exists an L <1 with 
cy 2 
Y,2) <27L 3.5 
9 (x,y, 2) (5 5 5) (3.5) 
for all x,y,z € A. Let g,h : A + A be mappings satisfying g(0) = h(0) = 0, (2.3) and 
(2.4). Then there exist a unique ternary hom-derivation D: A + A and a unique ternary 
homomorphism H : A — A such that 
1 
I|g(x) — D(x)|| + |[|h(z) — H(z) s 30 -D)” (x, 2, x) (3.6) 
for alla Ee A. 


Proof. It follows from (3.5) that 


(oe) (oe) L 
Fo 85q, 25 O7L = —_ 
Daa? p (3/2, 3%y, 3/2) < Ye ya etbye (0,952) = ~—F (2,4, 2) < 00 


for all x,y,z € A. By Theorem 2.5, there exist a unique ternary hom-derivation D: A— A 
and a unique ternary homomorphism H : A > A satisfying (2.12). 

Let (S,d) be the generalized metric space defined in the proof of Theorem 3.1. 

Now we consider the linear mapping J : S > S such that 


I(9,h)(2) = (59 (32), 5h (32) 


for alla € A. 
It follows from (3.3) that 


lie — 70 (32) 


+ |r) - sh (32) 


for all x € A. Thus we get the inequality (3.6). 


The rest of the proof is similar to the proof of Theorem 3.1. 


Corollary 3.4. Let r <1 and 6 be nonnegative real numbers and g,h: A — A be mappings 
satisfying g(0) = h(0) = 0, (2.9) and (2.10). Then there exist a unique ternary hom-derivation 
D:A->A and a unique ternary homomorphism H : A — A such that 


I|g(@) — D(@w)|| + ||h(@) — H(@)I| < 


30 
syle? 


for alla eA. 
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Proof. The proof follows from Theorem 3.3 by taking L = 3"~! and y(z, y, z) = A((|x||" +]|y||" + 


|z||") for all z,y,z€ A. 


4. CONCLUSIONS 


We have introduced the additive-additive (s,t)-functional inequality (0.1), and using the 


direct method and the fixed point method, we have proved the Hyers-Ulam stability of ternary 


hom-derivations and ternary homomorphisms in C*-ternary algebras, associated to the additive- 


additive (s, t)-functional inequality (0.1) and the functional inequality (0.2). 
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ABSTRACT. In this article, we introduce a new generalized multifarious radical reciprocal func- 
tional equation by generalizing the equation employed by Narasimman et al. in |5| and combining 
three classical Pythagorean means arithmetic, geometric and harmonic. Also, we illustrate the 
geometrical interpretation. Mainly, we find its general solution and stabilities related to Ulam 


problem in modular spaces by using fixed point approach. 


1. INTRODUCTION AND PRELIMINARIES 


In the development of broad field functional equations, we come acrossing various types like 
additive, quadratic, cubic and so on. In recent research many researchers modeled functional 
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equations from physical phenomena. In particular, by geometrical construction authors intro- 
duced remarkable reciprocal type functional equations. 


In 2010, Ravi and Senthil Kumar [6] introduced functional equation of reciprocal type 


s(z)s(w) 
s(z) + s(w) 


(1.1) 


s(iztw)= 


with solution s(z) = £. 


In 2014, Bodaghi and Kim [1] introduced the quadratic reciprocal functional equation, which 
was generalized by Song andSong citeAM. 


In 2015, Narasimman, Ravi and Pinelas introduced the radical reciprocal quadratic func- 


tional equation 
2 _ _s(z)s(w) - 
s (V/2 +w?) =F) cay z,w € (0,00), (1.2) 


which is satisfied by s(z) = . Also, they provided the solution and stability of (1.2) with 
geometrical interpretation and application. 


For the necessary introduction on stability related to Ulam problem and the notion of modular 


spaces one can refer to [7] [8} [9] 10} [12]. 


2. MAIN RESULTS 


Definition 2.1. A reciprocal functional equation is a functional equation with solution of the 
form rok When s(z) = z, 27,23... we have various type of reciprocal functional equations like 


reciprocal additive, reciprocal quadratic, reciprocal cubic and so on. 


Definition 2.2. Pythagorean means [3] The three classical Pythagorean means are the arithmetic 


mean (AM), the geometric mean (GM), and the harmonic mean (HM), which are defined by 
1 
AM (a1, 2) +++ An) = 7 Fee F An); 


GM (a1, a2,...,€n) = Yai +... + an, 


n 

HM (ay, a2, ..-,@n) = -———__- 
Fite 

Definition 2.3. A functional equations which are arisen from the relations between three Pythagorean 

means (arithmetic, geometric and harmonic) are known as Pythagorean mean functional equa- 


tions. 


Definition 2.4. A reciprocal Pythagorean mean functional equation which shall possess the 
nature of any type of functional equation like additive, quadratic, cubic and so on is said to be a 


multifarious reciprocal Pythagorean mean functional equation. 
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In this paper, using Pythagorean means, we introduce the new generalized 2—dimensional and 
3—dimensional multifarious radical reciprocal functional equations. 


The following 2—dimensional and 3—dimensional multifarious radical reciprocal functional 


equations are obtained by generalizing (1.1) and (1.2) 


s( Vz" +uw™) = aan (2.3) 


o( vert te) = *(e)a(2a)3(2a) (2.4) 


s(21)8(z2) + 8(z2)8(z3) + 8(21)s(z3)’ 


which are satisfied by s(z) = f, for all z, w, 21, 22,23 € (0,00),m € N. Observe that ifm = 1 
and m = 2 in (2.3), we have and (1-2), respectively. Further, ifm = 3,4,--- in (2.3), then 
we have various type of functional equations. Hence the functional equation is known as 
two dimensional multifarious radical reciprocal functional equation. By similar argument, 
is known as three dimensional multifarious radical reciprocal functional equation. 


2.1. Geometrical construction and geometrical interpretation of multifarious radical 
reciprocal functional equations. Geometric construction of three Pythagorean means of two 
variables can be constructed geometrically as showed in Figure Geometric construction of 
geometric mean of three variables are not possible but the other Pythagorean means can be 
constructed for any number of variables, one can refer [4] [I]. 


a b 


FIGuRE 1. Pythagorean means of a and b. A is the arithmetic mean, H is the 


harmonic mean and G is the geometric mean. 


The relations between three Pythagorean means of p—objects 21, 22,--- , Zp are represented by 
the following equation 
G (21, 22,°*+ Zp)” 
Hf (ey 2aj29* 4.25) = a t : 12) = ; (2.5) 
A (2 i=1 ~i) Bp [Tins Zin > Zp Ali=1 zi) 


Consider two spheres S$; and S» of radii rj and rg with r; > re, which are located along the 
x—axis centered at C1(0,0,0) and C2(d, 0,0), respectively. 
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FIGURE 2. Intersecting two spheres $; and So. 


We can show that the length of CoC is aL which is the arithmetic mean of z; and zg. We 
can find the length AC}, using Pythagoras’ theorem, is the geometric mean ,/2, 22 of z, and 29. 
Also, we can obtain the length HC; is 2422, which is the harmonic mean of z, and zg, since 


zi+z2’ 
CAC, and AHC, are similar. : 


2 
From Figure |2| we have the equality HC; = aa, that is 
c 41,22 
H (2,2) = Gna) (2.6) 
A (4 [Tins Zz Tia zi) 
which is the particular case of (2.5) by assuming p = 2 and which implies 
1 
ey (2.7) 
A ser z+ 22 
Assuming z1 = i and zg = 7 in (2.7), we obtain 
l aa 
= . 2.8 
rare ree ae 


In that case, (1.1) is valid by (2.8), which is satisfied by s(z) = ¢. Assuming z = 4 and z2 = oy 
in (2.7) leads 


1 al 
=}. 2.9 
Pew E45 2.9) 
In that case (1.2) is valid by (2.9), which is satisfied by s(z) = . In general, assuming z1 = a 


and z2 = a in (2.7), we have 


1 11 
gm 4+ ym = i: oT ; (2.10) 
we gm apm 


In that case, (2.3) is valid by (2.10), which is satisfied by s(z) = yr. 
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In Figure |2} AB is the diameter of common circle. The common circle is the solution of the 
system 


wig ig =r, (21) 


(a1 — d)? +23 + 23 = 73, 


which implies 


1 1 
re eee ae (2.12) 
ztezgt+ 23 TY 


il 
(a1—d)?+ 28+ 23 3 


The system (2.12) can be expressed by radical reciprocal quadratic functional equations of the 
form 


OPA we 8(21)8(z2)s(23) 
S ( i) ~ $(21)8(Z2) + 8(22)8(z3) a 3(z1)s(z3)’ (2.13) 
8 (r3) a 8(z1 — d)s(z2)s(z3) 
21 s(21 — d)s(22) + 8(22)8(23) + 8(21 — d)s(23)’ 


for 21, 22, 23,71, 72 € (0,00), which is satisfied by s(z1) = 3 and the denominators are not equal 
1 

to zero. Also, observe that the equation (2.13) is the particular case of (2.4) for m = 2. By 

assuming p = 3 in (2.5), we obtain 


G (A, 225 z3)° 


H (2, 29; 23) = i 3 i 3 ; 3 5 (2.14) 
A (2 Ti: =i) Zo Tit 21 23 TT zi) 
which gives 
1 212923 
Dy ly dt  gx3 +2423 + 2129. Ao) 
a ae 223 123 122 
Assuming z1 = om, a a and z3 = a in (2.15), we have 
1 2: 3 
1 oa pee ee 
a.” 2g" or 
Pt ae +23" am + ap + op 


In that case (2.4) is valid by (2.16), which is satisfied by s(z1) = ar 


3. GENERAL SOLUTION OF THE MULTIFARIOUS RADICAL RECIPROCAL FUNCTIONAL EQUATIONS 


The following theorems give the solution of (2.3) and (2.4) through motivated by the work of 
Ger [?]. 


Theorem 3.1. A general solution of is s(z) = sm; z € (0,00) with 2) a quotient at zero. 


zm 
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Proof. Assuming z,w = z in (2.3), we have 


1 
s( /2z) = 352) (2:47) 
for all z € (0,00). Assuming 
s(z 
g(2) = ly (3.18) 
20 
for all z € (0,00), we have 
lim 
z->0t (2) =cER 
a 


for all z € (0,00). Dividing (3.17) by er, we obtain 
s(%/2z) _ 58(z) 


Ee, (3.19) 
Viet 22 
for all z € (0,00). Using (3.18) in (3.19), we have 
1 
W/2z) = ~<9(z), 3.20 
g( V2z) Worn ) (3.20) 
for all z € (0,00). Replacing z by WH in (3.20), we get 
J3aq(z) = (<5) 3.21 
ul) =0 (5 (3.21) 
Again, replacing z by Wa in (3.21), we have 
Z 
(P02) =9 (5), (3.22) 
( ¥/2)? 
for all z € (0,co). Continuing the same process k times, we obtain 
x 
(8a) = 9 (az), (3.23) 
( %/2)k 
for all z € (0,00). 
Now, 
1 
neh ae 
a2) = we ie, = ae +c as ko, 
op V2)" ae at 
for all z € (0,00). Eq. (8.18) implies that 
1 1 1 C 
8(z) = ar 9(¢) = eae = an 
Zz 2 BD! BD z 


for all z € (0,co). This completes the proof. 


Theorem 3.2. A general solution of is s(z) = sa; z € (0,00) with (2) a quotient at zero. 


zim 
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Proof. Assuming 21, 22, 23 = z in (2.4), we have 
1 
s( %/3z) = 35); 


and assuming 


s(z) 
h(z) = 1? 
20 
we obtain 
lim a) =cER 
z0t <r 
zZ2 


Dividing (3.24) by or we get 


s( W732) _ 38(2) 


| i oe, 
V32 2 ida 
and substituting (3.25) in (3.26), we obtain 
1 
h( 'V3z) = —=h(z), 
( ) a (z) 


and replacing z by Wi in (3.27), we have 


z 


Again, replacing z by WA 


in (3.28), we get 


for all z € (0,00). Now, 


Me) _ (v3) h (cage?) 


( 
= = >c as 
1 k_1_ V3 
oe (v3) oe a 
for all z € (0,00). Eqs. (3.25) and (3.30) imply that 
1 1 1 
s(z) = —eh(z) = eee = — 
Z2 so) eo. z 


for all z € (0,00). This completes the proof. 


(3.24) 


(3.25) 


(3.26) 


(3.27) 


(3.28) 


(3.29) 


(3.30) 


In the following theorem, we obtain general solution of (2.3) and (2.4) by derivative method. 
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Theorem 3.3. Let s : (0,00) > R be a continuously differentiable function with nowhere van- 
ishing derivatives s’. Then s yields a solution to the functional equation if and only if there 


exists a nonzero real constant c such that s(z) = sz, z € (0,00). 


Proof. Differentiating (2.3) with respect to z on both side, we get 


ae 7 (z)"1 : (s'(2)s(w)) [5(z) a s(w)| — (s(z)s(w)) Ee) 
“ ee 2m wm) (s(2) + s(w)) iin 


Assuming z,w = z in (3.31), we obtain 


s'( 7/2 z) = (z), (3.32) 


Lg 
——=s 
2%/2 
and setting z = /22 and w =z in (3.31) and making use of (3.17) and (3.32), we get 


s'(z) (3.33) 


for all z € (0,00). By making use of (3.32) and (3.33), we have 
3! (( 2) 3)! z) = 


for all integers k,l. We derive its linearity by assuming \ = ( °/2)*( %/3)! and z = 1, 
1 
(Ayert 
for A € (0,00). Therefore, there exist real numbers c 4 0,d such that s(z) = >; +d for z € (0, oo). 
Note that we have d = 0 because of the equality s( %/2z) = s(z) valid for all positive z. This 


s'(A) = s'(1) 


completes the proof. 


Theorem 3.4. Let s : (0,00) > R be a continuously differentiable function with nowhere van- 
ishing derivatives s’. Then s yields a solution to the functional equation if and only if there 


exists a nonzero real constant c such that s(z) = 7, z € (0,00). 


Proof. Differentiating (2.4) with respect to z1 on both side, we obtain 


m— m—-1 
(VE TD) aa Le Se yey aD 
_ (a) (s(z2))? nm s'(21) (s(Zp41))* 
(s(21) + s(z2))”  (s(z1) + 8(Zp41))?’ 
and (3.24) implies 
s'( V/2z) = : s'(z). (3.35) 


9/9 
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Assuming 21 = z and 2 = Zp41 = V2z in (3.34) and making use of (3.24) and (3.35), we get 


1 
3°73 


s'(%73z) = s' (2), (3.36) 


and from and (3.36), we get 
st (( V2) ¥3)'2) = 


1 1 
2k ( 8/2)k 31( ¥/3)! 


for all integers k,1. We derive its linearity by assuming \ = ( V/2)*( %/3)! and z = 1, 


s'(2), 


1 


s(A) = (OO ymrt 


for A € (0,00). Therefore, there exist real numbers c ¥ 0,d such that 


8(z) = gwd for z € (0, 00). 
Note that we have to have d = 0 because of the equality s( %/2z) = 58 


(z) exists. This completes 


the proof. 


4. GENERALIZED HYERS-ULAM STABILITY OF TWO DIMENSIONAL MULTIFARIOUS FUNCTIONAL 


EQUATION 


This section deals the generalized Hyers-Ulam stability of two dimensional multifarious func- 
tional equation (2.3) in modular spaces by making use of fixed point approach. 


Theorem 4.1. Consider a mapping n : M? - [0,+00) with 


fim, oan ((2y#=. 2%) =0 “ap 
2 
and 

7 ((2)m2, (2) w) (4.38) 


1 
= gvinz, wh V2, w € M, 
for <1. Assume thats: M > Z, fulfills 
€(Mis(z,w)) < n(z,w), (4.39) 


for all z,w € M. In that case, there is a unique reciprocal mapping R: M — Z¢ such that 


1 


Tap)” z), VzEeM. (4.40) 
2 


E(R(z) — s(z)) S 
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Proof. Assume N = €' and define €’ on N as, 
'(q) =: inf{(2)™ > 0: E(h(j)) < (2) (z,w), Vz € M}. 


One can easily prove that €’ is a convex modular with Fatou property on N and Ne’ is €—complete, 


see [2]. Consider the function 0 : Ne — Ne defined by 


nity 5022), (4.41) 


34 


for all z ¢ M and q € Ne. Let q,r © Ne and (ya € [0,1] with é’(q—r) < (2) 
of €’, we get 


. By definition 


€(q(z) —r(z)) < (2)™n(z,w),Vz,w € M. (4.42) 


By making use of (4.38) and (4.42), we get 


< (2) ((2) 2, (2)™w) < (2) un (z,w), 
2 


for all z,w € M. In that case, o is a €'—contraction and (4.39) implies 


é (ere : X)) < fn(z,2),W2 € M, (4.43) 
and replacing z by (2)mz in (4.43), we get 
é (2eF9 < @*s)) = Horns OF) vee m. nen) 
2 2 
By making use of and (4.44), we get 
é Ce - x) < Sn((2)z, (2) 2) + pnle,2), (4.45) 
22 22 D 


for all z € M and by generalization, we get 


A Kk 
é (2eF2 : “)) <> Enl((2)") 1, (2m) 1) 


Qk 


< — 


< Tay) Vze M. (4.46) 
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We obtain from (4.46), 


(septa) - 
ak Du 
< 36 Gow (2) +36 (oa 2(2)) 
Bk Qe 
=o (2 “)) ae (ae ro) 
3k Qu 
< Tay ter? VzEeM 
where k,u € 3t. Thus 
a neia ts Z 


and hence the boundedness of an orbit of o at s is given. {r*s} is €’—converges to R € Ne: by 


Theorem 1.5 in [2]. By é’—contractivity of o, we get 
é'(o"*'s — oR) < we! (o* 1s — R). 
Letting k > oo and by Fatou property of €’, we get 
é'(oR — R) < lim inf é’(oR — o*s) 
2-00 
<u lim inf é’(R —o*'s) =0. 
k- oo 


Hence R is a fixed point of a. In (4.39), replacing (z,W) by ((2)™2, (2)w), we get 


é (nator ot) < nl(2)2, (2) mw). (4.48) 


Qk 
By Theorems and letting k > oo, we obtain that R is a reciprocal mapping and using 
(4.46), we obtain (4.40). For the uniqueness of R, consider another multifarious type reciprocal 
mapping T: M — Z¢ satisfying (4.40). Then T is a fixed point of o such that 


é(R—T) = (oR - oT) < vél(R-T). (4.49) 


From (4.49), we get R = T. This completes the proof. 


The proofs of the following corollaries [4.2] and [4.4] follow from the fact that, each normed space 
implies a modular space with modular €(z) = ||z||. 
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Corollary 4.2. Assume n is a function from M? to [0,+00) for 


tim nf (22, (2 )w} = 0, (4.50) 
Qk 
and 
nf(2%)2, (2 jw} < Sunz,wh, P<. (4.51) 


Assume that s: M — Z satisfies the condition, for a Banach space Z, 
|| Mis(z, w)|| < n(z, wv), (4.52) 
for all z,w € M. Then there is a unique reciprocal mapping R: M — Z such that 
IR(z) — s(2)|) < Se (4.53) 
2 


G— iy 
for allze M. 


Theorem 4.3. Assume n is a function from M? to [0,+00) with 


: 1 Zz Ww _ 
ae (2s e) =v ee) 
and 
Zz w yp 
1? lt < z,W ’ 4.55 
(oe ae) oe aa 


for all z,w Ee M,yp <1. Assume that s: M — Z¢ fulfills 
€ (Mi s(z,w)) < n(z, w). (4.56) 
Then there is a unique reciprocal mapping R: M — Z¢ such that 


E(R(z) — s(z)) < —— nz, z), Vee M. (4.57) 


Proof. Replacing z by —> in (4-41) of Theorem and using a similar method to that of 
(ym 


Theorem [4.1] we complete the proof. 


Corollary 4.4. Assume n is a function from M? to [0,+00) with 


ae ral (=: “-) a oe 
and 
n ( a : ae < Uae <i. (4.59) 
(2)m (2)m 2 
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Assume thats: M > Z fulfills 
|| 41 5(z, w)|| < n(z,w), (4.60) 


for all z,w eM. Then there is a unique reciprocal mapping R: M — Z such that 


RG) - 52) <P nle2), (4.61) 


for allze M. 


Using Corollaries and [4.4] we obtain the following corollaries. 


Corollary 4.5. Assume 1 is a function from M? to [0,+00), Z is a Banach space and € > 0 is 


a real number such that 


1 
lim -n{(2)mz, (2)™w} = 0, (4.62) 
00 55 
and 
an ne 1 
ni(2)™ 2, (2)mw} < svmt{z, who <1. (4.63) 
Assume thats: M > Z fulfills 
|| Mis(z, w)|| <, (4.64) 


for all z,w € M. Then there is a unique reciprocal mapping R: M — Z, defined by R(z) = 
s((2)™ 2) 
limp-3500 ~~, such that 

ah 


|| R(z) — s(z)|| < 2e, (4.65) 


for allzeE M. 


Proof. Assume that n(z,w) = «€ for all z,w € Z. The Corollary [4.2] implies 
|| 2(z) — s(z)|| < 2¢, 
for all z € Z and making use of Corollary [4.4] we get 


|| R(z) — s(z)|| < 2¢, 


for all z € Z. 
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Corollary 4.6. Assume thats: M > X fulfills the following, for a linear space M and a Banach 


space Z , respectively, 


| Mis(z, w)I| < e(ll2ll" + lel"), (4.66) 


for allz,w eM withO<u<—m oru>-—m for some e > 0. Then there is a reciprocal mapping 


k 
S8((2)mz 
R:M > Z, defined by R(z) = limg_4. (Cae such that 


gk 


|R(2) - s(2)| < —* 


—_— | m+u 


lz", Vee M. (4.67) 


m 


Proof. If we choose n(z,w) = e(|z||“ + |||“), then Corollary [4.2] implies 


de a 
| R(z) — s(z)|| < Pomel , 


for all z € Z and u < —m. Using Corollary{4.4] we obtain 


de 7 
(2) =—s(z) |< = —ll2 |”, 


2m —1 


for all z € Z and u > —™m. 


The following is an example to elucidate (2.3), which is not stable for u = —m in Corollary 


Example 4.7. Define ¢: R > R with a > 0 as 


a, otherwise 
and a function s: R > R by s(z) = 7P9 uc 2 Then s fulfills 
a2 (3) ‘| 1 
M < 4.68 
[Mist w)l s gor x (|| + |) (4.68) 


for all z;,w € R. In that case there does not exist a reciprocal mapping R: R > R as 
1 
|s(z) — R(z)| < B Par B>0,VzeER. (4.69) 
Corollary 4.8. Let s:Z, > Z2 be a mapping. Assume that there exists € > 0 such that 


I Mis(z,w)|] < ¢ (lll? oll?) 


62 PACHAIYAPPAN et al 49-71 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


for all z,w € Z,. Then there exists a unique reciprocal mapping R: Z, 4 Zo satisfying and 


mE is f <= 
Ir(z) — s(2)I| < ee 


me ‘lle I|" for u>—m 


for all z € Z4. 


Proof. Replace n(z,w) by e (lizI/F lull?) Then Corollary [4.2 implies 


|R(z) — s(z)|| < Tome’, 


for u < —m and for all z € Z, and making use of Corollary{4.4] we get 


2€ 
|R(z) — s(z)|| < ae lal, (4.70) 


mo — 


for u > —m and for all z € Z}. 


Corollary 4.9. Let « > 0 anda < —} ora > —} be real numbers, ands: Z, —+ Zo be a 


mapping satisfying the functional inequality 
|| Mis(z,w)ll < € {llzll?* + [lol]? + (allel) }- 
Then e there exists a unique reciprocal mapping R: Z, > Zo fulfilling and 


— sera [lz ||? fora<— 
|R(z) — s(z)I| <9 7 


jreen— ll2l|?* jora> =F 


for all z € Z. 


Proof. Set ef [l2lI?° + |w|]2% + ({[z||2|/w||%) \ instead of 7(z,w). Then Corollary 1.4]implies 


6€ 
|R(z) — s(z)|| < apm all”, 


for a < —‘} and for all z € Z, and making use of Corollary {4.4| we get 


6€ 
| R(z) — s(z)|| < ye lll” 


m = 


for a > —# and for all z € Z. 


The following is an example to elucidate (2.3), which is not stable for a = —} in Corollary 
[4.9] 
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Example 4.10. Define ¢: R > R with a constant | > 0 as 


J) 2 oe) 
w= hay 


1, otherwise 


and a function s: R > R by s(z) = 79 $2") ‘Then s fulfills 


gmk 


a 2m 
|| Mi s(z, w)|| < om a oe ( 


1 1 1 1 
==|*len|*[ellan]) 9 
for all z,w € R. In that case, there does not exist a reciprocal mapping R: R > R as 


Is(z) — R(z) <6|= B>0,VzeER. (4.72) 


5. GENERALIZED HYERS-ULAM STABILITY OF THREE DIMENSIONAL MULTIFARIOUS 


FUNCTIONAL EQUATION 


This section deals the Hyers-Ulam stability of the three dimensional multifarious functional 
equation (2.4) in modular spaces by making use of fixed point approach. 


Theorem 5.1. Consider a mapping n : M? - [0,+00) with 


1 k k k 
ie aye (3) 21, (3)™ 22, (3)™23) =0, (5.73) 
3 
and 
1 1 1 1 
n ((3) 21, (3) ™ za, (3) 23) < gman, 22, 23},Vz1, 22,23 € M, (8.74) 


for <1. Assume thats: M — Z, fulfills 
€ (M1 s(21, 22, 23)) < (21, 22, 23), (5.75) 


for all 21, 22,23 € M. Then there is a unique reciprocal mapping R: M — Z¢ such that 
1 


E(R(z) — s(z)) < Tia 


n(z,2z,2z), Vz EM. (5.76) 


Proof. Assume N = €' and define €’ on N by 
€'(q) =: inf {(3)™ > 0: E(A(j)) < (3) ™ (21, 22, 23), Vz € M}. 


One can easily prove that €’ is a convex modular with Fatou property on N and Ne; is €—complete, 


see [2]. Consider the mapping o : Ne — Ne defined by 


eat 5032), (5.77) 
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3|+ 


for all z € M and q c€ Ne. Let q,r © Ne and (3) m € [0,1] with é’(¢q—r) < (3) 
of €’, we get 


. By definition 


1 


€(q(z) — r(z)) < (3) n(Z1, 22, 23), V21, 22,23 € M. (5.78) 


By making use of (5.74) and (5.78), we have 


for all z1, 22,23 € M. Then o is a /—contraction and (5.75) implies 
(3) 2z) 1 
g (ore a ro) = TMZ, zz), Vz € M, (5.79) 
3 3 


and replacing z by (3) mz in (5.79), we get 


,VvzEM (5.80) 


and by making use of (5.79) and (5.80), we get 


é (= = “)) = 5((3) 2, (3) mz, (3)mz) + r(2,2,2); 
; 9 


for all z € M and by generalization, we get 


3k 


A k 
é (2 2 X)) < D> gnl((B)* yz, (BH YAz, (8) 12) 


< ———_n(z,z,z), Vz € M. (5.81) 
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We obtain from (5.81), 


1 i 
3k 3u 
< 36 (ra (2) +36 (es a) 
Bk Be 
2 Me (a= “)) & Me (a2 X)) 
< TC Spy VzeM 
where k,u € 3t. Thus 
‘o*'s—o"s 7 


and hence the boundedness of an orbit of o at s is given. So {r*s} is €’—convergent to R € Ne 


by Theorem 1.5 in 2]. By €’—contractivity of 7, we get 
é'(o*s — oR) < we! (o* 1s — R). 
Taking k > oo and by Fatou property of €’, we get 


é'(oR — R) < lim inf é’(oR —o*s) < W lim inf &(R—o* 1s) =0. 
k—+00 k—00 


Hence R is a fixed point of o. In (5.75), replacing (21, z2, 23) by ((3) "21, (3) 29, (3) 23), we 
get 
1 k k k 1 k k k 
€ (Lantana, a (0) < = -n((3)™ 21, (3) 2a, (3) zs). 
3k 
By Theorems and taking k — oo, we obtain that R is a reciprocal mapping and using 
(5.81), we have (5.76). For the uniqueness of R, consider another multi-type reciprocal mapping 


T:M — Z; satisfying (5.76). Then T is a fixed point of o such that 


é(R—T) =£(cR—oT) < vel'(R—T). (5.82) 


From (5.82), we get R = T. This completes the proof. 


The proofs of Corollaries|5.2]and [5.4] follows from the fact that every normed space is a modular 
space of modular €(z) = ||z|l. 


Corollary 5.2. Assume n is a function from M? to [0,+00) such that 


eu, al k i k 
jim nt (3™ )21, (3 )z2, (3 )z3} = 0, 
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and 


n{(3%)a1, (3 )22, (3%)e9} S Sunler, 20,29}, U <1 


Assume that s: M — Z satisfies the following, for a Banach space Z, 


|| 141 (21, 22, 23)|| < (21, 22, 23), 


for all 21, 22,23 € M. Then there is a unique reciprocal mapping R: M — Z such that 


for allze M. 


Theorem 5.3. Assume 7 is a function from M? to [0,+00) with 


lim a = = os = 0 
Rom we a) y= Bm) 


and 


Zy z9 23 w 
n re oe | Sle Pea 
(2, (3) m 2) ie 


for all 2, 22,23 € M,p <1. Assume that s: M > Zg fulfills 


E (M1 s(21, 22, 23)) < (21, 22, 23). 


Then there is a unique reciprocal mapping R: M — Z¢ such that 


g(R(2) ~ 9(2)) < PP on(e, 2,2), Vee M. 
Proof. Replacing z by 5 + in py of eee by a similar method to that of Theorem 


we complete the proof. 


Corollary 5.4. Assume n is a function from M? to [0,+00) with 


and 


7) (=. a ’ es < Ui asta al <i. 
Assume that s: M > Z fulfills 


|| M1s(21, 22, 23) || < (21, 22, 23), 
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for all 21, 22,23 € M. Then there is a unique reciprocal mapping R: M — Z such that 
|R(2) - (2) < Pale 22), 
for allzeE M. 


Using Corollaries and [5.4] we obtain the following corollaries. 


Corollary 5.5. Assume 7 is a function from M? to [0,+00), Z is a Banach space and € > 0 is 


a real number such that 


F 1 k k k 
lim —-n{(3)™ 21, (3)™ 29, (3) z3} = 0, 
Bk 


and 


1 1 1 1 
m{(3)™ 21, (3) 22, (3)™ 2a} S sbnta1, 22, 2a}, < 1. 
Assume thats: M > Z fulfills 
|| M1 s(21, 22, 23) || < €, 


for all z1,z2,z3 € M. Then there is a unique reciprocal mapping R: M — Z, defined by 

k 
3)m 
Ree) = limi 5; oe), such, that 


3k 


for allzeM. 


Proof. Assume that (21, Z2, 23) = € for all 21, 22,23 € Z. Then Corollary [5.2] implies 


pe 
IR) - s(2)I| < &, 


for all z € Z and p#0,+1 and making use of Corollary|5.4| we get 


3E 
IR@) - 8) s F, 


for all z € Z. 


Corollary 5.6. Ifs: M— X fulfills the following inequality, for a linear space M and a Banach 


space Z, respectively, 


|| Mi s(z1, 22, 23)I] < €(lzall* + [lzall” + llzsll"), 
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for all z1, 22,23 € M withO <u <—m oru > -—m for some e > 0. Then there is a reciprocal 
k 
3)m 
mapping R: M — Z, defined by R(z) = limp 00 1m) such that 
3k 


w 


|R(2) — s(2)|| < —~* 


=— m+u 
1 — 


|z\|", Vee M. 


m 


Proof. If we choose (21, 22, 23) = €(||21||“ + |lzall + ||z3||“), then Corollary [4.2] implies 


9e : 
| R(z) — s(z)|| < To gael , 


for all z € Z and u < —m. Using Corollary [4.4] we obtain 


9e 
|| R(z) — s(z)|| < ee 
3m —1 
for all z € Z andu>—m. 
The following is an example to elucidate (2.4), which is not stable for u = —m in Corollary 


Example 5.7. Define ¢: R > R with a > 0 as 


4(2) ong th ee (1,06) 
Z)= 
a, otherwise 
and a function s: R > R by s(z) = Ro as Then s fulfills 
qa" (4) i 1 1 
|| 1. (21, 22, 23)]| as 3(3™ = 1) x ( ae a ae + ae ) 


for all z1, z2,z3 € R. In that case, there does not exist a reciprocal mapping R : R > R such that 
\s(z) — R(z)| < B =| B>O0,VzER. 
Corollary 5.8. Assume s: Z, > Z2 is a mapping. Assume that there exists « > 0 such that 
|Mis(z1, 22, 2)l| < € (lull? leoll? llzall ) 


for all 21, 22,23 € Z,. Then there exists a unique reciprocal mapping R: Z, > Zo fulfilling 


and 


es a _ 

IIr(z) —s(2)||< 21-3 zl" for u<—m 
a lall” for u> —m 
se at 


for allz€ Z. 
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Proof. Replace (21, 22, 23) by € (Ileal? leall*lzsll?). Then Corollary [5.2|implies 


|R(2)  9(2)I| $ Se 


lz, 
for u < —m and for all z € Z, and making use of Corollary [5.4] we get 


IR) ~ 5(2)I1 $ eee 


lal, 


for u > —m and for all z € Z}. 


Corollary 5.9. Let e > 0 anda < —} ora > —% be real numbers, and s : Z; + Zq be a 


mapping satisfying the functional inequality 
|| Mi s(z1, 22, 2a)I < € {[l2all9* + [leall?* + lleall?* + (eal llzallllesil™)} - 


Then there exists a unique reciprocal mapping R: Z, > Zo fulfilling and 
— ira ||2|°* fora < —# 
|R(z) — s(z)|| <9 8 ™ 


sam —|2|°* fora > —F 
So ed 


for all z € Z. 


Proof. Replace (21, 22, 23) by €{ lleull®+ ll 2218 + |] z3 [8% + (lea |]* I zal] llesll , Then Corollary 
[5.4] implies 
12¢€ 
||R(z) — s(z)I| S 


3 
= To gm Ill ms 


for a < —} and for all z € Z; and making use of Corollary [5.4] we get 


12€ 


|| R(z) — s(z)ll S$ ape — lel? 
3m 1 


m 


for a > — and for all z € Z. 


The following is an example to elucidate (2.4), which is not stable for a = —"} in Corollary 
5.9) 
Example 5.10. Define ¢: R > R with a constant | > 0 as 


se SER oe) 


1, otherwise 


and a function s: R > R by s(z) = ~R9 $32) Then s fulfills 


3mk 


32™ (4 1 1 1 1 1 1 
iMeamajiot “x meee 
3(3™ — 1) a Ne Ba ae" | | 2x" | | 23" 


70 PACHAIYAPPAN et al 49-71 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


for all z1, z2,z3 € R. In that case, there does not exist a reciprocal mapping R : R > R such that 


|s(z) — R(z)| < B , Bb >0,VzeER. 


1 
git 


6. CONCLUSION 


In this work, we introduced the new generalized multifarious type radical reciprocal functional 
equations combining three classical Pythagorean means arithmetic, geometric and harmonic. 
Importantly, we obtained their general solution and stabilities related to Ulam problem with 
suitable counter examples in modular spaces by using fixed point approach. Furthermore, we 
illustrated their geometrical interpretation. 
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WEIGHTED DIFFERENTIATION SUPERPOSITION OPERATOR 
FROM H° TO nth WEIGHTED-TYPE SPACE 


CHENG-SHI HUANG AND ZHI-JIE JIANG* 


ApBsTRACT. Let H(D) be the set of all analytic functions on the open unit disk D 
of C, u € H(D) and ¢ an entire function on C. In this paper, we characterize the 
boundedness and compactness of the weighted differentiation superposition operator 
Di S¢ from H° to the nth weighted-type space. 


1. INTRODUCTION 


Let N denote the set of all positive integers, Np = NU {0}, D= {z € C: |z| < 1}, H(D) 
the set of all analytic functions on D and S(D) the set of all analytic self-maps of D. 

First, we present some of the most interesting linear operators studied on some sub- 
spaces of H(D). Let z € D, then the multiplication operator with symbol u € H(D) 
is defined by M,,(f)(z) = u(z)f(z), and composition operator with symbol y € S(D) is 
defined by Cyl f)(2) = f(e(2)). 

Let m € No and f € H(D), then the mth differentiation operator is defined by 


D" f(z) = f(z), z€D, (1) 


where f = f. If m = 1, then it is the standard differentiation operator D. In recent 
years, there has been a lot of interest in the study of products of differential operator and 
others. For example, products DC, and C,,D, which are the most basic product-type 
operators involving the differentiation operator, have been studied, for example, in [1-9]. 
Many other results have evolved from them, for example, the following six operators were 
studied in [10] 


DM,Co, DCyMy, CoDMy, CpMyD, MyCyD, MyDCy. (2) 


An operator, namely including all the operators in (2), was introduced and investigated 
in [11,12]. In some studies, for example, Wang et al. in [13] generalized operators in (2) 
and studied the following operators 


DMC oD" CM CS DOM CMD MC 5D", MEDC: (3) 


Some other product-type operators on subspaces of H(D) can be found (see, e.g., [14-17] 
and the related references therein). 

Next, we introduce the superposition operator (see, for example, [18] or [19]). Let ¢ be 
a complex-valued function on C. Then the superposition operator Sy on H(D) is defined 
as 


Sof =(f(z)), 2€D. 


2000 Mathematics Subject Classification. Primary 42A18; Secondary 47B33. 

Key words and phrases. Superposition operator; weighted differentiation superposition operator; H™; 
nth weighted-type spaces; boundedness and compactness. 
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2 CHENG-SHI HUANG AND ZHI-JIE JIANG* 


Assume that X and Y are two metric spaces of analytic functions on D and Sg maps 
X into Y. Note that if X contain the linear functions, then ¢ must be an entire function. 
Recently, the boundedness and compactness of Sg have been characterized on or between 
some analytic function spaces (see, for example, [19—26]). 

The following weighted differentiation superposition operator, which is introduced in 
[27], is a class of nonlinear operators. Let m € No, wu € H(D) and ¢ be an entire function 
on C. The weighted differentiation superposition operator denoted as D?”’'S, on some 
subspaces of H(D) is defined by 


(DE Ssf)(z) = uz) (F(z), 2 ED. 


Our goal of this paper is to improve results of Kamal and Eissa in [27]. Here, we rethink 
the boundedness and compactness of this operator from H° space to nth weighted-type 
space, which can be regarded as a continuation of our work (see, for example, [19]). 

Now, we introduce the important Bell polynomial (see, for example, [13, 15]). Let 
n,k € No. Then the Bell polynomial is defined as 


vt n—k-1 Gencae 
. a % 
Bre Ba kl Di. 0a ape) = y —_—— i) 8 (4) 
Le k-1 “| 4! 
i=l t+ 4=1 
where the sum is taken over all non-negative integer sequences 1, j2,---,Jn—k+1 Satisfying 


Se ji = k and See ij; = n. In particular, if k = 0, we have Boo = 1 and 


Bro = 0 forn EN. 
Next, we collect some needed spaces as follows (see [7]). The symbol H® denotes the 
space of all bounded analytic functions f on D such that 


IIflloo = sup |f(z)| < +00. 
zeD 


Let « be a weight function (i.e. a positive continuous function on D) and n € No. Then 
the nth weighted-type space W." (D) := W” consists of all f € H(D) such that 


byyoo (f) 2= sup (2) f(2)] < +00. 
i‘ zeD 


If n = 0, it is the weighted-type space H7° (see, for example, [28-30]). If n = 1, the 
Bloch-type space B,,, and if n = 2 the Zygmund-type space Z,. If w(z) = 1— |z|?, we 
correspondingly get the classical weighted-type space, Bloch space and Zygmund space. 
Some information on these classical function spaces and some operators on them can be 
found, for example, in [31-37]. 

Let n € N, then the quantity dyin) (f) is a seminorm on wo and a norm on WwW”) /Pr—1, 
where P,,_1 is the class of all polynomials whose degrees are less than or equal to n — 1. 
A natural norm on W" can be introduced as follows 


n—-1 
IFllyor = Yo FP) + yo). 
j=0 


The set wo with this norm becomes a Banach space. The little nth weighted-type space 
w? consists of all f € H(D) such that 


b, 
lim p(z)|f(z)| =0. 


|z|71 
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It is easy to see that w" is a closed subspace of w” and the set of all polynomials is 


dense in we If n = 1 and p(z) =1—|z|?, then it is the little Bloch space Bo. 

Finally, we will introduce the boundedness and compactness of a operator T. Let X 
and Y be two Banach spaces, and T': X — Y be a operator. If there is a positive constant 
K such that 


IIT flly < KIlfllx 


for all f € X, we say that T is bounded. The operator T': X — Y is compact if it maps 
bounded sets into relatively compact sets. 

As usual, some positive constants are denoted by C, and they may differ from one 
occurrence to another. The notation a < b (resp. a 2 b) means that there is a positive 
constant C' such that a < Cb (resp. a > Cb). When a < b and b = a, we write a & b. 


2. PRELIMINARY RESULTS 
In this section, we need several auxiliary results for proving the main results. First, we 
have the following useful result which can be found in [38]. 


Lemma 2.1. Let f © H*. Then for every n € N, there exists a constant C > 0 
independent of f such that 


sup(1 — |z|)"|F(z)| < Cllflloo- 
zeD 


The following lemma is introduced in [81]. 


Lemma 2.2. Let f € B. Then for everyn EN 
n—1 
[fle = So [FO] + sup(t — [22 )"1FC)L 
j=0 : 


The following lemma shows that any bounded analytic function on D is in Bloch space 
(see Proposition 5.1.2 in [39]). 


Lemma 2.3. H® CB. Moreover, ||f\|g < |\|f\loo for all f €¢ H™. 
The following gives an important test function (see [40]). 


Lemma 2.4. For fixed t > 0 and w € C, the following function is in H° 


G9w,t(2) = Ga 


sup |[Gw,tlloo S 1. 
wec 


Moreover, 


We construct some suitable linear combinations of the functions in Lemma 2.4, which 
will be used in the proofs of the main results. 


Lemma 2.5. Let we C. Then there are constants cg,c1,...,Cn such that the function 
n 
Rw(z) = S- Ch9w,k (2) 
k=0 
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satisfies 
Ss 


p(s) 2 


Pw) = GaP OSsSn and Aw) =O. (5) 


where 1 € {0,1,...,n}\{s}. Moreover, 


sup ||Rw|loo < +00. 
wec 


Proof. For the simplicity sake, we write d, = k+ 1. By a direct calculation, it is easy to 
see that the system (5) is equivalent to the following system 


1 1 tee 1 Co 0 
do dy wis dn Cl 0 
ran s—1 , sl , 
Il dr II Ca II dktn cs | = ia ee (6) 
k=0 k=0 k=0 
n—-1 n—-1 ; n-1 , 
He (eed Lars 
k=0 k=0 k=0 ae Y 


Since dy, > 0, k = 0,n, by Lemma 5 in [41], the determinant of system (6) is Dn4i1(do) = 
jan j!, which is different from zero. Therefore, there exist constants co,Ci,...,Cn such 
that the system (5) holds. Furthermore, we obtain sup, cc ||Rw|loo < +00. 


Remark 2.1. In Lemma 2.5, it is clear that, if s = 0, then there are constants Cp, C1,..., Cn 
such that the function h»(z) satisfies no) (w) = hy(w) = 1 and ny (w) = 0 for 1 = 1,n. 


We also have the following characterization of compactness which can be proved similar 
to that in [42] (Proposition 3.11), and so we omit the proof. 


Lemma 2.6. Let m € No, n € N, u € A(D) and ¢ be an entire function. Then the 


bounded operator D7?Sy : H° > wi” is compact if and only if for each bounded sequence 
{fe}(k EN) C H® such that fp > 0 uniformly on any compact subsets of D as k > ov, 
it follows that 


jim |DuSofill yoo = 0- 


Finally, we need the following result proved in [34]. So, the details are omitted. 


Lemma 2.7. A closed set K in wr? is compact if and only if it is bounded and satisfies 


lim sup p(z)/f™(2)| = 0. 
lzl>1 fek 
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3. MAIN RESULTS AND PROOFS 


Now, we begin to characterize the boundedness and compactness of the operator Di”’'Sg : 
H™ + WY”) (or WE"). 


Theorem 3.1. Let m € No, n€N, u € H(D) and ¢ an entire function with ¢™ (1) £0 
and ¢°"+)(0) 40. Then the operator DS, : H® > wi) is bounded if and only if 


u(z)|u9 (2) 
M; := sup ———_..—._ < +00 7 
sup (= a2) ") 


fori=0,n. 
Moreover, if the operator Di? Sy: H°° + w” is bounded, then the following asymptotic 
relationship holds 


DE Sell zo swe = Mi. (8) 
1=0 


Proof. Assume that condition (7) holds. Then for each z € D and f € H™, we have 


sup a(2)|(DaSaH)(2)| =supnle)| DY Cane) Bis Fle) HF) 


zeED 


< sup u(2 IE (Leiber 2)|| Bia F)|) 6 U@) 


eb 
where 
Bae) = Be POS Oat @)s Cf paten. 
Applying formula (4) and Lemma 2.1, we obtain 
BGO) =|Ba (1'O)1O.-, FO) | 


—f Lifllo—Iifllec IF llec 
=e € =|? @- PRP a a) : 8) 


For the convenience, we write 


—( Mflleo Ife flex 
Bisa) = Ba (Ee Te TS) ey 
From (9) and (10), we get 


n 


sup H(2)|(Dy' Sof) (2)| < sup a(z) ) (docile. 5(.2) Jor"? F(z). 


zeD j=0 
(11) 
For i > j, we have Bi 5(f,2) =0. Let f € H™ and ||f || < M. Then, we obtain 
s 1 
SPOS Tay 
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where i = 0,n. From (11) and (12), we have 


sup 4(2)|(Di' Sof) (2)| Ssup a( >» (re [ule 2\|B.3(0.2)) Jor (F(2))| 
<C sup uz) (ui (Ilo (F(z))| 


ee : a (Shue »)). (13) 


Since f € H™ and ||f||.. < M and ¢ is an entire function, we obtain 


Jo"(F(2))] < max, |g) (w)| = Lj < +00 oe 


for each z € D and j = 0,n. From (13) and (14), we have 
m n n Jfubr— ) 
sup u(2)|(DESof)"2)| < Cau (u(2)]u™e 1+ a a cean oa 
zeD zeD — |z|?) 


On the other hand, we also have that for every 1 =0,n—1 
(Dz s6A))| < | 3 a2 Chul (0)B.(F(0)) }™™(F(0)] < 400. (16) 


From Lemma 2.2, (7), (15) and (16), we see that the operator Di’S, : B > wo” 
bounded. By Lemma 2.3 (or (7) and (15)), it is obvious that the operator DiS, : H™® > 


wi) is bounded. Moreover, it follows that 
[De Sell po wo S Cy Mi. (17) 
i=0 


Now assume that the operator D7’Sy : H° > w” is bounded, then there is a positive 
constant C independent of f such that 


DE Séfll yo < Cllflleo (18) 
for each f € H°. By Remark 2.1, there is a function h, € H® such that 
hy(w)=1 and hk (w) =0 (19) 


for 1 = 1,n. Let Lo = ||hw|loo- Then, from (18) and (19), we obtain 
Lol De S6ll po sw = rene 


=sup p(2 (ein "9 (2) Big (Ieo(z))) 0" (Pew (2)) 
> p(w wy uu 1 Boob w))|]6)| 
=n(w)/u™ (w)||6 A) aL (20) 
Since |o™) (1)| 4 0, we have 
Lo||DES6ll po awe 2 DE Sohullym 2 Cu(z)u™(2)], (21) 


for each z € D, which implies that Mp < +o. 
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By Lemma 2.4, there is a function hy € H® such that 


(nm w" x 


for 1=0,n—T1. Let Ly = ||hw|loo. Then, from (18) and (22), we have 


Ln || D256 peo sy Di Soholl yoo 
Yo (D2 Chu 2)Bi 5 Frao(2))) (O*? (Feo) 
> 


j=0 


=e 
> 1(w)) (0) Ba (a (w)) 69 (0) + 00 (18) Boor (ee)) 8” (0) 


=(w)| EP 64 (0) + uf (w™(0) 


Th 


21 (u)| POO 0)] — nw fuM(wjo™MO)], 23) 


1— |w|?) 
where 
Bisley Bag (Hh MA \ynos he O@) \s 


From (21) and (23), we have 


pes)| 8 (0)| < Lull DE Sell ayer + MC) (w)™(0) 


< (Lm + CLo)||DES¢ll ps wi 


Since |¢("+ (0)| 4 0, we have 
(Ln + CLo)||DI Soll po wim 2 DV Sohullyoo 2 ee 


From (24), we have 


SC eup Helluaiilel” 5 ©, wle)lal)| 


(Ln + CLo)||Di Sl p00 a —— 
a igioi fa (1h —'[a|?)” 2° isija(l —|2P)" 


awi 


One the other hand, we have 


pz)lu(z) (5) sup p(z)|u(z)|. (26) 


ijcie t= |Z|2)~ |z|<1/2 


From (25) and (26), we get that M,, < +00. 
By Lemma 2.4, there is a function h,, € H® such that 


aqn-1 
-(n— WwW « 


where | € {0,1,...,n}\{n—1}. Let Ln_1 = ||Aw|loo. From (18) and (27), we have 
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Ln—1||Dv Soll poo 2DE Sp hull yoo 


aw” 


=sup (2) 
zeED 


j=0 i=j 


(28) 


where B;,;(hw(z)) = Bij (fi (2), his (2), oe AS FY @)). From (21) and (28), by using 
the triangle inequality, we obtain 


(Ln—1 + CLo)||Di' Soll pp yo 


> 1u(w)| Cn *u (w) Bn (i (w)) "9 (0) + J ul 2) By gino (w))3"* (0) 
> j(w) |W (w)Bu—1,1 Rew) 6" (0)| — po(w)| Y*ee(2)Bn,g Fan(w) 6" (0)]. (29) 


From (29), we have 


w)|u (w) Bn—1,1(hw)6"*” (0)| 


S(Ln-1 + CLo)||DY Sol pao syyor + lw)| D> te(2) Bn j(ruv(w)) 9 (0) 
j=l 
<(L +CL,)\|D"S — (m+3) (9 
S(Ln-a + CLD? Selly= woo + a papeye Ye (30) 


Since |g"+1) (0)| 4 0, by using (24) and (30), we obtain 


u 
ch@lu' lle" 
(1 — |2|?)"~? 


< Ln-1 + CLo) Dv S6ll poo yw 4 Sear 


< (Ln + In—1 + 2CL0)|| D2 Soll pe sy (31) 


From (31), we have 


z)lul(z)|fz|"7" 
(Ln + Ln 1 + 2CLo) [Di Sol wo ZC sup ut al der 
|z|>1/2 (1 — |z|?) 


CO / 
Fg HAO 
PT Ste ER 


(32) 
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One the other hand, we have 


sup Hut (2) <(4)" aun awl (33) 


igeije (l= |2Pje-* 3 |z|<1/2 


From (32) and (33), we get that My_1 < +00. 
Now, assume that (7) holds for k <i<n, wherel <k < n—2. Let Lp_1 = ||Rwlloo- 


By using the function in Lemma 2.4, we have 


Lr-sllDv Soll yoo wo ZDwSohwllyo 
YS (Yiu Bi 5b (@))) 6"* (ea (2))| 


j=0 °i=j 
> (w)|CRMal™— FD) (w) By. (Pow) 6" (0) 


= sup f(z) 
zeED 


n uv 


+ S27 Chul (2) Bi, (row) "#9 (0) + wl (wg (0)| 
i=k j=1 
> pu(w) [CRUD (a) Baa. ow) 6") (0) 
+ 7 D2 Chul (2). Bi 5 (Pao(w))* (0)| = p(w)” (w} 9 (0)| 
i=k j=1 


(34) 
for each w € D. From (21) and (34), we have 
(Lr-1 + CLo Du Soll yw > p(w) |CR Pal") (a) By—a.a ow)" (0) 


+ 32 DO Chu? (2) Big nw) o"*? (0)| 


i=k j=l 
p(w) |CR-Mu-FD (w) Bua. uo(w))} 9°" (0)| 


Then, we have 
po(w)|CRMu—F—Y) (w) By. (Hen(w) )"*D (0)| 
<(Le-1 + CLo)||Di Sol 2 wo 
+ s(w)] S22 Cul? (2) Bi. (a lew) "9? (0)| 


i=k j=1 
<(Lp-1 + Clo) Dv Soll poo 


+ ODO lw) ful"? (2) Bi, 5 (Pro (w) )o0"*? (0) 


i=k j=1 
<(Le-1 + Clo) Dv Soll 7° wo 
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(1 —|w 


ee of} p(w) “ @ loe*(0)]) (35) 


Since |¢"+1) (0)| 4 0, from (35) and the assumption (7), we have 
Ch) ue OY) (2)ll2/F 


CER 
nm (n-i) a 
‘ E(w) lu? (w) | fw] 
i=k 
<( SD Let (n—k +2)CLo) IDES 6ll ym ir (36) 
t=k-1 


From (36), we have 


n z yr (k-1)) x zlk-1 
( S- Ly + (n— b+ 2)CLo) [De Soll poo so 2 oh i Toa | 
t=k-1 


C_plz)jue—F )(z)| 
< 9-1 (1 — |z|2)k-1 


(37) 
One the other hand, we have 
(n—(k—1)) 4\ r—(k-1) 
M(Z)|U z Lye. 
lle1/2 Tees (3) sup, wlaya@—E- (2), (88) 


From (37) and (38), we get that M;,_1 < +00. Hence, from the mathematical induction 
it follows that (7) holds for every i = 0,n. Moreover, we also obtain 


So Mi < CIDP Soll goo (39) 
1=0 


From (17) and (39), then the asymptotic relation (8) follows, as desired. 


Theorem 3.2. Let m € No, n€N, u € H(D) and ¢ an entire function with ¢™ (1) £0 
and ¢™+0 (0) £0. Then the operator D™S4: H® > w°? is bounded if and only if the 
operator Di? Sg: H° > wi) is bounded and for each i € {0,1,...,n} 
lim p(z)|u"-9(z)| = 0. (40) 
jz|71 


Proof. Assume that D?S¢ : H° > we? is bounded. Then for each f € H°, we have 


lim ju(2)|(D2" Ss f) (z)| = 0. (41) 
jz|71 
Clearly, the operator D??'Sg : H° > wi) is bounded. Hence, from (24), we obtain 
z)\u(z)||z|" ee RG 
MEME < Cy(2)|(DE Sow) (2)] (12) 
(1 — |2|?) 
From (42), we obtain 
p(z)|u(z)||2|" < Cu(z)|(DP Sohw)™ (z)| (43) 


By taking |z| — 1 in (43) and using (41), it follows that (40) holds for i =n. Hence, by 
the proof of Theorem 3.1, we get that (40) holds for each i = 0,n. 
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Conversely, assume that D?’Sy : H° — wo” is bounded and condition (40) holds. 
Let 6 € H™ and |p|. < M. Then, we have 


|e°"* (B(z))| < +00. 


For every polynomial p, we have 


n 


¥ (Lew 912), (He) ™™(H(2) 


j=0 


uu(z)| (Dir Sop) ( (2)| = sup u() 


i 


Y (Leila BG INI) [6 (p(e))| + 0 


< Sub? 


i 


as |z| + 1. From this, we have that for every polynomial p, D1’'S4p € ws. Since the set 
of all polynomials is dense in H®, we have that for each f «© H™ there’ exist a sequence 
of polynomial {p;,} such that 


Jim [If — Belloc = 0. (44) 
00 
From (44) and using the boundedness of D™S, : H°° + W"), we obtain 

Dv Sof — DES Prll yo < De Soll po wolf — Prlloo + 0 (45) 


as k > oo. Hence, Di'Sg(H™) C wi" 0 ) and the operator DP S¢: H° > We? j is bounded. 
The proof is finished. 


Theorem 3.3. Let m€No, n€N, u € H(D) and ¢ an entire function with ¢™ (1) £0 
and p+) (0) #0. Then the easel) statements are equivalent: 

(a) The operator Di?'S¢: H° > wh" is compact. 

(b) The operator D7?’ Sz: H° > Ww? 6 48 compact. 

(c) For each i € {0,1,...,n}, it ellos that 


(n—i) 
fim DUP) 
lzlo1 = (1 — |2|?)4 


=0. (46) 


Proof. (c) => (6). From (13) and using (46), we obtain 


lim sup p(z)|(Di' Sef)" (z)| = 0. 

zl 2 | Flles<a 
Obviously, the set si bounded. Hence, by Lemma 2.6 the compactness of the operator 
D?S4: H® — We? follows. 

(b) = (a) is obs. 

(a) = (c). Suppose that Di’S, : H° > w is compact. Then it is clear that the 
operator is bounded. Let {z,} be a sequence in D such that |z,| > 1 as k + co. If such 
a sequence does not exist, then condition (46) is vacuously satisfied. Let hy = = tay where 
hw is defined in the proof of the Theorem 3.1 (or Lemma 2.4). Since limz_,0 he, = = 0, we 


have hy, > 0 uniformly on any compact subset of D as k > co. Hence, by Lemma 2.5 we 
have 


im Dr Shallow = = 0. (47) 
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On the other hand, from (25), for sufficiently large k it follows that 


ies u(z)|u(zx)| 
git NS ENE 
[Di Sohellyyo 2 la)" (48) 


which along with (47) and letting k — oo in inequality (48) and since {z;,} is an arbitrary 


sequence such that |z;| — 1 as k > oo, implies that (46) holds for 2 = n. By the proof of 
the Theorem 3.1, we get that equality (46) holds for each i € {0,1,...,n}. This completes 
the proof. 
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Abstract. 

In this paper, we introduce two iterative algorithms for finding the solution of the sum of two 
monotone operators by using hybrid projection methods and shrinking projection methods. Under 
some suitable conditions, we prove strong convergence theorems of such sequences to the solution 
of the sum of an inverse-strongly monotone and a maximal monotone operator. Finally, we present 
a numerical result of our algorithm which defined by the hybrid method. 


Keywords: Hybrid projection methods, Shrinking projection methods, Monotone operators and 
Resolvent. 


AMS Classification: 47J25, 47H05, 65K10, 65K15, 90C25. 


1 Introduction 


In this work, we consider the problem is finding a zero point of the sum of three monotone operators 
that is, 
find z € H such that 0€ (A+B+C)z, (1.1) 


where A is a multi-valued maximal monotone operator and B, C are two single monotone operators. 
In 2017, Davis and Yin [5] shown that the problem (1.1) can be related to a convex optimization 
problem, that is, 
minimize,cy F(x) + G(x) + M(2), 

where A = OR, B = OS and C = VP with OR and OS denote the subdiferentials of R and S, 
respectively. The convex optimization problem involves several specific problems that have emerged 
in material sciences, medical and image processing and signal and image processing (see more in 
(6, 7]). Moreover, the monotone inclusion problems (1.1) includes some special cases. For example, 
when B = 0, problem (1.1) becomes find x € H, such that 


O¢ Ax + Ca. (1.2) 
If C = 0, problem (1.1) reduces to find « € H, such that 
0¢€ Ar+ Ba. (1.3) 
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If B =0 and C = 0, problem (1.1) reduces to the simple monotone inclusion find x € H such that 
0 € Az. (1.4) 


So, we have the problem (1.1) is very important. Many researcher study and develop algorithm 
methods to solve the solution. Davis and Yin [5] introduced the fixed-point equation for solving 
monotone inclusions with three operators. In 2018, Cevher et al. [8] extended the three-operator 
splitting algorithm [5] from the determinist setting to the stochastic setting for solving the problem 
(1.1). Similarly, Yurtsever et al. [9] introduced a stochastic three-composite minimization algo- 
rithm to solve the convex minimization of the sum of three convex functions. In addition, Yu et 
al. [10] introduced an outer reflected forward-backward splitting algorithm to solve this problem 
as 

tn4i = JA(a_ — AB&n — ACt_) — r(Ban — Ban_1). (1.5) 


The sequence {x,,} converges weakly to solution of the problem (1.1). 


Motivated and inspired by all above contributions, in this work, we will introduce two iter- 
ative algorithms for finding the solution of the sum of three monotone operators by using hybrid 
projection method and shrinking projection method. Under some suitable conditions, we prove 
strong convergence theorems of such sequences to the solution of the sum of three monotone op- 
erators. Finally, we will present a numerical result of our algorithm which defined by the hybrid 
method and applied to image inpainting. 


2 Preliminaries 


Let H be areal Hilbert space and C be a nonempty closed convex subset of H. Denote that — and 
— are a weak and strong convergence, respectively. I denotes the identity operator on H. For a 
given sequence, let wy (tn) = {x : day, — x} denote the weak w-limit set of {xp }. 


Lemma 2.1. Letx ¢ H and ze€C. Then we have 

(i) z=Pe(ax) if («-—z,z-y) >0, forally €C. 

(ii) Pele) — Pe(w)Il < Ilo — ll, for all 2,y€ H 

(iti) Ja — Pe(2) |? < lla — yl? — lly — Pe(2)IP for all y €C. 
Definition 2.2. //] Let T: H — H be a single-valued operator. Then 

(i) T is said to be nonexpansive if 

||Ta2 —Ty|| < |la—yl|, for alla,y € H. 
(ii) T is said to be firmly nonexpansive if 
(Tx —Ty,2—y) > ||\Tx—Ty||?, for allz,y € H. 


It is obvious that a firmly nonexpansive operator is nonexpansive. 


(iti) T is said to be L-Lipschitz continuous, for some L > 0, if 
|T2—Tyl| < Ley], for all x,y € H. 


If L =1, then T is nonexpansive. 
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(iv) T is said to be c-cocoercive (or c-inverse strongly monotone), if 
(c-—y,Tx—Ty)>c|lTx-—Tyl||, for allz,y € H, 
where c > 0. 


(v) T is said to be monotone if 
(Tx —Ty,x—y)>0, forallaz,y € H. 


Remark 2.3. If C is c-cocoercive, then C is 1/c-Lipschitz continuous and monotone. By using 
the L-Lipschitz continuity of B, we obtain that B+C is (L+1/c)-Lipschitz continuous. Moreover, 
since C’ ts c-cocoercive, we have C is monotone. 


Definition 2.4. Let A: H > 2” be a set-valued operator and the domain of A be D(A) = {a € 
H: Ax £@}. The graph of A is denoted by Graph(A) = {(z,u) € H x H: ue Az}. Then the 
operator A is monotone if (a1 — Xo, 2, — 22) > 0 whenever 2, € Ax, and z2 € Axo. 


A monotone operator A is maximal if for any (x,z) € H x H such that 
(t—y,z—w) 20 
for all (y,w) € Graph(A) implies z € Ax. 


Let A be a maximal monotone operator and r > 0. Then we can define the resolvent J, : 
RI +rA)—> D(A) by 
Jf =(I+rA)1 


where D(A) is the domain of A. We know that JA is nonexpensive and we can study the other 
properties in references [12, 11, 13]. 


Lemma 2.5. /// Let A: H > 2” be a maximal monotone mapping and let B: H > H be a 
Lipschitz continuous and monotone mapping. Then A+ B is maximally monotone. 


Lemma 2.6. [2] Let C be a closed convex subset of a real Hilbert space H, x © H and z = Pox. 
If {an} is a sequence in C such that wy(%p,) CC and 


tn — 2|| < |lz — zl), 
for alln > 1, then the sequence {xp} converges strongly to a point z. 


Lemma 2.7. /3/ Let C be a closed convex subset a real Hilbert space H, and x,y,z € H. Then, 
for givena ER, the set 


U={v ec: |ly—vl? < lle — oll? + (z,v) +a} 


ts convex and closed. 


3 Hybrid Projection Methods 


In this section, we introduce a intertial hybrid projection method and prove a strong convergence 
theorem. 


(Al) A: H > 2” is maximal monotone. 


(A2) B: H > H is monotone and L-Lipchitz continuous, for some L > 0. 
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(A3) C: H > FH is c-cocoercive. 
(A4) Q:=(A+B+4+C)71(0) 40. 
The method is of the following form. 


Algorithm 3.1: Inertial hybrid projection algorithm (IHP Algorithm) Initializa- 
tion : Choose 29,21 € H,ap € (0,1). 


Iterative step : Compute 41 via 


Wn = In + An (Ln + tna), 

Yn = Je. (Wn — TnBun — TnrCwn), 

Zn = Yn —Tn(Byn — Burn), (3.1) 
Cn = {2 € H: [Zn — 2|/? < llwn — 2[? — A - B — L*rf)llwn — yall? 

Qn = {2 € A: (an — 2,2n — 0) < 0}, 

In41 = Po,ng, (Lo), 


where 1 
0<rp, < min{e, art and Jim rT, = 0. 


Lemma 3.1. Let {z,} be a sequence generated by IHP Algorithm. If conditions (A1) — (A4) hold, 


we have 
Tn 


2c 


\l2n — ull? < |lwn — ul]? — L?r?)||Wn — Yn||?, for allu € Q. (3.2) 


Proof. Let an = r2||Byn — Bwr||? — 2rn(¥n — u, Byn — Bun). Thus 


Il zn — ull? = Yn — Tn(Byn — Bun) — ull? 
= Yn — ull? — rn (yn — U, Byn — Bun) +1772 ||Byn — Burl? 
t [Yn — Wl? + (Wy — U,Yn — Wn) + On 
\l¥n — nll? — 2(yn — Wns Yn — Wn) + 2lYn — Wns Yn — U) + an 
= Wn ull? Il¥in Wnll? 21Yn — U, Wn — Yn + Tn(Byn — Bun)) 
+17||Byn — Burl’. (3.3) 


i 
S 
3 

| 
= 


I 
g 
3 
= 


Since B is L-Lipchitz continuous, we have 
By using (3.3) and (3.4), we have 


ll2n — Ul? < |] — ull? — (1 L?rp) len = Yall? = 2(yn = Uy Wn = Yn + Pn(Byn — Bwn)). (3.5) 


Since yp, = 5 Es (Wn — Tn Bwy — 1nCwy), we have (I —1,B—rpC)wy, € (I +rnA)yn. So, we obtain 


1 
—(Wn — PnBWy — Tr»CWn — Yn) € AYn- (3.6) 


ln 


Since 0 € (A+ B+C)u, we have 
—Bu-—Cue€ Au. (3.7) 


Since the operator A is maximal monotone, one gets 


1 
7 (Wn = Tyr Bwy — TrCWn — Yn + Tn But rnCu, Yn — u) > 0. 
n 
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This implies that 
(Wy — Tn Bn — TpaACWn — Yn tn But ry Cu, Yn — u) > 0. 
It follows that 


(Wn — Un t1n(Byn -— Bun), yn —U) > rn Byn — rn Bu — ryCut rnCwn, Yn — U) 
= (TrBYyn — Tn Bu, Yn — U) + (MnCWn — PnCu, Yn — U) 
> (rnCwn — PnCu, Yn — U) (3.8) 
and since C' is c-cococercive, we have 
2rp(CWn — Cu, yn — uu) = 2p (Cw — Cu, Yn — Wn) + 2rn(Cwn — Cu, Wn — u) 


> -2ry||Cwn — Cull|lyn — wall + 2crn||Cuwn — Cull? 


> —Lern||Cwn — Cull? — lyn — wall? + 2ern||Cwn — Cul? 
Cc 


ee eer ||. 
= 5 ll¥n Wr’. (3.9) 
Combining the equation (3.8) and (3.9), we obtain 
Tn 
—2(Wn — Yn + Tn(Byn — Bun), yn — U) < 9¢ ll¥n = Wr||?. (3.10) 


Combining the equation (3.5) and (3.10), we obtain 


Tn 


2c 


zn — ull? < fon — ull? — (1 L?r2)|lwn — ynll2, for all w € 2. 


This completed the proof. 


Lemma 3.2. Let the operators A,B and C satisfies conditions (A1) — (A4). The three sequences 
{an}, {wn} and {yn} generated by IHP Algorithm. Assume that limn—+oo ||Wn—Xn|| = liMn—+co ||Wn- 


Yn|| = 0. If a subsequence {an,} of {an} converges weakly to some x* © H, then x* € Q where 
Q:=(A+B+C)1(0). 


Proof. Suppose that (u,v) € Graph(A+ B+C). Thus v — Bu— Cu € Au. Since yn, = 


Jes (Wr, —Tn,BWn, — TrxCWn,), we have (I —1rp(B+C)) € 2+ 1n,A)yn,- This implies that 


1 
(Wng — Yng — Try (B t+ C)wn,) © AYng- 


k 


ln 


By using the maximal monotonicity of A, we get 


1 
(U— Yn, 0 — Bu- Cu (Wn, — Yn, — Tn, (B+ C)wn,)) > 0. 


Trp 


It follows that 


1 


(a Yngs®) > ~ 
= (U— ts (B+ Ou (B+ C)tdn,) + (0 — tags — Yo) 
= (dings (B+ C)u— (B+ O)ting) + Qt — Yngs (B+ Otay — (B+ Cerne) 
+ (0 — tags tne — You) 
> (Ung (B+ Cling — (B+ C)ting) + (0b ts Ung ~ Une): 


Nk 
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Since limp_+o6 ||Wn — n|| = limn sco ||Wn — Yn|| = 0 and B + C is Lipschitz continuous, we have 
limn—oo ||(B + C)yn, — (B+ C)wn,|| = 0. From 0 < rp < min{c, 4}, one get 


Jim (u = Yngs”) =(u—2",v) > 0. 


Since A+ B+C is maximal monotone, we have 0 € (A+ B+C)a*. We can conclude that «* € 2. 
This completed the proof. 


Theorem 3.3. Let the operators A,B and C satisfy conditions (A1) — (A4). Then, the sequence 
{xy} generated by IHP Algorithm converges strongly to x* = Po(xo). 


Proof. It is obvious that C,, and Q, are closed convex for every n € N. First, we will prove that 
QC Cy, for all n € N. By using Lemma 3.1, we obtain Q C Cy, for all n € N. Next, we prove that 
QC Qn for all n € N by the mathematical induction. By the definition of Q, in IHP Algorithm, 
we have Q; = H. For n= 1, we note that 0 C H = Q). Suppose that Q C Q, for some k € N. 
Since C1 Q, is closed and convex, we can define 


Let. = Popn@, (Lo). 


This implies that 
(Lke-1 — 2,0 —XLe41) > 0 for all z € CeNQg. 


Since 1 C CEN Qx, we have Q C Qziy. It follows that Q C Qn, for all n € N. So, {x,} is well 
defined. Next, we show that {x,} is a bounded sequence and limysoo ||Wn — Yn||?_ = 0. Since 
QC CrAQn, for alln EN, and tn+41 = Po, ng,, (vo), we have 


Il?n41 — oll < ||" — aoll- 


This mean that {xz,} is bounde, so {w,} is also bounded. From the definition of Qn, we obtain 
Ln = Pg,, (Xo). Since fn41 € Qn, we have 


en — Lol] < |lan41 — Lol|, for alln EN. 


This implies that lim, _,.5 ||¢, — xo|| exists. Therefore, 


I 


Il(@n41 — £0) — (tn — 20)||? 


= |ltn41 — 2oll? — |lan — zoll? — 2(an41 — En; 2n — Zo) 


lI@n+1 — toll? — [lan — oll’. 


\|2n41 = Lpl|? 


IA 


It follows that limp—oo ||@n41 — n|| = 0. Since tn41 © CrM Qn C Ch, we have 
Tn 
ll2n — En+41||7 < |lwn - fn+41||7 oat os ‘Gia L?r2)|lwn = ie ||* 


Since 0 <r, < min{c, 3}, we have ||zn — &n+41|| < ||wn — @n+i||. Moreover, by the definition of 
{wn}, we get 
||Wn — Eni] = |]2@n + n(n — Ln41) — Lal] = |en|||en — n+41|| 


This implies that limp oo |!Wn — @n|| = 0 and limn..6 ||an — Zn|| = 0. Therefore, 
ln 
(l= oe. D?r8)llwn — yall? < lee — ental? — len — en4ll?. 


Since limn—yoo Tn = 0, we have limn_,o.(1— $2 — L?r2) = 1. It follows that limy—co ||wn — yn|| = 0. 


Finally, we show that {x,} converges strongly to 7* = Po(xo0). Let 2* = Po(ao). Therefore, 
Il2n — toll S |la@nta — ol] S [leo — a" I]. 


By Lemma 3.2, we have every sequential weakcluster point of the sequence {z,,} belong to 2. That 
is Wy (Xn) C OQ. Hence by Lemma 2.6, we can conclude that the sequence {x,,} converges strongly 
to «* = Po(2o). This completes the proof. 
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3 The Inertial Shrinking projection methods 


In this section, we introduce a intertial shrinking projection method and prove a strong convergence 
theorem. 


Algorithm 3.2 : Inertial shrinking projection algorithm (ISP Algorithm) Initial- 
ization : Choose #9, x1 € H,an € [0,1). Let C) = H 


Iterative step : Compute x41 via 


Wn = In + An(Ln + En—1); 

Yn = JA (wn — TnBwn — PnCwn), 

en = Yn — Tn(Byn _ Bwz,), (3.11) 
Cri = {2 € Cn: [len — 2? S llwn — 2/l? — A — & — L?rf)llwn — yall?} 

In+1 = POs: (x0), 


where 
0<r,<min{c,——} and lim r, =0. 
noo 


Theorem 3.4. Let the operators A,B and C satisfy conditions (Al) — (A4). Then, the sequence 
{xy} generated by ISP Algorithm converges strongly to x* = Po(xo). 


Proof. By Lemma 3.1, we obtain 


Tn 


ll2n — ull? < lun — ull? - (1-5 
Cc 


pia ye) _ Ynll?, for alluEeQ. 


It follows from ry, = Po,,(%o) and 2n41 = Po,,,,(@0) € Cn41 C Cn that 
In — £ol| < |lan41 — roll. 


On the other hand, since «* € 2 € C;, and tp, = Po, (x0), we have ||ap, — xol| < ||x* — xol|. Thus 
{x,} is bounded and limy-yo0 ||@n — Xo|| exists. Similarly proof of Theorem 3.3, we can proof that 
limp+oo ||@n41 — Ln|| = 0 and limp. ||wrn — yn|| = 0. By Lemma 2.6 and Lemma 3.2, we can 
conclude that {x,} converges strongly to z* = Po(xo). This completes the proof. 


4 Numerical results 


In this section, we firstly present by following the ideas of He et al. [14] and Dong et al. [15]. For 
C = H, we can write the algorithm 3.1 as in the following 


Xo, 20 € A, 

Yn = An2n + (1 _ ig )\ lias 

2n+1 = Sian (Yn —Tn(B+C)yn), 

Un = Anzn + (1 — Qn)&n — Zn41, 

Un = (Anl|2nl|? + L — an)||nl]? — |]en4l?)/2, (4.1) 
Ch = {2 © C: (un, 2) < Un}, 

Qn = {2 €C: (Un — 2,2n — Lo) < 0}, 

In41=Pn, if Pn © Qn, 

Tn+1 = Qn, if Pn ¢ Qn, 
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where 


(Un, Xo) — Un 


Pn = ro — Ileun || Un, 

q = (1 soit y hs (to — nn — Pn) ,, 
B (£0 — Ln, Wn — Pn) ‘ (20 — Ln,Wn — Pn) < 

Wn = —— (Un, Ln) — Un 


[Xn ||? 


Next, we will applies the above to image inpainting. We consider the degradation model 
that represents an actual image restoration problems or through the least useful mathematical 
abstractions thereof. 

y= Hxr+w 


where y, H,x and w are the degraded image, degradation operator, or blurring operator; original 
image; and noise operator, respectively. 


The regularized least-squares problem can be solve to obtain the reconstructed image is the 
following 


min{ 5 |H(0) ~ yll3 + uey)} (4.2) 


where ys > 0 is the regularization parameter and ¢(.) is the regularization functional. A well-known 
regularization function used to remove noise in the restoration problem is the /; norm, which is 
called Tikhonov regularization [?]. The problem (4.2) can be written in the form of the following 
problem as: 


min {5 (E(x) — lB + allel} (4.3) 
rERe 2 

Note that problem (4.3) is a spacial case of the problem (1.1) by setting A = Of(.),B = 0, 
and C = VL(.) where f(x) = ||z|)1 and L(x) = $||Ha — y||3 This setting we have that C(x) = 
VL(a) = H'(Hx—y), where H’ is a transpose of H. We begin the problem by choosing images and 
degrade them by random noise and different types of blurring. The random noise in this study is 
provided by Gaussian white noise of zero mean and 0.0001 variance. We solve the problem in (4.3) 
by using the above algorithm. We set c = 70n?, L = 0.001 and r, = sani All the experiments 


were implemented in Matlab R2015 running on a Desktop with Intel(R) Core(TM) i5-7200u CPU 
2.50 GHz, and 4 GB RAM. We obtain the following results. 
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(b) Gaussian blur 


Figure 1: Pictures of animals 


(a) Lotus (b) Gaussian blur (c) Our algorithm 


Figure 2: Pictures of lotus 


(a) Fabric (b) Gaussian blur (c) Our algorithm 


Figure 3: Pictures of Thai fabric 
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Abstract 


In this paper we study linear abstract Cauchy problem in two 
variables. Theory of two-parameter semigroups of linear operators 
and tensor product of Banach spaces is needed to study the solution 
of such equation. 


Keywords: Two-parameter semigroup, Abstract Cauchy problem, Op- 
erator valued function, Banach space. 
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1 Introduction 


Ordinary and partial differential equations in which the unknown function 
and its derivatives take values in some abstract space such as Hilbert space 
or Banach space are called abstract differential equations. One of the most 
powerful tools for solving linear abstract differential equations is the method 
of semigroups of linear operators on Banach spaces. The basics of this method 
was originated, independently, by both E. Hille in (1948) and K. Yosida 
in (1948) [2]. The power of the semigroup approach became clear through 
contribution by W. Feller in (1952, 1954) [8]. One of the classical vector 
valued differential equations that can be handled via semigroups of operators 
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is the so called the abstract Cauchy problem which has the form: 


du 

—a=A/A > 
dt u(t), t _— 0, 
u(0) =x, 


where A: D(A) C X > X a linear operator of an appropriate type, x © X 
is given and u : [0,co) + X is the unknown function. For both linear 
and nonlinear abstract Cauchy problems, there are many applications in 
engineering and applied sciences. For any abstract Cauchy problem, one can 
associate a family of bounded linear operators that is known as a semigroup 
of operators. 

Let X be a Banach space, and L(X, X) be the space of all bounded linear 
operators on X. A one-parameter semigroup is a family of linear operators, 
namely, {7 (t)}i9 C L(X,X) such that 


(i) T(0) = J, the identity operator of X, 
(ii) T(s +t) = T(s)T(t) fore very t,s > 0. 


If, in addition, for each fixed x € X, T(t) > x as t > 0+, then the 
semigroup is called co-semigroup or strongly continuous semigroup. 

The fact that every non-zero continuous real or complex function that 
satisfies the fact g(s+t) = g(s)g(t) for every t,s > 0 has the form g(t) = e” 
and that g is determined by the number a = g’(0), reveals the association 


of an operator A to {7 (t)},59 such that Ar := Se ee ema xz € D(A) 


and is called the infinitesimal generator of {T (t)},<,. 

In 2004, Khalil etal presented the definition of the infinitesimal generator 
for two parameter semigroups [4]. Recently, in 2019, M. Akkouchi et al.[5] 
carried out a theoretical framework for two-parameter semigroups of bounded 
linear operators on a Banach space. For more related works, we refer the 
reader to [6} [7 {8} [9]. 

The object of this paper is study the abstract Cauchy problem in two 
variables by considering two characteristics, namely, the concept of two- 
parameter semigroup of linear operators and the theory of tensor product 
of Banach spaces. 
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2 Preliminaries 


Definition 1 Let X be a Banach space, and L(X,X) be the space of all 
bounded linear operators on X. A map defined by T : [0,00) x [0,00) > 
L(X,X) is called a two-parameter semigroup or semigroup in two variables 
if 

(ay F(0,,0) =F, the identity operator of X, 

(iz) T ((s1, 1) + (Se, t2)) = T(s1, t1)T(S2, te) fore very t,s > 0. 


Remark 1 From the above definition, it follows that 
T(s,t) = T((s,0) + (0,¢)) 
=- 1S OP (O08: 


This implies that a semigroup in two variables is the product of two 
semigroups in one variable. 


Definition 2 The linear operator L(1,1) defined by 
D(1,1)2 = Aya + Aoz, 


where 
Ave := lim 2e9-De 


s—0+ 
Aga := lim @O@-De 
“£504 t ‘ 


is the infinitesimal generator of the two-parameter semigroup {T(5,t)},.>0> 
A, and, Az are the generators of T(s,0) and T(0,t), respectively. We write 
L for L(1,1)z. 


Theorem 1 Let {T(s,t)}, 59 be a two-parameter semigroup and L be its 
infinitesimal generator. Then 


DT(s,t) ( : ) PAPE ANT ORs: 


3 Main Results 


3.1 Abstract Cauchy Problems in Two Variables 


In this section, we provide the solution of the non-homogeneous abstract 
Cauchy problems in two variables. 
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Consider the abstract Cauchy problem in two variables: 


— + ae ) — ru(s,t) + f(s) +4(0), (1) 


where L : X — X, closed linear operator with Dom(L) C Rang(u). Let us 
assume the initial condition u(0,0) = xo. 


Procedure 
(1) Consider the semigroup of operators 


Fedje= en Ys,t>Oandx eX. (2) 
To make life easy, let us assume L to be of exponential order, in the sense: 
(i) L is densely defined, 


(i) Te, SH" ||L" zl] < 00, Ve € Dom(L), 


n! 


(iit) If x € Dom(L), then C'(z, L) = {e, La, L’x,--- \ C Dom(L). 


(2) Let 
u(s,t) = T(s,0)a.+T(0,t)a. 
+/ T(s — 6,0) f(0) dO 


+f T(0,t — w)g(w) dw. (3) 


The claim is such u(s,t) is a solution of (ip. 
Indeed, using the form of T(s —0,0)x = ee "x for any x in the domain 
of L, and similarly for7’(0,t — w) we get 


a = LT(s,0)z.+ Lf 1%. — 6,0) f(8) db + f(s) 
a = LT(0,t)x.+ bf T(0,t — w)g(w) dw + g(t). (4) 
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Hence, 


Ou Ou 


ae ie = = L|T(s,0) + T(0,t)] xo 


a f(0) do + f(s) 


af “T(0 (w) dw + g(t) 
= L{u(s,t)] + f(s) + gf). (5) 


Thus, such u(s,t) given in (ref A-3) satisfies equation (1). 


3.2 Tensor Product Abstract Cauchy Problem in Two 
Variables 


Definition 3 Let X and Y be any two Banach spaces and X* is the dual 
space of X. Forx € X andy €Y, the operator T: X* > Y, defined by 


T(x") = @*(@)y = (a, @*)y, 


is a bounded one rank linear operator. We write x ® y for such T . Such 
operators are called atoms. 


Atoms are used in theory of best approximation in Banach spaces 
and they are considered among the fundamental ingredients in the theory of 
tensor product of Banach spaces. For more related work on tensor product 
of Banach spaces, we refer reader to {10} [1} (12) [17] . 


Definition 4 Let X and Y be Banach spaces and A: Dom(A) C X > Y 
be linear. The operator A is called of exponential order if: 


(i) Ifx € Dom(A) then {x, Ax, A?x, ---} C Dom(A), 
(ii) OP, SAe < 00, Vr € Dom(A). 
Clearly every bounded nee “operator is of exponential order. 
We will write e’4z for 7, 4 ||A"2|I. 


Now, consider the abstract Cauchy problem. 


u(s)@vu(t) = Au(s) @ Bo(t) + f(s) @ Bu(t) 
+Au(s) @ g(t) + f(s) ® g(t) (6) 


5 
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where X and Y are Banach spaces, u : [0,0c0) > X, uv: [0,00) > Y, 
A: Dom(A) C X > X, Rang(u) C Dom(A), B : Dom(B) CY > Y, 
Rang(v) C Dom(B), A, B are closed operators of exponential order, and 
both f : [0,00) — X, g: [0,0c0) > Y are given. Moreover, let us assume 
u\0)=2, and v(0) = x. 


Procedure 
Let 


u(s) = eat f el * 7(0) a8, (7) 
0 

v(s) = yt fe Pole) de (8) 
0 


Then, using the same technique as in section 1 for differentiating the integral 
we get: 


us) = Aero fe" F(0) dd + f(s) 
0 


= Au(s) + f(s), (9) 
v(s) = Be yo+ Bf ec g(w) dw + g(t) 
= Bv(s)+ g(t). (10) 


Compiling both (9) and in tensor product form yields (6). 


Remark 2 Both ex, and € Yo have no meaning unless A and B are, 
respectively, of exponential order. Thus, one can summarize the above result 
as follows: 

If A and B are of exponential order, then (6) has a unique solution where 
u(0)= 2%, and v(0) = %- 


4 Conclusions 
This paper has successfully introduced analytical methods for handling non- 


homogeneous abstract Cauchy problem in two variables. The first method 
is based on the new concept of two-parameter semigroup of linear operators 
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and its infinitesimal generator. While the second method utilizes the theory 
of tensor product of Banach spaces coupled with the tensor product proper- 
ties to formulate a solution to a general tensor version of nonhomogeneous 
abstract Cauchy problem. In both cases the obtained results seem to be 
very interesting and promising in the sense that they could be extended for 
further classes of abstract Cauchy problems. 
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APPROXIMATE EULER-LAGRANGE QUADRATIC MAPPINGS 
IN FUZZY BANACH SPACES * 


ICK-SOON CHANG, HARK-MAHN KIM ?, AND JOHN M. RASSIAS 


ABSTRACT. For any rational numbers k,! with kl(l — 1) 4 0, we prove the gener- 
alized Hyers—Ulam stability of the Euler-Lagrange quadratic functional equation 
f(a + ly) + f (lea — ly) + 2(U — 1)[k2f(w) — Lf (y)] = ULF (ha + y) + Fhe — y)] 

using both the direct method and fixed point method in fuzzy Banach spaces. 


1. INTRODUCTION. 


Some mathematicians have established fuzzy spaces with fuzzy norms on linear 
spaces from various points of view [2, 12, 18, 34]. Xiao and Zhu [34], Cheng and 
Mordeson [6], and Bag and Samanta [2, 3] gave the idea of fuzzy norms over linear 
spaces in such a manner that the corresponding fuzzy metric may be of Kramosil 
and Michalek type [17] and investigated some properties of fuzzy linear operators 
on fuzzy normed spaces. 

Now, we introduce the definition of fuzzy normed spaces given in [2, 21, 22]. 


Definition 1.1 [2, 21, 22]. Let X be a real linear space. A function N: X x R > 
[(0, 1] is said to be a fuzzy norm on X if for all x,y € X and all s,t ER, 
N,) N(a,t) =0 for t < 0; 


) 
) N(cz,t) = N(z, @) for ¢ 40; 
Ni) N(at+y,s+t) > min{N(z, s), N(y,t)}; 

) N(a,-) is a non-decreasing function on R and lim; ,.. N(a,t) = 1; 

(Ng) for « £0, N(a,-) is continuous on R. 

The pair (X, NV) is called a fuzzy normed (linear) space. The properties of fuzzy 
normed linear spaces and examples of fuzzy norms are given in [21, 23). 


Definition 1.2 [2, 21, 22]. Let (X, N) be a fuzzy normed linear space. A sequence 
{x,} in X is said to be convergent or to converge to x if there exists an x € X such 
that lim;+.N(t%, — x,t) = 1 for all t > 0. In this case, x is called the limit of the 
sequence {x,,}, and we denote it by N-limy.. Un = 2. 


2000 Mathematics Subject Classification. 39B82, 39B72, 47L05. 
Key words and phrases. Fuzzy Banach spaces; Generalized Hyers—-Ulam stability; Euler— 
Lagrange quadratic mappings; Fixed point method; Direct method. 
* This work was supported by research fund of Chungnam National University. 
* Corresponding author:hmkim@cnu.ac.kr. 
1 


103 ICK-SOON CHANG et al 103-116 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


2 I-S. CHANG, H.-M. KIM, AND JOHN M. RASSIAS 


Definition 1.3 [2, 21, 22]. Let (X, N) be a fuzzy normed linear space. A sequence 
{x,} in X is called Cauchy if for each ¢ > 0 and each t > 0, there exists an ng € N 
such that for all n > no and all p > 0, we have N(%n4» — 2n,t) > 1 —e. 


It is well known that every convergent sequence in a fuzzy normed space is a 
Cauchy sequence. If each Cauchy sequence is convergent, then the fuzzy norm is 
said to be complete and the fuzzy normed space is called a fuzzy Banach space. 
They say that a mapping f : X — Y between fuzzy normed spaces X and Y is 
continuous at zo € X if for each sequence {x,,} converging to each rp € X, the 
sequence {f(x,)} converges to f(xo). If f : X — Y is continuous at each x € X, 
then f : X — Y is said to be continuous on X (see [3, 21]). 

The stability problem of functional equations originated from a question of Ulam 
[33] concerning the stability of group homomorphisms. Hyers [14] gave the first 
affirmative partial answer to the question of Ulam for additive mappings on Ba- 
nach spaces. Hyers’s theorem has been generalized by Aoki [1], Th.M. Rassias [28] 
and Gavruta [13] by considering an unbounded Cauchy difference. The classical 
functional equation 


flet+y)+ fle —y) = 2f(x) + 2f(y), 


associated with the parallelogram equality ||a + y||? + ||a — y||? = 2||a||? + 2||y||? in 
inner product spaces, is called a quadratic functional equation, and every solution 
of the quadratic functional equation is said to be a quadratic mapping. First of all, 
the Hyers-Ulam stability problem for the quadratic functional equation has been 
established by Skof [32], Cholewa [7] and Czerwik [9]. In particular, Isac and Th.M 
Rassias [15] have provided a new application of fixed point theorems to prove the 
stability theory of functional equations. By using fixed point methods, the stability 
problems of several functional equations have been extensively investigated by a 
number of authors (see [4, 8, 31, 23, 27, 26]). 


We recall the fixed point theorem from [19], which is needed in Section 3. 


Theorem 1.4 [4, 19]. Let (X,d) be a complete generalized metric space and let 
J:X — X bea strictly contractive mapping with the Lipschitz constant L < 1. 
Then, for each given element x7 € X, either 


CO ie ne halen A eae 


for all nosngee dye integers n or there exists a positive integer ng such that 
(Ly aioe. JO eye cosa Sg: 
(2) the sequence {J"x} converges to a fixed point y* of J; 
(3) y* is the unique fixed point of J in the set Y = {y € X|d( Jnr, y) < co}; 
(4) d(y,y*) < zd, Jy) for ally € Y. 


On the other hand, J.M. Rassias investigated the Hyers-Ulam stability for the 
relative Euler-Lagrange functional equation 


f (ax + by) + f (ba — ay) = (a? + b)[ f(x) + f(y)] 
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in [29, 30]. The stability problems of several quadratic functional equations have 
been extensively investigated by a number of authors, and there are many interesting 
results concerning this problem (see [5, 24, 10, 11]). In the paper [16], the authors 
have proved the generalized Hyers—Ulam stability of the Euler-Lagrange quadratic 
functional equation 


(1.1) f(ka + ly) + f(ke — ly) 
= kilf(et+y) + fle — y)] + 2(k — DAF (@) — (f(y) 

in fuzzy Banach spaces, where k,/ are nonzero rational numbers with k 4 I. 

Motivated to research stability results of the Euler-Lagrange functional equation, 
we investigate the generalized Hyers—Ulam stability of the following modified Euler— 
Lagrange functional equation 
(1.2) f (ka + ly) + f(ka — ly) + 2(l— 1)[k’ F(x) — UF (y)] 

= I[flkx +y) + flkx — y)| 

using both the fixed point method and the direct method in fuzzy Banach spaces in 
the paper, where k,/ are nonzero rational numbers with kl(/ — 1) 4 0. Throughout 


the paper, we assume that X is a linear space, (Y, N) is a fuzzy Banach space and 
(Z, N’) is a fuzzy normed space. 


2. GENERAL SOLUTION OF (1.2). 


The following lemma can be found in the paper [16]. 


Lemma 2.1. [16] A mapping f : X — Y between linear spaces satisfies the 
functional equation 


fra+ty)+fre—y) =riflety) + fe—y)]+2¢r—D[rfic) -— Ff) 


for any fixed rational numbers r with r 4 0,1 if and only if f is quadratic. 
Now, we present the general solution of the functional equation (1.2). 


Theorem 2.2. A mapping f : X — Y between vector spaces satisfies the functional 
equation (1.2) if and only if f —f(0) is quadratic, where f(0) = 0 whenever k? 4 J+1. 


Proof. First of all, replacing (x,y) := (0,0) in the functional equation (1.2), we 
find f(0) = 0 whenever k? 4 14+ 1. Substituting (x,y) := (a,0) in (1.2), we get 
f(kx) = k? f(z) for all x € X. Putting (x,y) := (0,2x) in (1.2), one has 


(2.1) f (lx) + f(-lx) = (2? — 1) f(x) + If (-2) 
for all x € X. Replacing x by —z in (2.1), one gets 
(2.2) f(—la) + f (la) = (20? — I) f (2) + If (2) 


for all e € X. Subtracting equation (2.1) from (2.2), we find f(—«x) = f(x) and so 
f(lx) = f(x) for all x € X. Thus the equation (1.2) can be rewritten as 


fot %) + ple) = ape + 4) + fe — %]-20- vie) - ry, 
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which yields by switching (x,y) with (y, kx) 


flat+y)+ fle —y) =U fle+y) + fle —y)] +20 - IF (@) — Fy) 
for all x,y € X. Therefore, it follows from Lemma 2.1 that f is quadratic. 
Conversely, if a mapping f is quadratic, then it is obvious that f satisfies the 
equation (1.2). 


3. STABILITY OF EQUATION (1.2) BY FIXED POINT METHOD. 


For notational convenience, we define the difference operator Dy f : X? > Y of 
the equation (1.2) for a given mapping f : X > Y as 
Duf(z,y) := f(ka +ly) + f(ka —ly) +20 — Dk f(x) — Lf) 
—I[f(kx + y) + (ke — y)] 
for all x,y € X. Now, we are going to consider a stability problem concerning the 


stability of equation (1.2) by using the fixed point theorem for contraction mappings 
on generalized complete metric spaces. 


Theorem 3.1. Assume that a mapping f : X — Y with f(0) = 0 satisfies the 

functional inequality 

(3.1) N(Duf(%,y), tr + te) = min{N'(y(z), tf), N'(y(y), #3) } 

for all z,y € X and allt; > 0 (¢ = 1,2), and for some q > 0, and assume in addition 
1 

that there exists a constant s € R with |s| 4 1,0 < |s|7 < k? such that a constrained 

function y: X — Z satisfies the inequality 

(3.2) N'(p(kx),t) 2 N(sp(2),t), 


for all x € X and all t > 0. Then there exists a unique Euler-Lagrange quadratic 
mapping Q : X > Y satisfying the equation Dy Q(x, y) = 0 and the approximate 
functional inequality 


(3.3) N(f(x) — Q(x),t) > min dG - re apet?: 


} y(0) : 
marae sly 


near f for allx € X and allt >0. 


Proof. We consider the set of functions 
Qi={g:X + Y|g(0) = 0} 
and define a generalized metric on 2 as follows: 
do(g,h) := inf {Kk E [0,00] : N(g(x) — h(x), Kt) > min{N"(y(x), t4), N"(y(0), t7)}, 
va € X,ve > o}. 


Then one can easily see that (Q,dq) is a complete generalized metric space [20]. 
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Now, we define an operator J: Q—> Q as 


forallgE€Q, xr EX. 

We first prove that J is strictly contractive on 2. For any g,h € Q, let € € [0, 00) 
be any constant with do(g,h) < e. Then it follows from the use of (3.2) and the 
definition of do(g,h) << that 


N (g(x) — h(a), et) = min{N"(¢(z), t), N’(p(0), #7}, 


g(kx) (ka) |s|* 
= N( pan apla pe 


ct) > min{N'(p(ka), |s|t2), N’(y(0), |s|t")}, 


= (Joe) ~ a) frst) = mia). 2209) 


=> do(Jg, Ih) < < Hh ce, WeeX,t>0. 


Since ¢ is an arbitrary constant with dg(g,h) <<, we see that for any g,h € Q, 


a 
Is] * 


do(Jg, J) j2 


do(g, h), 


which implies J is strictly contractive with the constant iB lat = \ om: {): 
We now want to show that do(f, Jf) < oo. If we put y := 0, t; = ¢t (¢ = 1,2) in 
(3.1), then we arrive at 


f (ka) t 
k2 ? |1 — 1k? 


N(f(@) - ) = min{N"(y(2), €9),.N'(VO),t}, 


which yields do(f, Jf) < mae < oo, and so 


n n —h =, 


for all n € N. Now, applying the fixed point theorem of the alternative for con- 
tractions on generalized complete metric spaces due to Margolis and Diaz [19], we 
obtain the following approximate functional inequalities (a), (b) and (c): 

(a) There is a mapping Q : X > Y with Q(0) = 0 such that 


Alf IP)< : 


do(f,Q) < 1? 
ar 2 —1|(8? — ||") 
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and thus Q is a fixed point of the operator J, that is, 5Q(kr) = JQ(x) = Q(z) for 


all x € X. Thus we arrive at 


xr) : 
“(d= 1](K? — |s|*) 
N(f(w) — Q(@),#) = min {N’(g(e), | — 118(h? = |s]")" #4), 


N!((0),|t— 11"(R? = |s]*)" #7) } 


N(F(@) -@ ) = min{V'(e(2),t), N’(e(0),t}, 


for all t > 0 and all x € X, which implies the approximation (3.3). 
(b) Since do(J"f, Q) + 0 as n > 00, we obtain 


= N(f(K"2) — Q(k"2), Bt) 
tat CR) samase a 2(0) ee 
San Se ge rer ecmrerr ")} 


én ae (x) Ra) ye (0) ae 
a a rescence Gr, dace reese i) 


2q 
>lasnv7ow (— >1) 


for all t > 0 and all x € X, that is, the mapping Q : X — Y given by 


(3.4) Fee i lll a 


n>co }86k2n 


is well defined for all x € X. In addition, it follows from the conditions (3.1), (3.2) 
and (N,) that 


(Pele ED 1) > min {n’(o(k"), SN (ey), =) 
> min {N"(Isl"¥(@), Et)" (Isrotu, | 
> min {N"(o(2), (=)'S).¥' (ew) (=)'S)} 
(3.5) > las noo, t>0, 
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for all x € X. Therefore we obtain, by use of (4), (3.4) and (3.5), 


Dif Rees Ky) t ) 


N(DriQ(z,y),t) > min {N(DuQ,y) = 


ken "2 
Da fk xk” 
n( nls ay) 


D "xe k™y) t 
N( wif (re, kYy) ). (for sufficiently large n) 


ke 


min {N'(v(2), (Gye) (oly), (=) =} 


> las now, t>J, 


IV 


which implies D,,Q(x, y) = 0 by (No), and so the mapping Q is quadratic satisfying 
equation (1.2). 

(c) The mapping Q is a unique fixed point of the operator J in the set A = {g € 
Oldo(f,g) < co}. Thus, if we assume that there exists another Euler-Lagrange type 
quadratic mapping Q’: X > Y satisfying inequality (3.3), then 


Q' (kx) ; ; i 
—7j =I ’ d ’ <A 1 
ge IGG), dal.) S — <0 


Q(x) = 


and so Q' is a fixed point of the operator J and Q’ € A = {g € Q\do(f,g) < oo}. 
By the uniqueness of the fixed point of J in A, we find that Q = Q’, which proves 
the uniqueness of Q satisfying inequality (3.3). This ends the proof of the theorem. 


We observe that if 0 < |s| < 1 in Theorem 3.1, then 
min { N'(y(x), t*), N’((0), #7) } = N"(y(2), #) 
for all x € X and all t > 0 since N’(y(0), t?) > N'(y(0), ) —+ lasn—- oo by 
the condition (3.2). 


Theorem 3.2 Assume that a mapping f : X — Y with f(0) = 0 satisfies the 
inequality 


N(Dui f(x,y), ti + ta) = min{N"(y(a), tf), N"(e(y), #5) } 


for all x,y € X and all t; > 0 (i = 1,2) and for some g > 0, and furthermore assume 


that there exists a constant s € R with |s| 4 1, Is} > k? such that a constrained 
function py: X — Z satisfies 


w(o(@)-) 2 (Coe) 


for all x € X. Then there exists a unique Euler-Lagrange quadratic mapping 
Q:X > Y satisfying the equation DyQ(x, y) = 0 and the approximate functional 
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inequality 


at ek Grae 


for allt >O and allxec X. 


Proof. Finally, applying the same argument as in the proof of Theorem 3.1, we can 
find a mapping @ : X — Y defined by 


: 2n be _ 
N- lim ke" f(a) = (2) 
satisfying the equation D,,Q(x,y) = 0 and the approximate functional inequality 
(3.6) near f. 
4. STABILITY OF EQUATION (1.2) BY DIRECT METHOD. 


In the following, we are going to investigate alternatively generalized Hyers-Ulam 
stability of the Euler-Lagrange functional equation (1.2) via the direct method in 
fuzzy Banach spaces. 


Theorem 4.1. Assume that a mapping f : X — Y with f(0) = 0 satisfies the 
inequality 
(4.1) N(Daif (2, y),t) 2 N"(p(z, y), #) 


and assume in addition that there exists a constant s € R subject to 0 < |s| < k? 
such that a constrained function y: X? — Z satisfies the functional inequality 


(4.2) N'(p(kax, ky), t) > N'(sp(z, y), t) 


for all x € X and all t > 0. Then there exists a unique Euler-Lagrange quadratic 
mapping Q : X > Y satisfying the equation DyQ(x,y) = 0 and the approximate 
inequality 


(4.3) N(f(w) — Q(a),t) = N"( 


for alla € X. 


y(z, 0) 
2|f— 1|(k? —|s|)" 


as t > 0, 


Proof. It follows from the assumption (4.2) that 
N'(p(k'a, ky),t) 2 N"(s"y(2,y),t) 
t 
N'(9(e,y), <7); £0; 


[s|” 
which yields 
(4.4) N"(y(k"x, k"y), |s|"t) > N(p(z,y),t), t>0, 
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for all z,y € X. Putting (2, y) := (x, 0) in (4.1), we have 
N(2(1 — 1) f (ka) — 2(1 — 1)k’ f(z), t) > N"(y(z, 0), 2), 


f (ke) t 

: _ > 
(4.5) ot, N(F(@)— 5" gpa) 2 N'9),9) 
for all x € X. Therefore it follows from (4.4), (4.5) that 

f(ktx) — f(ketta) [s|"t n 
N( k2n i. k2(n+1) eee, Z N'(y(k x, 0), |s| t) 2 N'(y(za, 0), t) 
for all « € X and any integer n > 0. Thus, we deduce the functional inequality 
f(krt) FS __|sitt 

(4.6) N(F(2) fn ie = Tea) 


i=0 


_ ul (LE 2) _ FRM 2)) GS __ Isle 

= N( ( R241) i = = Tea) 
; f(kit) — f(k’*s) |s|"t 

= odin {N ( Re RD? OE — ee) f 
> N(y(a,0),t), t>0, 


1 
i=0 


which implies 


py (deta) _ Hemtra) "S st 
k2m k2(m+p) ” ans 2Q|1 — 1]k2@+1) 


m+p—1 ; . m+p—1 : 
f(k'x)  f(ks) |s|"t 
7 N( 2 ( rn rs) ). Ds = an) 


ee ce a 


m<i<m+p-1 kee krr+l) ? 21 — 1) k2G+1) 
> N'(p(az,0),t), t>0, 
for all x € X and any integers p > 0,m > 0. Therefore, one concludes 


(4.7) i aoe a2 t) > N'(y(e,0), 


2m k2(mtp) ” Deal ee |s|? 
i=m Q|1—1]k2C0-+D) 


for all x € X and any integers p > 0,m > 0,t > 0. Since S777?" Isl’ ig a convergent 


i=m k2% 
series, we know that the sequence {f ee)} is Cauchy in the fuzzy Banach space 
(Y, NV), and so it converges in Y. Therefore a mapping Q : X — Y defined by 


Q(x) := N- lim ve) <= lim n( Le) 


n—00 nm noo k2n 


-_ Q(x), t) = i Vt > 0; 
is well defined for all x € X. In addition, we see from (4.6) that 


as) (se) - 229.4) > w(oe,0), — +). 


i=0 Q|l—1]k2C- +) 
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and thus for any ¢ with 0 < ¢ < 1 the following inequality 


(49) N(F(@)-Ql@)-A) > min {v(s(e) - 489) — 292), 
v(Fear— 2t0)et)} 
(l—e)t 


/ 
> N (ol2, 0), ae 
i=0 2\l—1|k2C:+1) 


ea N"(p(z, 0), 2 = 1d = €)(k? _ |s|)¢), 


holds good for sufficiently large n, and for all x € X and all t > 0. Since é¢ is 
arbitrary and N’ is a left continuous function, we obtain 


N(f(x) — Q(2),t) = N'(y(a, 0), 2|2 — 1](k* — |s|)t),  t > 0, 


for all x € X, which yields the approximation (4.3). 
On the other hand, it is clear from (4.1) and (N;) that the relation 


y (Pats x, k D ) > N'(p(k"2, k"y), kee) 
ken 
‘ ken 
ae AN (o(0.9), 1) 


> lasnvoow 


holds for all z,y € X and all t > 0. Therefore, we figure out by definition of 
limp soo N(L42 — Q(x), t) = 1 for all (t > 0) that 


; Def hoe key) it 
N(DuQ(x,y),t) 2 min {N(DuQ(e,y) ao als ”) =); 
Def (kz, ky) t 
Se eS 
N( Zan , = | (for sufficiently large n) 
; ken 


> las now, 


which implies DyQ(x,y) = 0 by (No). Thus we find that Q is a quadratic map- 
ping satisfying equation (1.2) and inequality (4.3) near the approximate quadratic 
mapping f: X > Y. 

To prove the uniqueness, we now assume that there is another quadratic mapping 
Q’ : X > Y which satisfies the approximate inequality (4.3). Then it follows from 
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the equality Q'(k°s) = k*"Q'(a@), Q(k"s) =k?" Q(2) and:(4:3) that 


N(Q2) -Q(a),t) = n(AGH _ So) ) 


k2n k2n 
Q(k"x)  f(k"x) t f(k°e)  Qi(k"x) t 
z min {V( k2n ~ k2n 15) N( k2n * k2n 15)} 
> N'(p(k"x, 0), (k? — |3|)k?"t) 
(2 — |s|) ket 
> N'(e@,0), a), o> 0, 


for all n € N, which tends to 1 as n — oo by (Ns). Therefore one obtains Q(x) = 
Q’(x) for all  € X, completing the proof of uniqueness. This completes the proof 
of the theorem. 


We remark that if k = 1 in Theorem 4.1, then 
t 
N'(p(z,y), t) 2 N'(p(a,y), re al 


as n — oo, and so y(z,y) = 0 for all x,y € X. Hence, Dy f(x,y) = 0 for all x,y € X 
and thus f is itself an Euler-Lagrange quadratic mapping. 


Theorem 4.2. Assume that a mapping f : X — Y with f(0) = 0 satisfies the 
inequality 


and assume in addition that there exists a constant s € R subject to |s| > k? such 
that a constrained function y : X* + Z satisfies the inequality 


(4.11) N'(o(Z, 3), ) > n’(<o(2,y).t), t>0, 


for all x € X and all t > 0. Then there exists a unique Euler-Lagrange quadratic 
mapping Q : X > Y satisfying the equation DyQ(x,y) = 0 and the approximate 
inequality 


(zx, 0) 
2|1 — 1|(|s| — k? 


(4.12) N(f (2) — Q(x), t) > N'( yt): t>0, 


for alla € X. 


Proof. It follows from (4.5) and (4.11) that 
Ae t 
N( 72 (=), ) > N(y(x,0),t), t>0, 
fe) — PAF), TT) = 0). 
for all x € X. Therefore it follows that 


n-1 2 


N(F(2) ~ (=), > Tee) > N'(p(z,0),t), #>0, 


i=0 
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for all x € X and any integer n > 0. Thus we see from the last inequality that 


N(t@)-#4(Z).t) = N'(ole.9), : 


ae ae 
i=0 2l—1]]s2 


N'(p(a, 0), 2|f — 1]({s| — k*)t), t>0. 


V 


IV 


The remaining assertions go through the corresponding part of Theorem 4.1 by 
the similar way. 


We also observe that if k = 1 in Theorem 4.2, then 
N"(p(x,y),t) 2 N"(y(z,y), |s|/"¢) > 1 
as n — oo, and so y(x,y) = 0 for all x,y € X. Hence, Dy; f = 0 and thus f is itself 


an Euler-Lagrange quadratic mapping. 


Corollary 4.3. Let X be a normed space and (R, N’) be a fuzzy normed space. 
Assume that there exist real numbers 6; > 0, #2 > 0 and that p is a real number 
such that either 0 < p< 2orp> 2. Ifa mapping f : X > Y with f(0) = 0 satisfies 
the inequality 


N(Duf(a,y),t) => N"(A1||al/? + Il y|]?, €) 


for all x,y € X and all t > 0, then we can find a unique Euler-Lagrange quadratic 
mapping Q: X > Y satisfying the equation D,,Q(z, y) = 0 and the inequality 
Wuoayes N" (arate any) if0<p<2, |k|>1, (p> 2, |k| <1) 

= | ON getty t), ifp > 2, |kl>1, O<p<2, [kl <1) 
for alla € X and allt > 0. 


Proof. Taking v(x, y) = 41||x||? + 9||y||? and applying Theorem 4.1 and Theorem 
4.2, we obtain the desired approximations, respectively. 


Corollary 4.4. Assume that for k 4 1, there exists a real number 0 > 0 such that 
the mapping f : X > Y with f(0) = 0 satisfies the inequality 


N(Duf (x,y), t) = N'(6,t) 


for all x,y € X and all t > 0. Then we can find a unique Euler-Lagrange quadratic 
mapping Q: X > Y satisfying the equation D,Q(x, y) = 0 and the inequality 


N(Fl@) - Q@),1) 2. (sep) 


for allx € X and allt > 0. 


We remark that if @ = 0, then N(Duf (x, y),t) > N’(0,t) =1, and so Du f(x,y) = 
0. Thus we get f = Q is itself an Euler-Lagrange quadratic mapping. 
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Abstract. In this paper we introduce the notion of liner fuzzy real numbers, and show that the set of all positive 
(or negative) symmetric linear fuzzy real numbers forms a semiring. Moreover, we discuss a complex transform 


of linear fuzzy real numbers. 


1. INTRODUCTION 


A. Kaufmann and M. M. Gupta [2] introduced the notion of a trapezoidal fuzzy number, and 
D. Dubois and H. Prade generalized the notion of trapezoidal fuzzy numbers. X. F. Zhang 
and G. W. Meng introduced the notion of an isoceles triangular fuzzy number, and discussed 
the simplification of addition and subtraction operations of fuzzy numbers. A. Kumar et al. 
studied an RM approach for ranking of generalized trapezoidal fuzzy numbers, and showed that 
the ranking function satisfies all the reasonable properties of fuzzy quantities proposed by X. 
Wang and E. E. Kerre [11]. Neggers and Kim researched fuzzy posets [7] and created Linear 
Fuzzy Real numbers [8]. Linear Fuzzy Real numbers were used by Monk [4]. In [9], Rogers et al. 
focused on linear fuzzy programming problems. Rogers focused on solving and manipulating 
Fuzzy Nonlinear problems in the Linear Fuzzy Real number system using the Gradient Descent. 
In texts on fuzzy logic, fuzzy subsets of the real numbers may also be referred to as fuzzy real 
numbers, thus obviating the needs to talk about fuzzy subsets of the real numbers. Actually, 
equating these concepts may be a disadvantage since in some way we expect numbers, whether 
fuzzy or not, to behave differently from (sub)sets, whether fuzzy or not. It is with this in mind 
that we seek to introduce among several models of systems of fuzzy real numbers, the system of 
linear fuzzy real numbers discussed below. For general concepts for fuzzy set theory we refer to 


[5! [6]. 
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2. LINEAR FUZZY REAL NUMBERS 


A mapping pz: R — [0,1] is called a linear fuzzy real number [8} [4] if there is a triple of real 
numbers a,b,c (a < 6 < c) such that 


(1) wo) = 1, 

(2) pe) =0 te <@ ore > ¢ 
(3) w(z)= = ifa<r<b, 
(4) pe) = ifb<aK<e. 


We denote such a linear fuzzy real number by a triple 4 =< a,b,c > or pp = pu(a,b,c) where 
a<b<ce. Notice that the integral fae pu(t)dt = oa | ct = S*, ie., if the goodness of the fuzzy 
subset pu: (—0o, 00) — [0, 1] is defined by 


eve) — 1 


Gu) = SS. tw = Lf moat 


then in the case of a linear fuzzy real number pp =< a,b,c >, it follows that 


2 
eca — | 

G(H) =o 
eca + 1 


In particular, if we let c—a — 0*, then G(y) > 1, so that for any 4 =< a,a,a >, we set 
G(u) = 1. On the other hand, if c— a — oo, then G(w) > Of, and 0 < G(uw) < 1. If 
jt =< a,a,a >, then p(t) = 0 if t #.a, while (a) = 1, ie., w = da, the characteristic function of 
the real number a. For any two linear fuzzy real numbers ju; =< aj, b;,c; > (¢ = 1,2), we define 
fla + fe =< ay + do, by + bo, C1 + C2 >. 


Theorem 2.1. Jf tu; =< ai, bj,c; > (¢ = 1,2) be linear fuzzy real numbers, then G(f11 + p2) < 
min{G(y11), Gta) }- 


Proof. If we let F(x) := 


2 
ev! then 
z41 


) (c= + l)e*(—3) — (e* — le=(—3) 
7 (x) — 2 
ez +1)? 
= —Aez 
a2(ez +1)? 
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Hence, if 7; > ro, then F(x,) < F(x). Since (c; + c2) — (a1 + a2) > G — a;, (¢ = 1,2), 
Gli + pe) = F((er + cg) — (a1 + a2)) 
< F(q—a;) 
= Gl), 


proving the theorem. 


Corollary 2.2. [f G(uy + fe) = G(f1), then pg is the characteristic function of a real number. 


Proof. If G(u, + w2) = G(p1), then (cy; + cg) — (a, + a2) = cy — ay and hence cz — az = 0, which 
means that 2 =< b2, be, b2 >= dp, for some bo € R. 


Proposition 2.3. Let pu; =< aj;,bj,c; >, (i = 1,2,3), be linear fuzzy real numbers and 69 =< 
0,0,0 >. Then 
(i) fs + 00 = Hi, 
(ii) ar + He = fe + fa, 
(iii) (a + fe) + 3 = pa + (M2 + Ba), 
(iv) If uy + fe = 0, then py = bp,, fe = Op, and by = —by. 


Proof. (iv). If we let fy + 2 = do, then G(u1 + M2) = G(do) = 1 < min{G(u1), G(u2)} by 
Theorem 2.1. Hence G(f11) = G(f2) = 1, ie., a = 65, and fa = dy, for some b,,b2 € R and 


obviously by = —by. 


By Proposition 2.3, we obtain the following theorem. 


Theorem 2.4. Jf £ is the collection of all linear fuzzy real numbers with the operation “+”, then 
(L,+) is a commutative semigroup with a neutral element do. 


Remark. In view of Theorem 2.1, there exists a function G : £ — [0,1] such that G(uy + pe) < 
min{G(41), G(u2)}, denoting “the goodness” of the linear fuzzy real number. 


Let pi =< ai,b:;,c >, (i = 1,2), be linear fuzzy real numbers. We define a new linear fuzzy 
real number pi © pz :=< a1 — G2, by — be,c, — cp > when a, — ag < by — bp < Cy — 2, which is 
called the subtraction of pi, by pu. 


Proposition 2.5. If 11; © 2 = oy for some real number b, then G(p1,) = G(p2). 


Proof. If 41 © po = op, then a, — a2 = b; — bg = C1 — Cg = b, i€., 41 and pg have the same “shape”, 
and Gj) = G(H2). 


Proposition 2.6. If j1; © [2 is defined, then G(p11) < min{G(p1 © p2), G(fl2) }. 


Proof. If 1 © pig is defined, then fz; = ("1 © fa) + a. By applying Theorem 2.1, we obtain the 
result. 
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Remark. The fact G(11) < G(j2) is not sufficient to determine that ju; © p2 is defined. For 
example, consider uw, =< 2,3,7 > and po =< 1,3,4 >. Then G(w) = Sl x Sat = G(pl2), 
but 41 © pz is not defined, since 2—1>3-—3,3-3< 7-4. 


3. MULTIPLCATIONS OF LINEAR FUZZY REAL NUMBERS 


Let A be the set of all linear fuzzy real numbers pp =< a,b,c > with a 4 c. Given p; =< 
a;,b;,¢ >€ A (t= 1,2), we construct [41 © Me as follows: 


inf {tte | t; e [a;, ci], @ => 1,2}, 
c = sup{tite|t; € [ai,c],¢ = 1,2}, 


a 


atc.b—a, be—ag 


b= “4 ! 


Cy — ay C2 — ag 


For example, < —3,-2,-1 > © < —5,-1,4 >=< —12,6,15 > where b = 3{5+ §} = i, and 


12? 
< —3,-2,2> © < -5,-1,4 >=< —12, 3,15 >. 


Remark. The associative law for the product © fails for linear fuzzy real numbers. Consider 1, = 
—10,-9,-1 >, we =< —8,1,2 > and pz =< 1,4,5 >. Then (j © pz) © ps =< —20, ie S 
© < 1,4,5 >=< —100, 94,400 >, but p41 © (Me © w3) =< —10,-9,-1>0< —40, —¥, 10 >=< 
—100, 42,400 >. Hence (p44 © lz) © pg F br © (f2 © fs). 


“< c¢> with ac. We call such a fuzzy subset 


La symmetric nny fuzzy real number. Let B be the set of all symmetric linear fuzzy real 
5 ae “.c > with a # c. It is easy to show that if 01,02 € B, then 0; + 02 € B, 
and 0; © o2 € B. Furthermore, it is easy to show that (a; © a2) © 03 = 01 © (02 © 93) and 
01 © 0g = 02 © 0,. We summarize: 


Consider a linear fuzzy real number pp =< a, 


numbers ~ =< a 


Theorem 3.1. Let B be the set of all symmetric linear fuzzy real numbers 1 =< a, oe c> with 


a#c. Then (B,©) is a commutative semigroup. Moreover, © do = 59 for all w € B. 


Remark. Given the symmetric linear fuzzy real numbers fy =< —2, —1.5, -1 >, po =< —3, —0.5,2 > 
,f3 =< —4,-1,2 >€ B, we have (1 + p2) © ws =< —10,5,20 >, but py © pe + p2 © 3 =< 
—12,4,20 >. Hence the distributive law fails. 


A linear fuzzy real number pp =< a,b,c > is said to be positive(negative, resp.) if a > 0 (ce < 0, 
resp. ). 
Proposition 3.2. Let u;€ B (i =1,2,3). If us is positive (or negative), then (1 + U2) © 13 = 
[1 © 3 + Ho © Ms. If 4 ts positive (or negative), then py, © (M2 + M3) = 1 © fe + M1 © ps. 
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Proof. Straightforward. 


Given pi; =< a;,b;,¢; >€ A (i = 1,2), we consider a “weighted product” 41 ® Wz :=< a,b,c > 
where 


a= inf {t,t | t; E [gs] 5% = 12 


c = sup{tite|t; € [a;,c],¢ = 1,2}, 
eee baa 

p= (ae | ee 
cy—-ay c2—a2 


Thus, if c; — ay = Cy — dg, then we obtain for b the formula: 


(by az ay) clr (be = a2) 


b=(a+c C= ean 


bi-ai __ bo-a2g _ 1 
If SS ees then 


so that for 41, fe € B, we obtain fy ® 2 = [1 © Pa. We summarize: 
Proposition 3.3. Jf ti, U2 € B, then py ® pe = py © pa. 


Remark. The weighted product 01 ® 2 is not associative in general. For example, let 0, :=< 
—10,-9,-1 >, 09 :=< —8,1,2 > and 03 :=< 1,4,5 >. Then 0; @ 02 =< —20, 2,80 > and 
0203 =< —40, — 333 10 > and so (0; ® 02) ® 03 =< —100, west 400 > and 01 @ (02 @ 03) =< 


106,774 
—100, 8274 400 >. 


Actually, in general case, products j11 © dp, and [41 © d,, are troublesome to define in a simple 
way since adj = bp = Cp produce singularities. 


Theorem 3.4. Let C be the set of all positive (or negative) symmetric linear fuzzy real numbers. 
Then (C,+,©) is a semiring. 


Proof. It follows from Theorems 2.4 and 3.1, and Proposition 3.2. 
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4. COMPLEX TRANSFORMS OF LINEAR FUZZY REAL NUMBERS 


Given the linear fuzzy real number pu = ju(a, b,c) we may associate with it the complex transform 
T(), where 


(5) Tiy(s) =f ste u(a,b,c)(tat 
By integration by parts we obtain 


runs) = | * Pe (a,b,0)(é)at 


| 
ay 
o 
W 
1) 
ian) 
a 
o 
| 
ae) 
Q 
are 
+ 
a 
W 
1) 
ian) 
ca 
io) 
| 
on 
Q 
ary 


We summarize: 


Proposition 4.1. If 2 = pu(a,b,c) is a linear fuzzy real number, then its associated complex 
transformation T({1) is 


(6) T(u)(s) = 


| 
— 
w 
ie) 
| 
fav) 
wn 
oa 
—— 
| 


Example 4.2. If wo = u(—1,0, 1), then T(pu9)(s) = (e*—1)—(1—e*) = (e*+e7*)—2 = 2 cosh s—2 


T(uo)(s) 
2: 


or “inversely” coshs = + indicating that we may consider the functions T(j1)(s) to be 


“pseudo-hyperbolic” in nature. 


Proposition 4.3. If ~ = y(a,b,c) is a linear fuzzy real number and \ # 0, then 
1 


= 1 Asc __ ,Asb\ __ Asb __ Asa 
(7) T(1)(A8) = —(™* =e) — = ( — 
Proof. If X £0, then 


Twos) = f * (As)? u(a,b, 6) (tat 


b c 
t— —t 
=)? / ret Tae +? / ser at 
' b-—a b c—b 


: : + 6 2 Astt-a yp sAsb_ _1_ 1 /,Asb__ Asa C 2 Aste-t yy 
By integration by parts, we obtain i s’e! 2 dt = $e — = 53(e*” —e**) and i sre dt = 
__ 8 Asb 1 1 (Asc Asb 

ie 532 (€ ) 


—€ 


, which proves the proposition. 
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Given a linear fuzzy real number 4 = ju(a,b,c) and \ € R, we define a new linear fuzzy real 
number Ay as follows: 
(Aa, Ab, Ac) if A > 0 


Au(a, b,c) = i 
p(Ac, Ab, Aa) ~~ otherwise 


Proposition 4.4. If j= pu(a,b,c) is a linear fuzzy real number and X > 0, then 


T(p) (As) = ATH) (s) 


Proof. If uw = p(a,b,c) and A > 0, then Ay = p(Aa, Ab, Ac) and hence 


T(Ap)(s) = [set uQra,ab, rq (oat 


a 


Xb de 
t—ra Ac—t 
2st dt | 2st dt 
[ss ccd aay 
1 1 
A(c — b) A(b — a) 
By multiplying \ to both sides and by applying Proposition 4.3, we proves the proposition. 


( sAc on) = ( srb oo 


Proposition 4.5. If ~ = pu(a,b,c) is a linear fuzzy real number and 2 < 0, then 
T(u)(As) = (—A)T AH) (s) 


Proof. If = p(a, b,c) is a linear fuzzy real number and \ < 0, then Aw = w(—|Alc, —|A]b, —|Ala). 
By applying Proposition 4.1, we obtain 
1 


1 
T(Ap)(s) = (lay — Cla) 


(—|Alb) — (—lAle) 


(cola) _. (108) _ (e(-AI) — es(-10), 


Using Proposition 4.3 we obtain 


AT(Au)(s) = (-1A) TOL) (s) 
1 Asa Asb 1 Asb Asc 
ae a ee 
= —T(y)(ds) 


Combining Propositions 4.4 and 4.5 we obtain: 


Theorem 4.6. If j1 = ju(a,b,c) is a linear fuzzy real number and  € R, then 
(8) T(u)(As) = [AIT AL) (s) 
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Proof. For non-zero real number A, it was proved by Propositions 4.4 and 4.5. If A = 0, then 
T()(0s) = 0, and so (8) holds trivially. 


Given a fuzzy real number p = p(a,b,c) and A = —1, we have T(1)(—s) = T()((—1)s) = 
|= 1T(—1)H)(s) = T(ul—c, -8, -a))(s), ie, 


(9) T(u(a,b, c))(—s) = T(u(—e, —b, —a))(s) 
If we let s := —s in (9), then we have 
(10) T(u(a,b, c))(s) = T(u(—e, —b, —a))(—s) 
For A = 2, we obtain from (8) a “doubling formula”. 
(11) T(u)(28) = 2T(2p)(s) 
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Abstract 


Fuzzy number (FN) plays a vital role in decision making problems 
as it is used to represent the uncertain terms. Researchers in the field of 
decision-making analysis have used triangular and trapezoidal FN to solve 
the problem in the uncertain environment. FN have also been extended 
recently such as pentagonal, hexagonal, and heptagonal and so on. This 
paper aims to generalize the Hexadecagonal fuzzy number (GHFN) which 
contains set of 16-tuples. Membership functions and alpha cuts of lin- 
ear and nonlinear GHFN with symmetry and asymmetry have also been 
derived. 


1 Introduction 


Fuzzy sets have been presented by (Zadeh, 1965) to handle imprecision informa 
tion, all things considered, issues (1). In 2003 (Coxe & Reiter, 2003), utilized 
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fuzzy automata on a hexagonal foundation utilizing straightforward number jug- 
gling mixes of neighboring fuzzy qualities [2]. In 2013, (Rajarajeswari & Sudha, 
2013) involved stretch math in another activity for expansion, deduction and 
duplication of Hexagonal Fuzzy number based on alpha cut sets of fuzzy num- 
bers 3]. (Rajarajeswari & Sudha, 2014) summed up hexagonal fuzzy numbers 
by rank, mode, uniqueness and spreads to improve the independent direction, 
estimate and chance investigation [4]. In the extended time of 2015, (Dhurai & 
Karpagam, 2016) utilized span math to present another enrollment capability 
and fulfilled the activity of expansion, deduction and duplication of hexagonal 
fuzzy number based on alpha cut sets of fuzzy numbers [5].Hexagonal, heptago- 
nal, nonagon, decagonal fuzzy numbers have additionally been acquainted with 
tackle the dubiousness (6|7||13].Sankar and Manimohan embraced pentagonal 
fuzzy number, determined direct and non-straight pentagonal fuzzy number and 
add- ressed fuzzy conditions utilizing pentagonal fuzzy number Karthik et. 
al., proposed straight and nonlinear enrollment capabilities for the summed up 
heptagonal fuzzy number and presented Haar positioning technique for hexag- 
onal fuzzy number (9). Malini and Kennedy tackled fuzzy transportation issue 
by utilizing octagonal fuzzy numbers [10]. Felix et.al., proposed the nonagonal 
fuzzy number and its math activities and determined alpha cuts for nonago- 
nal fuzzy number [7]. Venkatesh and Britto presented a positioning technique 
utilizing decagonal fuzzy number for diet control [15]. Nagadevi and Rosario 
tackled transportation issue, in which decagonal fuzzy numbers are utilized to 
address transportation expenses to find least transportation cost [1]. Naveena 
and Rajkumar presented turn around request pentadecagonal, nonagonal and 
decagonal fuzzy numbers and their math activities [12]. Necessary preliminaries 


are cited therein |8}}10}. 


2 Hexadecagonal Fuzzy Number(HFN) and It’s 
Variation 


Hexadecagonal Fuzzy Number: A HFN A = 

(Q1, Qa, Qs, Qa, Qs, Qe, Qz7, Qs, Qo, Qio, Qi, Dia, Q13, Qi, Q15, O16) 
where 

Q4, Q2, 3, Q4, 5, N6, N7, Ng, Ag, N10, N11, N12, N13, N14, O15, N16 €E R must 
hold the consequent conditions 

ey 4(9) is a continuous function(breifly, cts. fn) in [0, 1]. 

e14(9) is strictly increasing and cts.fn on [Qy, OQ], [Q2, 3], (M3, Q4] and 
(Qa, Qs], [Qs, Qe], (Qe, Qz7] and [Qz7, Og). 

ey 4 (0) is strictly decreasing and cts. fn on [Q, Qro], [Q10, O12], [Q11, Q12], 
[Q12, Q13],[Q13, Q14], [(Q14, Qs] and [Q15, Ore]. _ 

3.1.1 Equality of two HFN’S: Two HFN’S A = (Q1,. Q2, 23, Q4, Ns, Ne, Qz, 
Qs, Qo, Qi, Qi, Qa, O13, Qi4, O15, O16) and B= (y1, 2, 3, 4, 5, 6, Y7; 
Ys, Yo, P10, Y11, Y12, 13, P14, Vis, Y16) are equal iff Q7 = 1, Q2 = Y2,03 = 
3, Q4 = pa, 5 = 5, NG = Yo, N38 = vs, Q9 = Yo, Qio = Yio, Qu = 
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yu, Qi2 = Yi2, 013 = Y13, Oia = Ya, O15 = Y15, Qe = ¥16 
Linear Hexadecagonal Symmetry: 


Q2-O4 
pt (q—P)( Gd), 22 <a <3 
qt(r-4@) 5H& 93 <2 <4 
r+(s—r)( e% ),01 <2 < 05 
sr (t r 8) ge ,O5 <2 SS 446 
t+ (u—1)( 2%), <2 <2 
u+(1—u) G=2E) 07 <2 <8 
lig = al Os < 2x < Qo 
x uU (u 1) (fs 9 <a <Q 
t—(t—u)( se), M0 << On 
s—(s—t)( Ges ),Qu <@< Op 
r—(r—s)( st), Qn << hs 
a—(a-1)( gta), Os <2 < Ou 
p—(p a) ( PH Ty M4 Se Ss 
p( Pest), Q15 Sa O16 
0,2 <Q) and x > O16 
Aiz(q) =Q,+ @)(Q2 _ Q1) fora S (0, va 
Agr (a) = 2 + (=F )(Q3 — Oz) fora € [p,q] 
Asz(a) = 23 + rag (Oa - oe € [¢,7] 
Aart (a) = O4 + (S*)(OQ5 — 04) fora € [r, 8] 
Asz(a) = 5 + m2) (0, — 0s) fora € [s, ¢ 
Aer (q@) = 0¢ ad Aa £)(Q7 — 06) fora € [t, u] 
feos A7zz(q) =O7+ F*) (Qs _ Q7)f ora € |u, 1] 
m Azr(a) = O19 + (S=F)(Q10 — Ng) fora € [u, 1 
Agr(a) = 11 + (*)(Qii — O10) fora € [E, ul 
Asr(a) => Q 274 = *)(Qr2 = O11) fora e [s t 
Aar(a) =Oi3+ = F)(Qi3 = O12) fora E [r, s 
A3r(a) =Oy4+ a 1) (O14 _— O13) fora € [qr 
Agr(a) = O15 + (S=8)(Qis — O14) fora € [p,q 
Air(a@) = Qe — (F)(Qig — 15) fora € (0, p] 


Linear Haxadecagonal Asymmetry 
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p+(q—p)( 2 ),92. <2 <3 


—; )? 
t+(u—t) je 6 <a < Or 
(1—u)(G=9E) 07 <2 <0 
_ 1 mer < x < Oo 
Ma Cie 
eate De: 5) 00 Se <M 
f (f e) its ac ,Qi9 SHS Oy 
g (9 f) a rae ,O1 Sa Qi 
h 9) (458 O12 Se S13 
h) )\( pe G5 Sis Ses 
heed eee, oe 4 Se <5 
j( PGE). Ms Se < Me 
a‘ x < Qyandz > O16 
Air a) = OQ, Tr (F) (Qe ry Q1) fora E (0, pl 
Agy (a) = + (8=2)(93 — 92) fora € [p, 4] 
Az3r a) = Oz - cS 7) (Qa = Qs) fora E q,1| 
Aart (a) = Q4 + (S=F)(O5 — 04) fora € [r, 5] 
Asr a) = Os, We (C= =$)(OQ6 _ Qs) fora E [s, t] 
Agi (a) = Q% + (S=$)(Q7 — N6) fora € [t, u] 
Be a Arr a) =Q7 H(S H*)(Q3 — Q7) fora € u, 1] 

Ob Azr(a) =Oio+ (SF) (O10 _— Qo) fora € le, 1] 
Agr(a) = 1 + ($=£)(O11 — M10) fora € [f,e] 
Asr(a) = O12 + (FF) (Oia — O11) fora € [g, f] 
Aar(a@) = Q Sr (FF 7 )(Q13 — O12) fora € [h, g| 
A3r(q) =2 at (S 7M Qr4 = O13) fora e li, | 
Aor(a) = 5 + (F=F)(OQ15 — Qa) fora € [j, j 
A1r(@) = Ir6 — (F)(Qi6 — N15) fora € [0, J] 


Nonlinear Haxadecagonal Symmetry: 
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Ma = 


a-Q, ot 
p( ga H-) 94 <2 SO 


So 
p+(q ») (<=) ,Q2 <a < 03 
Si 
q+ (ra) (9) "03 Sa SO 
M03) BSUS 
8 
r+(s—r)( 22% “Ope aX 
O5—Q4 phd mw NS 
Ss 
s+(t—s)(=%) ,Q5 <a < 6 
Ss 
t+(u—t)( 22%)" Ag<2<0 
27—N6 6H TNT 


me. \ ot 
ut (-u) (3 i) ,Q7 <2 < Og 
1,03 <2 <0 


Qi9—2£ 
1) (Beg 


t—(t u) (2uze)"*, Qo <a<Ou 
s—(s (eae). 1 <a <p 
rR 3) (sz) Qi Se << O13 
Gag r) (sa) Qi3 <2 <u 
p—(p a) ( Me) Qi Se < N15 


Pr 
Ole= 
p( fuse) ,Q15 <2 < M6 
0,x < Qi andx > O16 


Nonlinear Haxadecagonal Asymmetry: 
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(a) = + (2)(O — 4) fora € (0,7) 
(a) = 9% + (F=2)(%5 — 2) fora € [pad 
(a) = 03 + rag (04 — = a E {g,r] 
(a) = 94 + (8=2)(M5 ~ M4) fora € [r, 5 
(a) = 05+ a=2)(0, — 05) fora € [s,t] 
(a) = 9 + (8=1)(M7 — Me) Fora € [ty 

7L(a) = O7 + (FS7)(Qs — O7) fora € [u, 1] 

(a) =Q ot = t)(Qio =, Qg) fora E [u, 1 
(a) =Oy+ s *) (Our = O19) fora E [t, B 
(a) = Ore + (SF) (Ora — N11) fora € [s,¢ 
(a) = 3+ ao )(O18 = O12) fora E [r r,s 
(a) = O14 + (F=7) (Ora — O13) fora € [gr 

Aan) = M5 + (2=2)(Ms — Mra) fora € kp, 4 

Air(a) = ig - )(Q46 = O15) fora € (0, p] 
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Q 
z—Q Ss 

a+ (r-@) (3) 23 Sa <4 
cee 

r+(s—r)(<=%) 4 <2 <5 
Ss 

s+(t—s)(g=%) "05 <2 < M% 
r—Oe6 Se 

t+ (u—t)( <9) 6 <a <7 


xz—Q oe 
ut (1-u)( 9) ,Q7 <2 < Og 


1,Qg3 <@ < Og 


Me = Py 
e€ (e 1) (@54,) 9 <a< O40 
LAA e) (fu: te) 90 Se SO 
g-(g f) (2 ti) On Se < Oi 
h—(h ues a) Qe Se S13 
a h) )( ae a) 213 < x < Qy4 
j-G-i (ests) 4 So <%s 
5( ge) O45 Sas OQi6 
0,2 < Qyandz > Qi¢ 
Alt a) =Q\+ (F)(Q2 — Q1) fora Ee (0, pl 
Agr (a) = 2 + (F=F)(Q3 — Q2) fora € [p,q] 
A3z(a) = Q3 + (F=8)(Q4 — Q3) fora € [q,7] 
Aart a) =O4+ (<= =) (Qs _ Q.4) fora € |r, 5] 
Asi (a) = 05 + (F25)(Q6 — Os) fora € [s, ¢] 
Agr a) = O06 + (= £)(Q7 = Og) fora & [t, ul 
ag Arp (a) = 27 + (F=h) (Ms — Q7) fora € [u, 1] 
~~ ) Arr(a) = Q10 + (S=F)(Q10 — Og) fora € [e, 1] 
Agr(a) = 911 + ($=£)(O11 — M0) fore € [fe] 
Asr(a) = Qi + (F=$)(Qr2 — Ou) fora € [g, f] 
Aar(a@) = Bro (= 4 )(Q13 = O12) fora E [h, g| 
A3r(q) =Oya+ (SS 7 (O14 _— O13) fora € li, hl 
Agr(a) = Ms + (SF=F)(O15 — Qa) fora € [j, f] 
Air(a) =Q 6 (F)(Q16 _— O15) fora E [0, J] 


1. Arithmetic operations on linear HFN with symmetry Let Ars = 
(01, Q2, 03, Q4, a5, A6, 7, a8, 49, Q10, 11, N12, M13, N14, Q15, 16; M1, 721) and 
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Brs = (Y1, £2, P35 P4, P55 96, P7, 98; 9, 10s P11; P12, P13; P14; P15, P16; M2, n2) 
be two linear heptagonal FN’s with symmetry, then 


(i) The summation of two HFN’s is defined as Cis = Ars + Brg = (Q) + 
P1, Qe + P2, Q3 + 3,4 + Ya, D5 + 5,06 + Yo, Q7 + G7; Ng + Ys, A + Yo, Dio + 
P10, 211 + 11, Q12 + Y12, N13 + Y13, M14t Pra, M15 + Y15,Q16 +Y16;m, 2) Where 
m = min{m1,me2} and n = min{n,, ne}. 


3 4 5 6 7 8 49 10 ,11 ,12 ,13 ,14 ,15 ,16 

Theorem 2.1.. mae ae (iw fiw gt Cw Ow Ow Clu 5 ee Qi Mur Mur Mur Mur Gus Ain) 
and H. —_ (at qi2 qi3 qi4 qi q'6 ) 
2—_ Gap» a2 as ag, ap) ae are, ana, ab as One ans ae,p> aap» aaps Gap» Gap> a8 


be two HFN’s; then the arithmetic operation of HyandHy, denoted as A, q 
Ab, H,9Hp> and H, ® Hy an yield another HFN, 


1 2 3 3 4 4 5 5 6 6 7 7 8 
Le eis | tee aber ty 908) %7y + %G 87 %ly + %a81 9% + %48> 81u + %a8? ly + “og Big + ag 
19H2=| 29 129) glO04 410 gil 4 gli g124 412 4134 413 g144 414 2154 415 164 416 
lu T %aB? Mu ap? tu 7 %a 8? Me ap? %lu T %a6? Mu T %ap? Plu T a8? thu T tap 
1 gt. 620 WR, GIB) 8) gang) O69 br BB 12 Gs eT LO eB S98 
2, OH. = Fu ~ %aB? Mu ~ %aB? Pu ~ %aB? Mu ~ %aB? Plu ~ %ap? Plu ~ %ap? Plu ~ %aB? Mu ~ %aB 
PTH 2 HN | Oe 28. 10. ao Ad SO ID Bro a Sie ae VIA. BO TD ne IO ed 
lu ap? Lu ap? lu ap? *lu ap? lu ap? lu ap? lu ap? lu ap 
3 = Bs tu taB? lu tap? tMlu*aB’? *utaB’ tlut*aB? Mu taB afyan 7 a 
Ay @ Hg = 9 a? 16,20. it it 1S 95 18,38 14,14 415 


ap? *utap? thu tap? 1 


fF 1 2 3 4 5 6 7 8 
A @ Ay = Aapy, Aap ys AGP» AQP y» AAP,» AGP,» AOL» AOE,» 


da? \ap0, Aad d, rat?, Aah3, rAat4, ra} 5, Aaf®) . 


Haar Ranking method for Haxadecagonal Fuzzy Number: 

Let A = (Q1, Qo, Qs, Qa, a5, 46, 47, ag, a9, Oro, Qi, Dia, O13, Qi4, O15, O16) be 
the HFN. Using HRM(Haar ranking method), the HFN is rewritten as A = 
(Qy, Q2, N3, O4, a5, a6, 47, 2g, a9, M10, M11, Q12, N13, A14, M15, Q16) - The average 
and elaborate coefficients namely the scaling and wavelet coefficients of HFN 
can be calculated as follows. 


Step-l: Group the HFN in pairs. 


[(Q1, Qo], [Qz, Qa], [as, ag], [a7, ag], [a9, Oro], (Qi, Oy], [Qi3, Quy], [Qis, Q16] 


Step-2: Replace the first 4 elements of approximation coefficient with the de- 
tailed coefficient. 


ay = 8) cg = OE) og = (EE) cg = (AE), 
ag = (BT), a a 
Bre = = OS ee CS 
Bs = (295), Be = (Br Miny g, _ aM, 9, (= Mie 


TheA, om into “Al = — (a1, O12, 3, 4, A5, AG, 7, Ws, Ai, Ba, Bs, Ba, Bs, Bs, Br, Bs) 
Step-3: Group the pair of approximation coefficients of A,. Then, find the 
new approximation coefficients and the detailed coefficients for the pair of ap- 
proximation coefficient of “Ay 


[o1, a2], [a3, a4], [a5, a6], (a7, Os] 


a3 + a4 a5 +6 a7 + Ag 
= (FF 9 = (FSF) 1 = (A 
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a1 — a2 ag — A4 a5 — 6 a7 — ag 
m= (3 a = (3) = ( 5) ), M4 = ( 2 ) 
The“A; changed into“A2 as (11, Y2> 735 V4.1; 72,713,745 Pi, G2, Bs, Ga, Bs, Be, Br, Bg) 
Step-4: Determine the pair of approximation coefficient in“4j. Then, find 


the new approximation and detailed coefficients for the pair of approximation 
coefficient of Ao. 


In, Y2s Y35 ya] 
+ + 4 = = 
pes ee ; 5s _ @e ; 7: Ven ge ; ay _ ce ; slay 
The “Ay changed into“A3 = (41, 52, €1, €2, 7,72, 13, 14, 81, B2, 83, Ba, 85, 86, Br, Bs) 
Step-4: Determine the pair of approximation coefficient in“43. Then, find 
the new approximation and detailed coefficients for the pair of approximation 
coefficient of A3. 


[1 ’ 59] 
J, +6 J, — 6 

ps = (5). = (5) 

The“A3 changed into H(A) = (1, H2,€1, €2, 71, 7)2,73, 74, Ai, Be, Bs, Ba, Bs, Be, Br, Bs) 

Step-5: Determine the Ranking. - 

eA < B, if the first element of the ordered tuple of H(A) is less than the 
first element of the ordered tuple of H(B) . h 

eA > B, if the first element of the ordered tuple of H(A) is greater than the 
first element of the ordered tuple of H(B) . 7 7 

eA = B if and only if all the elements of H(A) and H(B) are term wise 
equal. 


3 Fuzzy Assignment Problem(FAP) 


FAP in general defines as follows 


min (or)max X = 0, 0j"4 Piyij 


Subject to 


So yi = lfort =1,2,...,m. 
i=1 


Sg = Lory S12) ,<ism. 


j=l 


yij = 1, if the i*” job is assigned to j*” person 
0, if the i*” job is not assigned to j*” person 
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Example 4.1: A FAP with 4 machinesM,, M2, M3, M4 and 4 jobs J, Jo, J3, Ja 
is premeditated. The cost matrix Ci; is whose values are depicted by HFN. 
The problem is to find the minimum assignment cost. Here, the Hungarian 
method. 

After taking the averages of fuzzy cost matrix, the following is obtained 


5 82 94 7.2 
8.3 7.1 15.1 8.3 


A=1105 94 105 10.6 
13.8 83 12.5 7.5 
Row wise subtraction, 
0 32 44 2.2 
pes E20. R12 


Column wise subtraction, 


0 3.2 3.3 2.2 
12 0 69 1.2 
1.1 60 O 1.2 
6.3 0.8 3.9 0 


Number of rows=Number of squares. 
Therefore, the optimal cost is = 5+ 7.14 10.5+ 7.5 = 30.1. 


4 Conclusion 


In this present study, the GHFN’s have been derived under fuzzy environment 
which may help to handle uncertainties in the decision-making problems. 

These kinds of FN’s are helpful when decision maker needs to represent a 
parameter at 16 different points. The following important outcomes have been 
attained in this research, 

e The membership curve of a generalized linear and nonlinear Haxadecagonal 
fuzzy number with symmetry and asymmetry has been derived. 

e Alpha cuts for all kinds of Haxadecagonal fuzzy number have also been 
derived. 

Generalized Haxadecagonal fuzzy numbers can be used to extend Multi Cri- 
teria Decision Making (MCDM) models such as DEMATEL, TOPSIS, VIKOR, 
and others. These numbers are helpful in transportation problems such fuzzy 
assignment and transportation. 
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Abstract 


In this paper, we introduce a general composite iterative algorithm for finding a common element of the 
set of solutions of variational inequality problem for a hemicontinuous monotone mapping and the set of 
fixed points of a hemicontinuous pseudocontractive mapping in a Hilbert space. Under suitable control 
conditions, we establish strong convergence of the sequence generated by the proposed iterative algorithm 
to a common element of two sets, which is the unique solution of a certain variational inequality related 
to a boundedly Lipschitzian and strongly monotone mapping. As a consequence, we obtain the unique 
minimum-norm common point of two sets. 


MSC: 47H06, 47HO9, 47H10, 47J20, 49J40, 47J25, 47J05. 


K ey wor ds: Iterative algorithm, Hemicontinuous monotone mapping, Hemicontiunous 
pseudocontractive mapping, Boundedly Lipschitzian, n-Strongly monotone mapping, Variational 


inequality, Fixe points. 


1. Introduction 


Let H be a real Hilbert space with inner product (-,-) and induced norm || - |]. 
Let C’ be a nonempty closed convex subset of H and S: C' > C be self-mapping 
on C’. We denote by Fix(S) the set of fixed points of S. 


Let A be a nonlinear mapping of C' into H. The variational inequality problem 
(shortly, VIP) is to find a u € C’ such that 


(u—u,Au) >0, WeEC. (1.1) 


We denote the set of solutions of the VIP (1.1) by VI(C, A). The variational 
inequality problem has been extensively studied in the literature; see [4,14,15,24| 
and the references therein. 
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A fixed point problem (shortly, FPP) is to find a fixed point z of a nonlinear 
mapping T': C > C with property: 


266, Te 2: (1.2) 


Fixed point theory is one of the most powerful and important tools of modern 
mathematics and may be considered a core subject of nonlinear analysis. 


The class of pseudocontractive mappings is one of the most important classes of 
mappings among nonlinear mappings. We recall that a mapping T': C — H is 
said to be pseudocontractive if 


[Po -Ty||’ < |e -yll? + || -T)e-(-Thyll’, Vo, ye, 


and T is said to be k-strictly pseudocontractive ([3]) if there exists a constant 
k € |0, 1)such that 


[Tx — Ty? < |le—yll? +k -—T)2-(-Thyl’, Ve, y eC, 


where I is the identity mapping. Note that the class of k-strictly pseudocontrac- 
tive mappings includes the class of nonexpansive mappings as a subclass. That 
is, T is nonexpansive (i.e., ||T'z — Ty|| < ||xc — yl, Vz, y € C) if and only if T is 
0-strictly pseudocontractive. Clearly, the class of pseudocontractive mappings in- 
cludes the class of strictly pseudocontractive mappings as a subclass, and the class 
of k-strictly pseudocontractive mappings falls into the one between the class of 
nonexpansive mappings and the class of pseudocontractive mappings. Moreover, 
this inclusion is strict due to Example 5.7.1 and Example 5.7.2 in [1]. 


Recently, in order to study the VIP (1.1) coupled with the FPP (1.2), many au- 
thors have introduced some iterative algorithms for finding a common element of 
the set of the solutions of the VIP (1.1) for an inverse-strongly monotone map- 
ping A and the set of fixed points of a nonexpansive mapping T;; see [6,8,9,12,19] 
and the references therein. Also, some iterative algorithms for finding a common 
element of the set of the solutions of the VIP (1.1) for a continuous monotone 
mapping A more general than an inverse-strongly monotone mapping and the set 
of fixed points of a continuous pseudocontractive mapping 7’ more general than a 
nonexpansive mapping were considered by many authors: see [20,22,26] and the 
references therein. 


In 2001, Yamada [24] introduced the hybrid steepest descent method for the 
nonexpansive mapping to solve a variational inequality related to a Lipschitzian 
and strongly monotone mapping. Since then, in 2009, He and Xu [11] invented 
a hybrid iterative algorithm for the nonexpansive mapping to obtain the unique 
solution to the VIP (1.1) related to a boundedly Lipschitzian and strongly mono- 
tone mapping. As the result, He and Xu [11] were able to relax the global Lips- 
chitz condition on the mapping to the weaker bounded Lipschitz condition, and 
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improved the Yamada’s result [24]. In 2010, He and Liang [10] considered the 
hybrid steepest descent algorithm for the strict pseudocontractive mapping more 
general than the nonexpansive mapping to solve a variational inequality related 
to a boundedly Lipschitzian and strongly monotone mapping, and extended the 
corresponding results in He and Xu [11]. 


On the other hand, by using ideas of Yamada [24], Tien [21] and Ceng et al. [5] 
provided general iterative algorithms for finding a fixed point of the nonexpansive 
mapping, which solves a certain variational inequality related to a Lipschitzian 
and strongly monotone mapping. Jung [13] gave a general iterative algorithm for 
finding a fixed point of the k-strictly pseudocontractive mapping. 


In this paper, inspired and motivated by the above mentioned results, we in- 
troduce a general composite iterative algorithm for finding a common point of 
the set of solutions of the VIP (1.1) for a hemicontinuous monotone mapping 
A and the set of fixed points of a hemicontinuous pseudocontractive mapping 
T. We establish strong convergence of the sequence generated by the proposed 
iterative algorithm to a common point of the above two sets, which solves a 
certain variational inequality related to a boundedly Lipschitzian and strongly 
monotone mapping. As a direct consequence, we find the unique solution of the 
minimum-norm problem: find «* € Fix(T) N VI(C, A) such that 


\|x*|| = min{||z|| : a2 € Fia(T)NVI(C, A)}. 


Our results extend and unify the corresponding results of Ceng et al. [5], Chen et 
al. [6], liduka and Takahashi [8], Jung [12], Su et al. [16], Tian [21], Wangkeeree 
and Nammanee [22], Zegeye [25], Zegeye and Shahzad [26], and some recent results 
in the literature. 


2. Preliminaries and Lemmas 


Let H be areal Hilbert space, and let C be a nonempty closed convex subset of H. 
We denote by S(x : R) the closed ball with center x € H and radius R > 0. We 
write 2, — x to indicate that the sequence {z,,} converges weakly to x. tn > x 
implies that {x,} converges strongly to x. 


For every point « € H, there exists a unique nearest point in C’, denoted by 
Po(x), such that 
je — Po(e)|| <lle- all, Wy eC. 
Po is called the metric projection of H onto C. Po(x) is characterized by the 
property: 
u= Po(xz) => (x@-u,u-y) >0, Vere A, ye. (2.1) 


We recall that a mapping A of H into H is called 
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(i) monotone if (x —y, Ax — Ay) > 0, Va, y € A; 
) a-inverse-strongly monotone ([{9,14]) if there exists a positive real number a 
such that 


(x — y, Ax — Ay) > al|Ax — Ay||?, Vaz, y € A; 
(iii) strongly monotone if there exists a positive real number 77 such that 
(c —y, At — Ay) > nlle—yll’, Ve, y € H; 
(iv) Lipschitzian continuous if there exists L > 0 such that 
|| Az — Ay|| < Llla—yll, Ve, y € A; 


(v) hemicontinuous ([1,17]) if, for all x,y € H, the mapping g : [0,1] ~ H 
defined by g(t) = A(ta+(1—t)y) is continuous, where H has a weak topology; 

(vi) boundedly Lipschitzian on C, if for each nonempty bounded subset S on C, 
there exists a positive constant kg > 0 depending only on the set S' such 
that || Az — Ay|| < ks|lx — yl], Vz, y € S. 


We note that (i) if A is a monotone mapping, then T = I — A is a pseudocontrac- 
tive mapping, and (ii) the class of the Lipschitzian mappings is a proper subclass 
of the class of the boundedly Lipschitzian mappings. It is easy to see that if 
T : C > F is continuous on C, then T is hemicontinuous on C' and bounded on 
any line segment of C, but the converse is not true (see Example 1.10.14 in [1]). 


The following lemmas can be easily proven, and therefore, we omit the proofs 
(see [10,24]). 


Lemma 2.1. Let H be a real Hilbert space. Let V : H + H be an |-Lipschitzian 
mapping with constant | > 0, and let F : H — H be a boundedly Lipschitzian 
and -strongly monotone mapping with constant n > 0. Take x9 € H arbitrarily 
and set C = S(xo, R) for some R > 0. Denote by & the Lipschitz constant of F 
on C. Then for0 <1 < LN, 


(uF — W)z— (uF —W)y,2-y) > (un-Wile—yl?, Ve, ye C. 
That is, uF — yV is strongly monotone on C with constant pn — yl. 


Lemma 2.2. Let H be a real Hilbert space H. Let F : H — H be a boundedly 
LIipschitzian and 7-strongly monotone mapping with constant n > 0. Take x9 © H 
arbitrarily and set C= S(ao, R) for some R > 0. Denote by & the Lipschitz 
constant of F on C Let 0 < u< 2 andO0<t<p<1. ThenG := pl —tyF 


K 
restricted to C is a contractive mapping with constant p — tr, where T = 1 — 


V1 = w(2n = pk). 


139 Jong Soo Jung 136-157 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


By a similar arguments in [2], we obtain the following lemma for the hemicontin- 
uous monotone mapping, which extends Lemma 2.3 of Zegeye [25]. 


Lemma 2.3. Let C be a closed convex subset of a real Hilbert space H. Let 
A:C + H be a hemicontinuous monotone mapping. Suppose that for each 
x,y € C, there exists Try > 0 such that A(tx + (1—t)y) < Tey for all t € [0,1]; 
that is, A is bounded on any line segment on C’. Then, for r > 0 and x € H, 
there exists z © C such that 


1 
(y — 2, Az) + —(y— 2,24) 20, Vy eC. 


Proof. Since A: C > H is a hemicontinuous mapping, for x, y € C’, the mapping 
g: [0,1] > A defined by g(t) = A(ta + (1 — t)y) is continuous, where H has a 
weak topology, and so A is bounded on any line segment on C’. Thus, by taking 
f(z,y) = (y — 2, A(z)) as a bifunction f : C x C > R in [2], the result follows 
from a similar argument in [2]. 


Moreover, by a similar argument in [7,18] together with Lemma 2.3, we have the 
following lemma, which improves Lemma 2.4 of Zegeye [25]. 


Lemma 2.4. Let C be a closed convex subset of a real Hilbert space H. Let 
A:C + H be a hemicontinuous monotone mapping. Suppose that for each 
x,y € C, there exists Try > 0 such that A(tx + (1—t)y) < Tey for all t € [0,1]; 
that is, A is bounded on any line segment on C. For X > 0 and «x € H, define 
A,:H->C by 


1 
Aye = {2 € 0: ly aA2) + Fy 2-2) 20, wel. 


Then the following hold: 


(i) A) is single-valued; 
(ii) Ay is firmly nonexpansive, that is, 


| Axx = Ayy||? < (x =O oANe =. Ay), Vas YE Hi; 


(iii) Pia(A,) = VI(C, A); 
(iv) VI(C, A) is a closed convex subset of C 


Proof. Let f(z, y) = (y — z, Az) as a bifunction f : C x C > R in [7]. Then the 
result follows from similar arguments in [2] and [7]. 


Applying Lemma 2.3 and lemma 2.4, we get the following lemmas for the hemi- 
continuous pseudocontractive mapping, which generalize Lemma 3.1 and Lemma 
3.2 of Zegeye [25], respectively. 


140 Jong Soo Jung 136-157 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


Lemma 2.5. Let C be a closed convex subset of a real Hilbert space H. Let 
T :C — H be a hemicontinuous pseudocontractive mapping. Suppose that T 
is bounded on any line segment on C’. Then, for r > 0 and x € H, there exists 
z €C such that 


(y — 2,12) —“y—2,(1+r)2-2) <0, Vy eC. 


Proof. Let A := I — T, where J is the identity mapping on C’. Then, T is a 
hemicontinuous pseudocontractive mapping and T is bounded on any line segment 
of C’,, A is clearly hemicontinuous monotone mapping and bounded on any line 
segment of C. Thus, by Lemma 2.3, there exists z € C such that (y — z, Az) + 
(1/r)(y — z,z —x) > 0 for all y € C. But this is equivalent to (y — z,Tz) — 
(1/r)(y —z,1+r)z—2x) <0 for all y € C. Hence the result holds. 


Lemma 2.6. Let C be a closed convex subset of a real Hilbert space H. Let 
T:C->C be a hemicontinuous pseudocontractive mapping. Suppose that T is 
bounded on any line segment on C’. Forr >0 and «x € H, define T,: H > C by 


1 
Tat = 20: y—HTe)- Ly a(1 +1) ~ 4) <0, wech 


Then the following hold: 


(i) JT, is single-valued; 
(ii) T,. is firmly nonexpansive, that is, 


||Tae — Teyl|? <(x-—y,T,«—T,y), Vx, y © A; 


(iii) Pix(T,) = Fix(T); 
(iv) Fix(T) is a closed conver subset of C 


Proof. We note that (y — z,Tz) — (1/r)(y — z,(1+7r)z—2z) <0, for ally EC, 
is equivalent to (y — z,Az) + (1/r)(y — z,z — x) > 0, for all y € C, where 
A :=I-—T isa hemicontinuous monotone mapping and J is the identity mapping 
on C’. Moreover, as T is a self-mapping, we get that VI(C, A) = Fix(T). Thus, 
by Lemma 2.4, the conclusions of (i)—(iv) hold. 

We also need the following lemmas for the proof of our main results. 


Lemma 2.7. In a real Hilbert space H, there holds the following inequality 


Ie + yl? < lle? +2y,2+4), Ve, ye H. 
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Lemma 2.8. ([23]) Let {s,,} be a sequence of non-negative real numbers satisfying 


Sn4+1 < (1 _ An) Sn + oe = Yn> Vn Pi de 


where {A,} and {8,,} satisfy the following conditions: 


(i) 
(i) 
(iii) 


{An} C [0,1] and °°, An = co or, equivalently, TI, (1 — An) = 0; 
lim sup, so 52 < 0 or D924 |Bn| < 00; 
Ay > Ot > Ws es Yn < OSs 


Then limps. Sn = 0. 


3. Main results 


Throughout the rest of this paper, we always assume the following: 


H is a Hilbert space with the inner product (-,-) and the induced norm ||- ||; 
C' is a nonempty closed convex subset of H; 

A:C — FH is a hemicontinuous monotone mapping with VI(C, A) 4 0 and 
is bounded on any line segment of C; 

T :C > Cisa hemicontinuous pseudocontractive mapping with Fir(T) 4 0 
and is bounded on any line segment of C; 

A),, : H — C is a mapping defined by 


1 
Ay t= jeec: (y — 2, Az) + > y — 2,2 — 2) a wel, 
where {A,} C (0, 00); 
T,,,: H —+ C is a mapping defined by 


1 
c= jee: (y — 2,Tz) ——(y-—2z,(1+r)z-—2) <0, wee 
where {r,,} C (0, 00); 

F’: H > H isa boundedly Lipschitzian and 7-strongly monotone mapping 
with constant 7 > 0; 

V : H > F is an I-Lipschitzian mapping with constant | > 0; 


e Q:=VI(C,A)N Fiz(T) 40 


By Lemma 2.4 and Lemma 2.6, we note that A), and T;,,,, are firmly nonexpansive 
and so nonexpansive, and VI(C, A) = Fix(A),,) and Fiz(T,,,) = Fix(T). 


Now, we present a new composite iterative algorithm for hemicontinuous mono- 
tone mappings and hemicontinuous pseudocontractive mappings and establish 
strong convergence of this algorithm. 
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Theorem 3.1. Let xp € 2 be chosen arbitrarily. Set C= S(xo, aro Peoll) 4 C 


and denote by & the Lipschitz constant of F on C where the constants j1, y and T 


are such that0 < p< , ioe ond, = 1-,/1 — pw(2n — wk2), respectively. 
Let {x,} be a sequence generated by 


: = On Wn + TI — On )T,,, Ar, En; (3.1) 


Tn41 = (1 = BrJYn =F Ba loAs. Uns Yn Z 0, 


where {G5 {hal GC |0;1)- and {Anh oC (000): Let ta, 16,4) tAnk: and 
{rn} satisfy the conditions: 


(C1) an, 3 0 (n > ov); 

(C2) den=0 On = 00; 

(C3) dro lens — On| < 00; 

(C4) B, C [0,a) for alln > 0 and for some a € (0,1) and P29 |Bn4i — Bnl < 00; 
(C5) lim infp4co An > 0 and S79 |Andi — An| < 00; 

(C6) liimint 3.5% On and yo. 5 nia Ca <S OSs 


Then {x,} converges strongly to q € Q, which is a solution of the following 
variational inequality 


(QV —pF)q,q—p)>0, Vp EQ. (3.2) 


Proof. Note that from the condition (C1), without loss of generality, we assume 
that 2a,(7 — yl) < 1 and a, < 1—6,—Q, for n > 1. For K = Po, it follows that 
K(1+V — uF) is a contractive mapping of C into 2. In fact, from Lemma 2.2, 
we have, for any x,y € C. 


IA + — pP)s-(+7V — pF )yl| 
< |Z +7 -pP)e—-U + 7V — pF )yll 
< y|Ve—Vyl| + | — pF )z — 2 — pF )yl 
< ylllz —y|| + —7)I|lz — yll 
= (1—(r—l))|lz — yl] 


This is, K(1 + yV — pF) is a contractive mapping with constant (1 — (7 — yl)). 
Since C is complete, there exists a unique element g € C such that q=PoT+ 
yV — pF )q. Equivalently, by (2.1), g is the unique solution of the variational 
inequality: 

(VV =p )ag= py 0, Vre 0. 
In fact, noting that 0 < yl < 7 and pn > T = > K > 0, it follows from Lemma 
2.1 that 


(uF — yWV)x — (uF —yWV)y, 2 —y) > (un — 71) \Iz — yl). 


143 Jong Soo Jung 136-157 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


That is, wf — yV is strongly monotone on C for0 <4 <7r< pun. Hence the 
variational inequality (3.2) has only one solution. Below we use g € 2 to denote 
the unique solution of the variational inequality (3.2): 


From now, put z, = Ay2n, Un = Tp,,2n3 Wn = Ar, Yn, and v, = T,.,w, for every 
n> 0. 


Now, we divide the proof into several steps. 


Step 1. We show that x, € C for all n > 0 by induction, and hence {x} is 
bounded. It is obvious that xo € C. First of all, from Lemma 2.4 (iii) and Lemma 
2.6 (iii), we observe that VI(C, A) = Fix(A),) and Fix(T) = Fiz(T,,,). Then, it 
follows that 

l|2n — ol] = Ay, @n — oll S [lan — roll, 
and 

|[@n — oll = Ad.%m — Zoll < llyn — roll. 


Now, suppose that we have proved xp, € C , that is, 


WV oll + wllFzoll 
TY 


lltn — roll S 


Using lemma 2.2, Lemma 2.4 (ii), and Lemma 2.6 (ii), we derive that 


llYn — Loll = llen(yV en — wF2o) + UI — OnpF)T,,A),2n — LE — On F)2o| 
< || — one )T,,,2n — (LE — OnE’) xol| + |lon(7V tn — bE 'Xo)|| 
< (1—Tap)||Zn — Lol] + Any||Van — V2ol| + an||lyV 20 — uF xol| 


< (1—7aq)||2n — oll + Onl l|2n — Zoll + On|llyV 20 — uF’ Zol| 
VV zoll + ll F’xoll 
T- YI 


/\ 


< (1— (7 — Wan)||en — oll + (7 — Wan 


WIV xoll + u||F'xoll 
ry ; 


This implies y, € C and 


|2n41 — Zoll = [11 — Bn) (Yn — Zo) + Bn(TrnArnYn — Zo)]| 
< || — Ba) Ilya — 2oll + BnllT-.wWn — Zoll 
< (1— Br)\lyn — toll + Balla — Zoll 
< (1— Bp) ll¥n — Zoll + Bally — 2oll 
lyn — PI 
VV xol| + wl’ zoll 
TAI 


It prove that 2,4, € C. Therefore, x, € C for all n > 0. Thus, {7,} is bounded. 
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It is not difficult to verify that that the sequences {yn}, {Zn}, {Wn}, {Varn}, 
{Fan}, {Fyn}, {Fun}, are bounded. Moreover, since ||up — Xol| = ||T;,,2n — ol 
< ||v_ — Xol| and |lu, — xol] = ||T;,,ten — Zoll < |lyn — Zoll, {un} and {v,} are also 
bounded. And, by the condition (C1), we have 


llYn — Un|| = IY — Ten Znl| 
< An(y||[Venl| + u||Fun||) +0 (as n > 00). 


Step 2. We show that limy 4.6 |[@n41 — £n|| = 0 and limy-5c6 |]Yn41 — Yn|| = 0. 
Indeed, since 2, = A),,%n and 2,1 = Ay,_,Zn-1, we have 


1 
(Y — 2n; AZn) + i —2n,;2%n —In) >0, Wy EC, (3.4) 


and 


1 
(y — £n-1; AZn—1) “ts x (y — 2-1; &n-1 — Ve) = 0, Vy S G; (3.5) 


n—-1 


Putting y := 2p-1 in (3.4) and y := zy in (3.5), we get 


1 
(Zn—-1 — Zn; AZn) + y(n — 2n,2%n — Xn) > 0, (3.6) 
and i 
ce — 2n—-1) Azi4) is i en — 2n—15 &n-1 — Dnt) = 0. (3.7) 
n-1 


Adding (3.6) and (3.7), we obtain 


2n—1 — En—1 Zn — Xn 
(ey — &n-1; Agnes = AZn) + ( 2n — en—1; = 
ist An 


which implies 


2n—1 — Un—1 zn — In 


—(Zn — Zn—1, AZn — AZn-1) + ( Zn — 2n—1; — =O: (328) 
An-1 es 


Since A is monotone, from (3.8) we get 


Zn—-1 — En—1 zn — Xn 
zn — Zn—1; Cx > 0, 
Agi Ay 


and hence 


(% — £n-15 &n-1 — %n + en ~ En-1 — x (Zn — a) 2 0. 
n 


10 
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Without loss of generality, let us assume that there exists a real number A such 
that A,, > A > 0 for all n > 0. Then we have 


An— 
I|2n = eee? < (2 — 2p-1,Ln — Ln-1 + ( r= d acs =< r»)) 


(3.9) 
An-1 
< len — cal tm ~ tall + ft = =n ~ aah 
and hence from (3.9) we obtain 
ll2n a Zn-1| < I|zn =, Tn-1|| or i An = An—1|||2n me Ln| 
a (3.10) 
x ees | Gi-4'|| i <|An m- An—1|L1, 


A 


where L; = sup{||Z, — || : n > 0} < oo. Using the same method, we also get 
1 
[ln — Wn—all < [lyn — Yn—al] + xan — An-i|Le, (3.11) 
where Lz = sup{||wn — yn|| : 2 = 0} < 0. 


Moreover, since Un—1 = T;,,_,2n—-1 and Un = T;,,,2n, we have 


(y — Un—1, FUn—1) — (y — Un—1, (1+ Tn-1)Un—1 — Zn-1) <0, Vy EC, (3.12) 


Tn-1 


and 


1 
(y — Un; Tun) — —(y — Un, 1+ 1n)Un — Zn) <0, Vy EC, (3.13) 


n 


Putting y := uy, in (3.12) and y := up_y in (3.13), we get 


1 
Csi — Un-1; Pie=4) = Mie — Un-1; l. of Py ia a = Zn—1) < 0, (3.14) 
Tn-1 
and ; 
(Un—1 — Un, TUn) — —(Un—1 — Un, 1 +7 n)Un — Zn) < 0. (3.15) 
r 


Adding (3.14) and (3.15), we obtain 
(Un — Un-1; Pte a — Tun) 
1 n- n—-1 ~~ 7“~n- 1 n n *#n 
= (t= tan! a ) <0, 


Tn-1 Tn 
which implies that 


(Un — Un-1; (Un = TUn)—(Un—1 =. TUn—1)) 


Un-1 — %n-1 Un — 2n 
— {\ Un — Un-1; = <0. 
Trn-1 Tn 


11 
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Now, since T’ is pseudocontractive, we obtain 


Un-1 — %n-1 Un — &n 
(1 = UieaG = 2A: 


Tn-1 Tn 
and hence 
Trn-1 
(Un — Un—1,Un—1 — Un + Un — Zn—1 ~~ . ( n — 2n)) = 0 
n 


Also, we can assume that r, > r > 0 for all n and for some r > 0. Thus, using 
the method in (3.9) and (3.10), we deduce 


1 
l[en — Un—a|| < []Zn — Zn—al| + 7a — Py-1|Ls, (3.17) 
where L3 = sup{||Un — Zn|| :n > 0}. Also, using the same method, we have 
1 
l|Un a Un—1|| < || Wn = Wn-1|l + tn _ Tn—1|La; (3.18) 


where Ly = sup{||vn, — wyl| : 2 > OF. 
Now, simple calculations show that 


Yn — Yn—-1 = AnYV En + LT — anwF)T,,, Ay, 2n — An—1VV En-1 

— (I — Qn-1pF)T,,,_, Ar,_12n-1 

An VV En + (LT — anpF)T,, Zn — An—1VVEn-1 

— (I On-1pF YT, 2n—1 

= (An — An_1)(YVFn-1 — MF Un_1) + Any(Vtn — V2n_-1) 
+ (I — QnpF )uy, — IL - anpF)uUn-1.- 


By (8.17) and Lemma 2.2, we obtain 


llYn — Yn—all < lon — Gn—al(y|Ven—1|| + ol] Fun—all) 
+ An Yll|2n — Ln—1|| + (1 — Tan) |[Un — Un-il| 
< |Qn — On| (Y(|[V2n—1l| + wll PUn—il|) + Onylllen — 2n-1ll (3.19) 


1 
+(1—Tap)|l2n — Zn—1|| + ln — Tn_1|L3. 
Also, observe that 


Lnt1 — Ln = (1 — Br) (Yn = Yn—1) T (Br = fc ay | @ Seamer = U4.) 
oe By dtiig — peat 24 ) 
— (1 _ Bi (Un _ Yn-1) ro (Bn ~~ ee (ee _ Yn-1) 


ple Baal Urs _ Ona 


(3.20) 


12 
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By (8.10), (3.11), (3.18), (3.19), and (3.20), we have 


I|Zn+1 — Ln| 
= (1 _ Bn) |lYn _ Yn—1| T Ler _ Bn—1|(|!Un—1| Tv l|Yn—1|l) 
“Tv Brille Un—1|| 
S (1 a Bn) |lYn = Yn-1| al | Pra _ Bn—1|(||Un—1l Tv I|Yn—1||) 
1 
TT Bn ||Wn = Wn_1|| TT 7a + Tn—1|L4 


< (1— Br) \ltn — Yo=all + Balla — Yo—ill + [Pn — Baal (llen—all + llye—all) 
1 1 
+ —|Xn _ An—1|L2 osbe ln —_ Tn—1|L4 


= |[¥n — Yn—all + [Bn — Br—1l({!n—all + [l¥n—rl) 
1 1 
a= xn _ An—1|L2 + - Tn ume p (3.21) 


< ylan||2n — En—1) + 1 — TAn)|l2n — Zn_1|| 
+ On — An—1|(Y[|2n—1|| + wll Peal) + [Bn — Bnal(|en—all + [lyn—alD 


1 1 
+ qlAn — rAy-1|Le + = Tn —Tn-1|(L3 + La) 
< (1— (7 ~ Horn) bm — teal + Joe — On-al(|V2n-all + Hl Fedn—all 
+ |Bn — Br—1|(|]Un—all + Il¥n—all) 
1 1 
+ y lA — An—1|(L1 + £2) + ln — Tn—1|(L3 + D4) 


1 —s (7 ia Wan) ||Ln = tA~| a Mi |an _ An—1| =H Mo|Bn ~~ Bn-1| 
al, M3|An => An-1| + Malrn = eae 


< 


“—— 


where M, = sup{y||V2nl| + u|[Funl] sm = O}, Mz = sup{|lvnl] + [yall 2 Of, 
Mz = ¥(Li + Lz) and My, = *(L3 + L4). From the conditions (C1) — (C6), it is 
easy to see that 


dim (7 — y)an = 9, So (7 — Wan = 0, 


n=1 
and 
So (Milan — On—1| + Me|Bn — Bn—1| + M3|An — An-1| + Malrn — Tn-1|) < 00. 
n=2 


Applying Lemma 2.8 to (3.21), we obtain 
Jim |lons1 — tall =0. 
Moreover, by (3.10) and (3.19), we also have 


im erecet _ Zn =0 and im. l|Yn+1 = Yn| =0. 


13 
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Step 3. We show that lim, +o. ||2n — Yn|| = 0 and lim,_,.. ||vn — Un|| = 0. Indeed, 


|Zn41 — Ynil = Ballon — Yall 
a Ballin = Un|| + lun = Ynl) 
< a(||wWn = Znl| + []un — Ynll) 
< al|[Yn — Lal] + [lun — Ynll) 
< a(|[Yn — Fn4il] + |[l[2r41 — nl] + lun — yall) 


which implies that 


a 
ent ~ Yall S = (lana ~ er + [lem — gl) 


Obviously, by (3.3) and Step 2, we have ||an+41—Yn|| > 0 as n > co. This implies 
that that 
len — Yall S [len — Cn4t|| + [len+1 — Ynl| 40 asin ov. (3.22) 


By (3.2) and (3.22), we also have 


ln — Unl| S [lan — Yall + [yn — unl] + 0 as n — 0. 


Step 4. We show that lim, .. ||@n — Zn|| = 0 and limy+c0 ||Yn — 2n|| = 0. To this 
end, let p € 9. Since Fix(T) = Fiz(T,,,) by Lemma 2.6 (iii), from Lemma 2.2, 
we have 


lIY¥n — pill? 
= |lon(WVan — uF p) + (I — OnwF)T,,, Aaytn — (I — OnpF)p|l? 
< (an|lWV2n — uF pil + | - ane )Tp.2n — (2 — On )T,,pll)? (3.23) 
< Op||YV tn — WF pll? + (1 — Tan)|l2n — Pll? 

+ 20in(1 — Tan) |lYV En — HF pl||l2n — Pll. 


Moreover, since VI(C, A) = Fix(A),,) by Lemma 2.4 (iii), from Lemma 2.4 (ii), 
we obtain 


\l2n — pll? = |]Aa,2n — pil? 
S CAS cp: _ AyD; n ae py? 
= (Zn — Py tn — p) 


1 
5 ll2n — Pll’ + [len — PIP = [ln — 2nll?), 


and hence 
ll@n — pll? < [len — Pll? — |lan — 2nll?- (3.24) 


14 
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Therefore, from (3.23) and (3.24), we deduce 


llyn — PII? < an|lyVen — wF p||? + (1 — Tan) (len — Pll? — |lan — 2nll?) 
+ 2an(1 — Tan) ||WW tn — LF pl|||Zn — pll, 


and hence 


(1 oa TQn)||Ln — zal 
<an|\YV tn — “Fpl? + (lan — pll + [lyn — Pll) (len — Pll — [lyn — Pll) 
+ 2an||yV en — UF p||||2n — pl 
< An|| WV tn — UF p||? + (|!2n — pl + [Yn — Pll)llan — Ynl 
+ 2an||yV en — UF p||||2n — pll- 


Since a, — 0 by condition (C1) and ||z,—y_|| — 0 by (3.22), we get ||x,—z,|| > 
0. Also, from (3.22), it follows that 


Il¥n — 2n|l S [lyn — 2nl| + [ln — 2n|| + 0 (n + ov). (3.25) 
Step 5. We show that lim, 406 ||Un — Zn|| = ||T:,,2n — 2n|| = 0. Indeed, from (3.3) 
and (3.25), we get 


IlUn — 2nll = IZrn2n — Znll S Ilem — Yall + [Ym — ZnI| +0 as n — 0. 


Step 6. We show that 

lim sup((yV — “F’))q, Yn — @) S 0, 
where q is the unique solution of the variational inequality (3.2). First of all, from 
(3.3) and Step 4, without of loss generality, we may assume that up, 2, in C for 
all n > 0. 


First we prove that 


limsup((yV — F’)q, un — q) < 0. 


NCO 


To show this inequality, we choose a subsequence {un,} of {un} 
limsup((yV — pF")q, tn — g) = lim ((7V — WF) g, Un; — 9). 


Since {u,,} is bounded, we can choose a subsequence {Un, } of {u,,} and z € H 
such that Uni, — 2 Without loss of generality, we may assume that u,, — z. Since 


C is closed and convex, it is weakly closed and hence z € C. Since un — Zn — 0 
as n —> oo by Step 5, we have z,, — z. 


15 


150 Jong Soo Jung 136-157 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


Now, we show that z € Q. First we prove that z € Fix(T). In fact, from definition 
Zn,, we have 


1 
(y — Un, Tun,) — —(y — Un, A+ tn, )Un; — Zn) <9, Vy EC. (3.26) 


Tn; 


Put 2 = tu+(1—t)z for all t € (0,1) and v € C. Then % € C and from (3.26) 
and pseudocontractivity of T, it follows that 


(Un; — 2, P24) > (un, — 2, P24) + (2 — Un; Fn) 


= — (2 — Unis (1 an Tad: _ Zn:) 


ry 


I 
| 
ie 
R 
& 
| 
= 
3 
| 
R 
& 
| 
Ss 
< 
3 
Sa 
| 
 aiiiee 
R 
& 
< 
= 
< 
= 
R 
= 
a all 


V 
| 
g 
| 
~ 

= 


—_ (2% ~~ tinge Ua) 
i mis 


Tn, 


a 


I 
| 
— 
R 
a 
| 
< 
3 
R 
oe 
~~ 
| 
— 
R 
oS 
| 
< 
= 


Since Un — Zn + 0 as n > oo by Step 5 and liminf,_,. Tn > 0 by condition (C6), 


we have “i—" _5 () as i > oo. Therefore, as i > 00 in (3.27), it follows that 


rn; 
te = 2h, Ad ey I zis 


and hence 
—(v—2,Tx%) > —-(Wv—2z,%), Woe C. 


Letting t > 0 and using the fact that T’ is hemicontinuous, we have 
—(v—2,Tz) >—-Ww-—2z,z), WeEC. 
Now, let v = Tz. Then we obtain that z = Tz and so z € Fiz(T). 


Next, let us show that z € VI(C, A). From the definition of z,, we get that 


Feta oe 


yr) 20, Wee: (3.28) 


(y — 2nis AZn;) + (y — Fnis 
Set uy, = tu + (1 —t)z for all t € (0,1] and v € C. Then, it follows that 1, € C. 
From (3.28), we have 


ae oe 


Ris 


a 


) 


(Uy — 2niy Av) 2 (Up — 2niy Av;) = (v4 — 2niy AzZn;) i (v4 — 2niy 


is 


eet 


De; 


a 


= (Ut — 2n,, AV; — AZn,) — (Ut — Zn; 
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From the fact that ||z, — x,|| > 0 in Step 4 and liminf,_,.. A, > 0 by condition 
(C5), it follows that ee — 0 as 7 — oo.. Since A is monotone, we also have 


(Ut — Zn;, At — AZn,) > 0. Thus, it follows that 
0 < lim (% — 2n,, Ave) = (ug — 2, Av;), 


1 CO 


and hence 
(v—2z,Au) >0, Ve C. 
It t + 0, the hemicontinuity A yields that 


(u—2z,Az)>0, WeEC. 
This implies that z € VI(C, A). Therefore, z € 2. 


Now, since q is the unique solution of the variational inequality (3.2), from Step 
5, we obtain 


lim sup((yV — pF)q, tn — g) 


dim (VV — wF)q, Un; — 2ni) + Tim (WV — [F')q, 2m; — 4) 
jim [|V — “FP )allllun; — 2n, 
(QV — uF )gq,z—9) <0. 


(3.29) 


IA 


+ lim (QV — oF )q, 2m: — 


By (8.3) and (3.29) , we conclude that 


lim sup((qV — #4, Yn — @) 


< limsup((yV — #F’)¢, Ym — Un) + lim sup((yV — F)q, Un — @) 
N+ 0o Noo 
< limsup ||(WV — “F)qllllyn — unl] + limsup((yV — pF) q, un — 9g) < 0. 
Step 7. We show that lim, 0 ||%, — || = 0, where g is the unique solution of 


the variational inequality (3.2). Indeed, from (3.1), Lemma 2.2, and lemma 2.7, 
we derive 


lltn41 — al? < ll¥n — all? 
= |lon(y¥V tn — pF) + (I -— OnpF)T,, Ara, 2n — (1 - oneF)q||? 
< || - onpF)T,,.2n — (2 — One )q||? + 200 (WV in — UF, Ym — 1) 
< (1 = TOn) [len = q\l? op 20ny(V En — Va, Yn — q) 

+ 20n(yV9q — LF 9, Yn — )) 

1—7Q,)?||2n — ||? + 2an7ll|en — || l!¥n — al 

+ 2an((YV — HF )¢, Yn — @) 


< 


“—— 


Le 
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< (1 — Tan)? ||2n — gl? + 2anVl|l¢n — @[l(lYn — 2nll + |ltn — all) 
+ 2a, SF a =a) 

= (1-2(7 — y)an)||en - |? 

+ 02-7? |[2n — ll? + 2anylllen — allll¥n — tall 

+ 2an((YV — LF )q, Yn — 9), 


that is, 


[Zn41 — Ql? < (1 — 2(7 — Wan) ||2n — g||? + 0377-ME + 2anYll|¥n — Fnl|Ms 
+ 2an((VV — BE )q, Yn — 9) 
= (1—a,)||tn — all? + Br, 


where M; = sup{||%n — q||: n > 1}, a = 2(7 — yl)ay, and 
Bn = On[OnT? M5 + 27lll¥n — nll Ms + 2((V — F)q, 9m — 9). 


From the conditions (C1) and (C2), |lyn — n|| + 0 in Step 3, and Step 6, it 


is easily seen that a, — 0, °°. a, = oo, and limsup,,,,, on < 0. Hence, by 


Lemma 2.8, we conclude x, > gq as n + co. This completes the proof. 


By taking F=J/,V =0, w=1,7=1, and / =0 in Theorem 3.1, we obtain the 
following result. 


Corollary 3.1. Let H, C, A, T, T,,, and Ay, be as in Theorem 3.1. Let x € 
Q := Fix(T) AVI(C, A) be chosen arbitrarily and let C = S(2o9, ||xo||) AC. Let 
{tn} be a sequence generated by 


(3.30) 


Yn = (1 ae On) Tr, Adm Ens 
In41 = (1 = BrJYn ot Oil pays, Yn = 0, 


where 4 Om), 1 85h C|0,1) and {A, 45: tahoe (0,00) :-het {a,b 1B.) tAnh and 
{rn} satisfy the conditions (C1) — (C6) in Theorem 3.1. Then {x,} converges 
strongly to a point gq € Q, which solves the following minimum-norm problem: 
find «* € Q such that 

"|| = min lo. (3.31) 


Proof. Take F=J/,V =0, w=1, 7 =1, and / = 0 in Theorem 3.1. Then the 
variational inequality (3.2) is reduced to the inequality 


(g,qg—p) <0, YpeQ. 


This obviously implies that 


llall? < (@,p) < llallllpll, vp € Q. 
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It turns out that ||q|| < ||p|| for all p € Q. Therefore q is the minimum-norm point 
of (2. 


Taking 6,, = 0 for n > 0 in Theorem 3.1 and Corollary 3.1, respectively, we derive 
the following results. 


Corollary 3.2. Let H, C, C, A, T, T,,.; Ax; F; V39;.T, By 9, | and pp be as in 
Theorem 8.1. Let {xy} be a sequence generated by xo € Q and 


Intl = AnyVin + I — OnpF)T;,Ar,tn, Yn > 0, 


where {an} C [0,1) and {An}, {rn} C (0,00). Let {an}, {An} and {rn} satisfy the 
conditions (C1), (C2), (C3), (C5) and (C6) in Theorem 3.1. Then {x,} converges 
strongly tog € Q, which is the unique solution of the variational inequality (3.2). 


Corollary 3.3. Let H, C', A, T, T,,, and Ay, be as in Theorem 3.1. Let x € Q be 
chosen arbitrarily and let C = S(2o9, ||vo||) NC. Let {x,} be a sequence generated 
by 
tat = =a A as: VS 0, 

where {a} is a sequence in [0,1). Let {a,} and {An}, {Tn} C (0,00) satisfy the 
conditions (C1), (C2), (C3), (C5) and C6) in Theorem 3.1. Then {x,} converges 
strongly to a point q € Q, which solves the following minimum-norm problem 
(3.31). 


As direct consequences of Theorem 3.1 along with 3,, = 0 for n > 0, we also have 
the following results. First, if, in Theorem 3.1, we take that A = J, the identity 
mapping on C’, then we obtain the following corollary. 


Corollary 3.4. Let H, C, CAST, Ta, &, V, y, T, & 7, | and pw be as in 
Theorem 3.1. Let x9 € Fix(T) be chosen arbitrarily. Let {x,} be a sequence 
generated by 


Ent = AnYV In + UL — OnpF)T,,.2n, Wn > 0, 
where {an} C [0,1) and {rn} C (0,00). Let {an} and {r,} satisfy the conditions 
(C1), (C2), (C3) and (C6) in Theorem 3.1. Then {xn} converges strongly to 


q € Fix(T), which is the unique solution of the variational inequality 


(QV —puF)q,q—p) >0, Vpe Fix(T). 


Next, if, in Theorem 3.1, T = / is the identity mapping on C along with 6, = 0 
for n > 0, then we have the following corollary. 


Corollary 3.5. Let H, C, (es A Axe Fy V5 Fs B, 0, l and pw be as in Theorem 


3.1. Let xy € VI(C, A) be chosen arbitrarily, and let C = S(xo, Meola Proll AC. 
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Let {x,} be a sequence generated by 
Tn41 = OnyV En + (I _ AnptF)A, £n, Vn > 0, 


where {an} C [0,1) and {A,} C (0,00). Let {an} and {r,,} satisfy the conditions 
(C1), (C2), (C3) and (C5) in Theorem 3.1. Then {xn} converges strongly to 
q€VI(C,A), which is the unique solution of the variational inequality 


(VV —wF)q,¢—p) >0, Vp € VI(C,A). 


Remark 3.1. 


1) Our results extend and unify most of the results that have been established 
for these important classes of nonlinear mappings. In particular, Theorem 
3.1 and Corollary 3.2 improve Theorem 3.1 of Jung [12] and Theorem 3.1 of 
Wangkeeree and Nammanee [22] and Theorem 3.1 of Zegeye and Shahzad 
[26], respectively, in the sense that our convergence is for more general classes 
of nonlinear mappings such as hemicintinuos monotone mappings, hemicon- 
tinuous pseudocontractive mappings, boundedly Lipschitzian and strongly 
monotone mappings, and Lipschizian mappings. 

2) It is worth pointing out that the variable parameters A, and r,, in our it- 
erative algorithms are used in comparison with the corresponding iterative 
algorithms in [22,25,26]. 

3) Corollary 3.2 also includes Proposition 3.1 of Chen et al. [6], Theorem 3.1 of 
Tiduka and Takahashi [8] and Corollary 3.2 of Su et al. [16] in the convergence 
sense for more general classes of nonlinear mappings mentioned in 1). 

4) Corollary 3.1 and Corollary 3.3 are new results for finding the minimum- 
norm point of Fiax(T) A VI(C, A). 

5) Corollary 3.4 and Corollary 3.5 also improve the corresponding results of 
Chen et al. [5], Tian [21], Wangkeeree and Nammanee [22] and Zegeye and 
Shahzad [26] in the sense that our results are for more general classes of 
nonlinear mappings. 

6) As in Corollary 3.1, if we take F=J,V =0, w=1,7=1, and! =Oin 
Corollary 3.4 and Corollary 3.5, then we can find the minimum-norm point 
of Fix(T) and VI(C, A), respectively. 
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Abstract The purpose of this paper is to study by applying the makgeolli 
structure to commutative ideal in BCK-algebras. The notion of commutative 
makgeolli ideal is introduced, and their properties are investigated. The rela- 
tionship between makgeolli ideal and commutative makgeolli ideal is discussed. 
Example to show that a makgeolli ideal may not be a commutative makgeolli 
ideal is provided, and then the conditions under which a makgeolli ideal can 
be a commutative makgeolli ideal are explored. A new commutative makgeolli 
ideal is established using the given commutative makgeolli ideal, and character- 
izations of a commutative makgeolli ideal are displayed. Finally, the extension 
property for a commutative makgeolli ideal is established. 


Keywords: BCK-soft universe, makgeolli structure, makgeolli ideal, commuta- 
tive makgeolli ideal. 
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1 Introduction 


Many of the problems that need to be solved in the real world often include 
inherently inaccurate, uncertain, and ambiguous elements. The fuzzy set by 
Zadeh [26, 27, 28] is useful tool as a means of effectively controlling uncer- 
tainty, which is an attribute of information. Uncertainty is limited in handling 
using traditional mathematical tools, but can be handled using a wide range 
of theories such as probability theory, (intuitionistic) fuzzy set theory, theory 
of interval mathematics, vague set theory, rough set theory, and soft set the- 
ory etc. Molodtsov [21] introduced the concept of a soft set as a new tool 
for dealing with uncertainties beyond the difficulties that plagued general the- 
oretical approaches, and he suggested several directions for the application of 
the soft set. Globally, interest in soft set theory and its application has been 
growing rapidly in recent years. Following this trend, research in the field of 
algebraic structure is also showing the use of soft sets. For example, groups, 
rings, fields and modules etc. (see [1, 3, 4, 5, 12]), and BCK/BCT-algebras etc. 
(see [9, 10, 11, 13, 14, 15, 16, 17, 22, 24]). In 2019, Ahn et al. [2] introduced the 
notion of makgeolli structures as a hybrid structure based on fuzzy set and soft 
set theory, and applied it to BCK/BCl-algebras. Kologani et al. [18] applied the 
makgeolli structure to hoops, and Song et al. [25] studied positive implicative 
makgeolli ideals of BCK-algebras. 

In this paper, we apply the makgeolli structure to the commutative ideal of 
BCkK-algebras. We introduce the notion of commutative makgeolli ideal, and 
investigate their properties. We discuss the relationship between makgeolli ideal 
and commutative makgeolli ideal. We provide example to show that any mak- 
geolli ideal may not be a commutative makgeolli ideal, and then we explore the 
conditions under which makgeolli ideal can be commutative makgeolli ideal. We 
make a new commutative makgeolli ideal using the given commutative makge- 
olli ideal. We explore the characterization of commutative makgeolli ideal and 
establish the extension property for commutative makgeolli ideal. 


2 Preliminaries 


2.1 Preliminaries on BCK-algebras 


BCI/BCk-algebra is an important type of logical algebra introduced by K. Iséki 
(see [7] and [8]), and it has been extensively investigated by several researchers. 
See the books [6, 20] for further information regarding BCT-algebras and BCK- 
algebras. In this section, we recall the definitions and basic results required in 
this paper. 

Let L be a set with a special element “0” and a binary operation “*”. If it 
satisfies the following conditions: 
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(11) (Va, b6,c € L) (((a * b) * (a x c)) * (¢ x 6) = 0), 
(12) (Va,6 € L) ((ax* (a* b)) *6 =O), 

(13) (Va € L) (axa =0), 

(14) (Va,b € L) (axb=0,b6*a=0 > a=b), 


(K) (Va € L) (0xa=0), 


then it is called a BCK-algebra, and it is denoted by (L, *, 0). 
The order relation “<<” in a BCK-algebra (L, *,0) is defined as follows: 


(Va,be L)i(a<b & axb=0). (2.1) 


Every BCK/BCI-algebra (LZ, *,0) satisfies the following conditions (see [19, 
20]): 


(Va € L)(ax0 =a), 
(Va,b,cE L)(a<b > axc<bxe,cxb<cxa), ; 
(Va, b,c € L) ((ax b) xc = (axc)*b). (2.4) 


Every BCI-algebra (L, *,0) satisfies (see [6]): 


(Va,b € L) (ax (ax (ax 6)) =axb), 
(Va, 6 € L)(0* (ax b) = (Ox a) * (0x b)). 


A BCk-algebra (LZ, *,0) is said to be commutative (see [20]) if it satisfies: 
(Va,b € L)(a* (ax b) =bx* (bx a)). (2.7) 

A subset R of a BCK/BClL-algebra (LZ, *,0) is called 

e a subalgebra of (L,*,0) (see [6, 20]) if it satisfies: 


(Va,bE R)(axbE R), (2.8) 


e an ideal of (L,*,0) (see [6, 20]) if it satisfies: 


OER, (2.9) 
(Vabe Li(axbER, FER => ac R). (2.10) 


A subset R of a BCK-algebra (LZ, *, 0) is called a commutative ideal of (L, *, 0) 
(see [20]) if it satisfies (2.9) and 


(Va,b,cE L)((axb)xcER, cER => ax(b*(bxa)) ER). (2.11) 


Lemma 2.1 ([20]). A nonempty subset R of a BCK-algebra (L,*,0) is a com- 
mutative ideal of (L,*,0) if and only if R is an ideal of (L,*,0) that satisfies: 


(Va,be L)(axbeER => ax (bx (b*a)) © R). (2.12) 
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2.2 Preliminaries on makgeolli structures 


Let L be a universal set and 
is a soft universe. 


— 


i aset of parameters. We say that the pair (L,E 


Definition 2.2 ([2]). Let (LZ, 
of E. A makgeolli structure over (L, 
the form: 


M(r,s,L) = {((a, b, z); fr(a), gs(b), €(z)) | (a, b, z) ERxS*x L} 


where fr := (f,R) and gs := (g,S) are soft sets over L and € is a fuzzy set in 
L. 


“) be a soft universe and let R and S be subsets 
#) (related to R and S) is a structure of 


(2.13) 


A fuzzy set € in a set L of the form 


«(b) = { 


is said to be a fuzzy point with support a and value t and is denoted by (a). 
For a fuzzy set € in a set L, we say that a fuzzy point (a;) is 


(i) contained in €, denoted by (az) € €, (see [23]) if €(a) > t. 


t€ (0,1) 
0 


if b=a, 
if b#a, 


(ii) quasi-coincident with €, denoted by (az) q&, (see [23]) if €(a) +t > 1. 


For the sake of simplicity, the makgeolli structure in (2.13) will be denoted by 
M r,s,b) = (fr,gs,€). The makgeolli structure Mr,r,b) *= (fr, grR,€) over 
") related to a subset R of E is simply denoted by Mip,r) := (fr, gr,§). If 


’ 


R =S=E, we use the notation Mz, 5) := (fz, gz, €) as the makgeolli structure 
over (L, E). 
We say that a soft universe (L,E) is a BCK/BCI-soft universe if L and E 


are BCK/BCl-algebras with binary operations “x” and “@”, respectively. 


Definition 2.3 ([2]). Let (Z,E) be a BCK/BCI-soft universe. A makgeolli 


structure Mz) := (fz, gz, €) is called a makgeolli ideal of (L,E) if it satisfies: 
{ (oe B) (fel) 2 fla, sl0) nl) oan 
(Vz € L) ((0/&(z)) € €). 
» ( fe(a) 2 fe(a@ b)/ fe(b) 
ee ( ge(a) © ge(a2 b) U ga(b) (2.15) 


(w*y)/t) €& (y/r) €€ 


(Vx,y € L)(Vt,r € (0,1) ( ie lofenintt 1) Ck 


i 


Lemma 2.4 (([2]). Let (L,E) be a BCK/BCLsoft universe. Every makgeolli 
ideal Mr,2) := (fe, ge, €) of (L,E) satisfies the following assertions. 
: fe(a) 2 f(b) ) 
' Va,bek a<x<b= : 
On a ae: ga(a) < 9a(b) 
(Va,yeL)(asy => €(2) 2 &(y)). 
4 
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‘ f(a) 2 fie( (c) 
(ii) (Va, b,c € )(aobse > dele) C ont (c) 
(Va,y,2€L) (xy Sz > (x) > min{€(y), €(z)})- 
Let (L,E) bea BCK/BCL-soft universe. Given a makgeolli structure Mizz) := 
(fe, ge, €) over (L,E), consider the following sets: 


fa(E; a) := {acE| fe(a) 2 
ge(E; 5) := {6 € E | gn(b) Co}, 
E(L;t) = {zEL | &(z) >t} 


where a and 6 are subsets of L and t € [0, 1]. 


E 


Lemma 2.5 ([2]). A makgeolli structure M(y2) := (fe; gz, €) over a BCK/BCI- 
soft universe (L,E) is a makgeolli ideal of (L,E) if and only if the nonempty 
sets fe(E;a@) and gg(E;6) are ideals of (E,@,0), and the nonempty set €(L;t) 
is an ideal of (L,*,0) for all subsets a and 6 of L and t € (0,1). 


3 Commutative makgeolli ideals 


In what follows, let (Y,E) be a BCK-soft universe unless otherwise specified. 


Definition 3.1. A makgeolli structure Miy.z) := (fe, ge, €) is called a commu- 
tative makgeolli ideal of (Y,E) if it satisfies (2.14) and 


cnceg( 12222) 2 fe(EOI)O2N fal2) 
eee ( ge(@ 2 (G2 (G4) C ge((EOH) 08) Vogel?) 
(wey) 2/8) €& (e/r) 
(Va,y,z € Y)(Vt,r € (0, 1)) ( exis Ga) mn a ee ) . (3.2) 


Example 3.2. Consider a BCK-soft universe (Y,E) where Y := {0,1,2,3,4} 
and E := {0,1,2,3} have binary operations “x” and “@”, respectively, given by 
Table 1. 


Od 


Table 1: Cayley tables for the binary operations “x” and “@” 


*1/0 1 2 3 4 

@/0 1 2 3 
0/0 0 0 0 0 

0|;0 0 0 0 
1/1 0 0 1 1 

1}1 01 1 
2/2 1 0 2 2 

2/2 2 0 2 
3/3 3 3 0 38 3/13 3 3 0 
4}4 4 4 4 0 
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Let My.z) := (fe, ge, €) be a makgeolli structure over (Y, 


Y if « =0, 
es {3,4} ife=l, 
ae eee eae ew ae ee 
{1,2,3,4} if ¢=3, 
{4} if « =0, 
{0,14} if e=1, 
eG) Ss AN if x =2, 
{0,1,3,4} if 2 =3, 
and 

0.79 if y=0, 

0.62 if y=1, 

€:Y 50,1, yo 4 0.62 if y=2, 

0.45 if y=3, 

0.67 if y=4. 


’) defined as follows: 


It is routine to verify that My.) := (fe, ge, €) is a commutative makgeolli ideal 


of (Y,E). 


We discuss the relationship between the commutative makgeolli ideal and 


the makgeolli ideal. 


Theorem 3.3. Every commutative makgeolli ideal is a makgeolli ideal. 


Proof. Let Mcy.z) := (fe, gz, €) be a commutative makgeolli ideal of (Y,E). If 


we put 7 = 0 = y in (3.1) and (3.2) and use (K) and 
Hence Mvy.z) := (fe, ge, €) is a makgeolli ideal of (Y, E) 


2.2), then we get (2.15). 


The following example informs the existence of the makgeolli ideal, not the 


commutative makgeolli ideal. 


Example 3.4. Consider a BCK-soft universe (Y, 


6) 


#) in which Y = {0,1,2,3,4} = 
“ with binary operations “*” and “@”, respectively, given by Table 2. 


Table 2: Cayley tables for the binary operations “x” and “@” 
*/0 1 2 3 4 @|0 12 3 4 
0/0 0 0 0 0 0/0 0 0 0 0 
1/1 0 1 0 =0 1/1 0 1 0 0 
2/2 2 0 0 0 2};2 2 0 2 0 
3/3 3 3 0 0 3/3 1 3 0 1 
4/4 4 4 3 0 4/4 4 4 4 QO 

6 
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Let Mcy,z) := (fe, ge, €) be a makgeolli structure on (Y,E) defined as follows: 


Y if ¢=0, 
{1,2,4} if e=1, 
fe:E>P(Y), tc ¢ {0,1,3,4} if «=2, 


{1,4} if c =3, 
{0,2} if «= 4, 
{4} if «=0, 
{0,2,4} if e=1, 
ge: E> P(Y), ro < {1,4} if x= 2, 


f0,2,4} if =3, 
f0,1,2,4} if c=4, 


and 
0.73 if y=0, 
0.63 if y=1, 
€:Y > 0,1, yo 4 0.54 if y=2, 
0.42 if y=3, 
0.42 if y=4. 


It is routine to verify that Miy.z) := (fe, ge, €) is a makgeolli ideal of (Y, E). 
But it is not a commutative makgeolli ideal of (Y,E) since 


fn(2 @ (40 (40 2))) = f(2) = {0,1,3,4} D {1,2,4} = fa((20 4) O1)/M fa(1) 
and/or (((2 * 3) « 0)/0.71) € € and (0/0.65) € €, but 


((2 «(3 * (3 * 2)))/min{0.71, 0.65} = (2/0.65) €€. 


We explore the conditions for the makgeolli ideal to be the commutative 
makgeolli ideal. 


Theorem 3.5. In a commutative BCK-algebra, every makgeolli ideal is a com- 
mutative makgeolli ideal. 


Proof. Let (Y,E) be a BCK-soft universe in which (Y,*,0) and (E,@,0) are 
commutative BCK-algebras, and let Myy,z) := (fe, gz, €) be a makgeolli ideal 
of (Y,E). Using (11), (13), (2.1), (2.4) and the commutativity of Y and E 
have 


we 


2 


(Vz, 9, Z E v)( 
(Va,y,z € E)( 


£O(¥O(YO#))) O (OY) O24) < 4), 
It follows from Lemma 2.4(ii) that 

fx(£O (YO (YO#))) 2D fal(# 
gul% O (YQ (YO £))) C on ((E 


( 
( 
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and 


E(x * (y * (y * @))) > min{E((a * y) * z), €(2)}- (3.3) 


Let x,y,z € Y and t,r € (0,1) be such that (((a * y) * z)/t) € € and (z/r) € €. 
Then €((a * y) * z) >t and €(z) > r, and so 


E(x * (y * (y*a))) > min{e((w * y) * 2), €(z)} = min{t,r} 


by (3.3). Hence ((x * (y * (y * x)))/min{t,r}) € €. Therefore Miy.g) := (fe, ge 
€) is a commutative makgeolli ideal of (Y, 


a 


Corollary 3.6. If a BCK-soft universe (Y,E) satisfies any one of the following 


conditions: 
cee ) (&O(€OH) <¥O(YOH), (3.4) 
(Va,y EY) (ax (aey) <y*(y*2)), 
ee \(ES¥ + E=9O (GOH), (3.5) 
(Va,yEY)(a<y > r=yx(y*2)), . 
(Vi,9,2 CE) (£<2,209< 20% > €<4H), (3.6) 
(Va,y,zEVY)(a<z,z2*y< 2x2 > Ky), 


then every makgeolli ideal is a commutative makgeolli ideal. 


Proof. Straightforward. 


Theorem 3.7. Let (Y,E) be a BCK-soft universe in which (Y, *,0) and (E, 2,0) 
are lower semilattices with respect to the order relation “<”. Then every mak- 
geolli ideal is a commutative makgeolli ideal. 


Proof. Assume that (Y,*,0) and (E,@,0) are lower semilattices with respect 
to the order relation “<” in the BCK-soft universe (Y,E). Let @,y € E and 
x,y €Y. Then £@ (#@¥) is a common lower bound of # and 9; and x * (x * y) 
is a common lower bound of x and y. Also, 7 @ (y @ &) is the greatest lower 
bound of & and y; and y * (y * x) is the greatest lower bound of x and y. Hence 
LO(fOY) <yO(yOR) and xx (xx y) < yx (yx*ax). Therefore every makgeolli 
ideal is a commutative makgeolli ideal by Corollary 3.6. 


Theorem 3.8. If a makgeolli ideal Mcyz) := (fe, ge, €) of (Y,E) satisfies: 


ey { falléO2) 092 GO) 2 fell(EODO2) 
i ( ge((EO 2) (YO (GO4))) C ge(((E OH) 02) - 2 
(Way, 2 € ¥) (E(w 2) * (y* (yo) 2 E(((wy) *2)), (3.8) 


then it is a commutative makgeolli ideal of (Y,E). 
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Proof. Let Mvy,z) := (fe, gz, €) be a makgeolli ideal of (Y,E) that satisfies the 
conditions (3.7) and (3.8). Using (2.4), (2.15) and (3.7), we have 


fe(€O(¥O(YO#))) D falEO@ (YO (YO #))) O2)N falZ) 
= fe((é @ 2) @ (9 @ (YO #)))/N falZ) 
> fa(((2 @ 9) @ 2) A fal2) 


— 


and 


Gu (£ OQ (YO (YO £))) C gel% @ (YO (YO £))) @ Z) UV gu(Z) 
= g2((€ @ 2) O (YO (YO#)))U fal2) 
S ga(((E @ Y) © 2) U ga (2). 


Let x,y,z € Y and t,r € (0,1] be such that (((a * y) * z)/t) € € and (z/r) € €. 
Then 


E((a * (y * (y* @))) * z) = €((a * z) * (y * (y*a))) > E(w ey) *2) at 


by (2.4) and (3.8), that is, (((x * (y * (y* x))) * z)/t) © &. It follows from (2.15) 


that ((x * (y * (y * x)))/min{t,r}) © €. Therefore Miy.5) := (fe, ge, €) is a 
commutative makgeolli ideal of (Y,E). 


Theorem 3.9. A makgeolli structure Miy,z) := (fe, ge, €) over (Y,E) is a 
commutative makgeolli ideal of (Y,E) if and only if it is a makgeolli ideal of 
(Y,E) that satisfies: 


a fa(fO(¥O(YO*))) D fa(€OH) 
aes ( gel 2 (G2 (G2) € gel8 9) ) a 
(ve, y €¥) (Ele#(y#(y #2) = keen), (3.10) 


Proof. Assume that Miy,z) := (fz, gz, €) is a commutative makgeolli ideal of 
(Y,E). Then it is a makgeolli ideal of (Y,E) (see Theorem 3.3). If we put 7 = 0 
in (3.1) and use (2.2) and (2.14), then 


fe(€O(¥O(YO#))) D fal(E@ 9) O0)/N fa(0) = fale Oy), 
ge(% @ (YO (YO X))) C ga((€ O Y) @ 0) U gu(O) = gu(# Oy). 


Let t := €(a*y) for alla,y € Y. Then t := €((a*y) *0), ie., (((w* y) *0)/t) € E. 
Since (0/t) € € by (2.14), it follows from (3.2) that ((a * (y * (y * x)))/t) © €. 
Hence €(a * (y * (yx x))) >t =€(a* y). Therefore (3.9) and (3.10) are valid. 

Conversely, let Miy,n) := (fz, ge, €) be a makgeolli ideal of (Y,E) that 
satisfies (3.9) and (3.10). For every %,7,% € E, we have 


fet O(¥O(YO#))) D fe((ZO¥) 2 fal(E OH) @ 2) fal2 
ge(£ @ (YO (YO £))) C gea((Z OY) C gu((EO Y) © 2) V galZ 


nN 


wa 
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by (3.9) and (2.15). Let a,y,z € Y and t,r € (0,1] be such that (z/r) € € and 
(((@ * y) * z)/t) © €. Then ((x * y)/min{t,r}) € € by (2.15). It follows from 
(3.10) that 

E((a * (y * (y *@))) > E(w *y) = min{t,r}, 


i.e., (((x * (y * (y* x)))/min{t,r}) € €. Consequently, Miy.z) := (fg, ge, €) isa 
commutative makgeolli ideal of (Y,E). 


‘ is a 
commutative makgeolli ideal of (Y,E) if and se if the nonempty sets fe(E; a) 
and gp(E;6) are commutative ideas of (E,@,0) for all subsets a and 6 of Y, 
and the nonempty set €(Y;t) is a seas ideal of (Y,*,0) for allt € [0, 1). 


Theorem 3.10. A makgeolli structure My.z) := (fe, ge, €) over (Y,E 


—™~S 


Proof. Let Mvy,z) := (fe, ge, €) be a commutative makgeolli ideal of (Y,E). 
Then it is a makgeolli ideal of (Y,E) (see Theorem 3.3). Hence the nonempty 
sets fe(E;a@) and gg(E; 06) are ideals of (E,@,0), and the nonempty set €(Y;t) 
is an ideal of (Y,*,0) for all subsets a and 6 of Y and ¢ € [0,1] by Lemma 2.5. 
Let £09 € fe(E; a) ge(E; 6) for all &,y € E and subsets a and 6 of Y. Then 
fe(Z@ 9) D a and gg(% @ ¥) C O. It follows from (3.9) that 


fe(tO(¥OYO#))) D> falFOY) Da 


and gr(z@ (y¥@ (y@x))) C gu(EO¥) C4. Hence FO (YO (YOH)) € fr(E;a)N 
ge(E; 5), and therefore fg(E;a) and gg(E; 6) are commutative ideals of (E, 2,0) 
by Lemma 2.1. Let x,y € Y and t € [0,1] be such that x * y € €(Y;t). Then 
E(x * y) 2 t, and so E(x * (y * (y* x))) = E(w xy) 2 t by (3.10), that is, 

*« (y * (y*x)) € €(Y;t). Thus €(Y;t) is a commutative iddeal of (Y,*,0) by 
Lemma 2.1. 

Conversely, suppose that the nonempty sets fz(E;a@) and gg(E;6) are com- 
mutative ideals of (E,@,0) for all subsets a and 6 of Y, and the nonempty 
set €(Y;t) is a commutative ideal of (Y,*,0) for all ¢ € [0,1]. Then fg(E; a) 
and gg(E;6) are ideals of (E,@,0), and €(Y;t) is an ideal of (Y,*,0). Thus 
Myx) := (fe, gz, €) is a makgeolli ideal of (Y,E) by Lemma 2.5. Let %,4 € E be 
such that fz(@Qy) = a and ge(fOy) = 6. Then Oy € fz(E; w)Nge(E; 6), and so 
£Q(YO(YO#)) € fe(E; a)Nge(E; 6) by Lemma 2.1. Hence fe(%2(yO(y@#))) D 
a= fe(a Oy) and ge(%&O(9¥OQ(¥OX))) CO= fe(x @y). Let x,y € Y be such 
that €(a * y) = t. Then «* y) € €(Y;t), which implies from Lemma 2.1 that 

*« (y* (yx ax)) € €(Y;t). Thus (x * (y* (y* z))) >t = E(x x y). Therefore 
My.) := (fe, gz, €) is a commutative makgeolli ideal of (Y,E) by Theorem 
3.9. 


— 


Corollary 3.11. [f Miyz) := (fe, gz, €) is @ commutative makgeolli ideal of 
(Y,E), then fe(E;a@) 1 ge(E; 6) and €(Y;t) are commutative ideals of (E, ,0) 
and (Y,*,0), respectively, for all subsets a and 6 of Y and t € [0,1]. 


Proof. Straightforward. 


The converse of Corollary 3.11 is not true in general as seen in the following 
example. 


10 
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Example 3.12. Consider a BCK-soft universe (Y, E) where Y = E := {0,1, 2,3, 4} 
has binary operation “*x(= @)” given by Table 3. 


Table 3: Cayley tables for the binary operations “x(= @)” 


=0)]0 12 3 4 
. (oo 0-0 0 
1 101 1 0 
o |\o 3: 2 oO 
a. a Se oo 
4 |4 4 4 4 0 


Let Mcy.n) := (fe, ge, €) be a makgeolli structure over (Y,E) defined as follows: 


Y if c=0, 
{3,4} if 2=1, 
fe:E>P(Y), tH ¢ {1,3,4} if «= 2, 
{1,2,3,4} if x =3, 
{4} if «= 4, 
{3} if ¢=0, 
{0,3} ei, 


ge: ES P(Y), rH < {0,2,3} ifc= 
{0,2,3,4} if 2=3, 
Y 


if c=4, 
and 
0.82 if y=0, 
0.54 if y=1, 
€:Y > [0,1], yo 4 0.75 if y=2, 
0.65 if y=8, 
0.42 if y= 


It is routine to verify that Miy.z) := (fz, gz, €) is a makgeolli ideal of (Y,E) 
and the nonempty sets fg(E;a@)M gg(E; 6) and €(Y;t) are commutative ideals 
of (E, @,0) and (Y,*,0), respectively, for all subsets a and 6 of Y and t € [0,1]. 
We have fg(20(40(4@2))) = fe(2) = {1,3,4} DY = fa(0) = fe(2@4) and/or 
E(1 * (4* (4*1))) = €(1) = 0.54 F 0.82 = €(0) = €(1 + 4). Hence Miy.g) := (fz, 
ge, €) is not a commutative makgeolli ideal of (Y,E) by Theorem 3.9. 


— 


We make a new commutative makgeolli ideal using the given commutative 
makgeolli ideal. 


Theorem 3.13. Given a makgeolli structure My.) := (fz, gz, €) over (Y,E), 
let Miyg) = (fe, 9b, €*) be a new makgeolli structure over (Y,E) which is 


11 
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defined by 


(@) if € fe(E; fe(w)), 


otherwise 


fe: E> P(Y), oof 


RS 


_— ¢ ge(%) if & © ge(E; ge(w)), 
mB PO), tof y otherwise, 


ey spot an { £2) Hee sss, 


k otherwise, 


wherew EE, uc Y,k € [0,1] and 6,y € P(Y) with BC fe(&), y D ge(%) and 
E(x) > k. If My) := (fe, ge, €) is a commutative makgeolli ideal of (Y,E), 
then Miy-g) *= (fe, Ge, €*) 1s a commutative makgeolli ideal of (Y,E). 


Proof. Assume that Myy,z) := (fz, gz, €) is a commutative makgeolli ideal 
of (Y,E). Then the sets fa(E; fa(w)) and ge '; gg(w)) are commutative ideals 
of (E,@,0) for all w € E, and €(Y;&(u)) is a commutative ideal of (Y, x, 0) 
for all u€ Y. Hence 0 € fe(E; fe(w)) 9 ge (E; ge(w)) N E(Y; €(u)), and so 
ff(0) = fo(0) > fe(é) > f$(@) and 93(0) = g2(0) C ge(E) C f(z) for all 
z € E. Also, we get €*(0) = €(0) > €(a) > €*(a), ie, (0/E*(%)) © &* for all 
ce Y. Let #,y,2¢E. If (£09) OZ € falE; fe (w)) 0 ge(E I; ge(w)) and z € 
is o; fe(w)) gn(E; ge(w)), then £O(YO(YOX)) € fa(E; fa(w)) ge (E; ge(w)). 
Thus 


g 
&* 


= f(t 2 (¥O (YO #))) 
> fa((E OY) O 2)/N falZ) 
= fe(@O9) O 2) fel) 


fE(4O (YO (YO H))) 


and 


GE © (YO (Y¥ © £))) = gulEO (YO (YOF))) 
C gp ((% OY) © 2) VU grlz 
= gn ((& Oy) @ 2) U ga(2). 


= 


If (Oy) 0% ¢ fe(E; fe(w)) or z ¢ fa(E; fa(w)), then fg((% @ 9) @ 2) = B 
or fg(2) = B. Hence fg(@O (¥ 2 (YO#))) 2 B= Ee OTe If 
= 7 or 


(£O9) OZ € gu(E; ge( 
gg(Z) = 7. Hence gf (% 
x,y,z €Y and t,r € (0, 
(x *y)*2 € €(Y;3E(u)) an 


thus 


(&@ 

w)) or z € ge(E; ge(w)), then gg((& @ y) OZ 
Q@YOYO#))) Cy = BCE OY) O 2) UGElz 
1] be such that (((a * y) * z)/t) € &* and (z/r) € &. If 
dze€ €(Y;€(u)), then x* (y* (y*x)) € E( 


O(a * (y * (y * x))) = E(@ * (y* (y*@))) 
2 min{é((x * y) * z), €(z)} 
= min{é*((x * y) * z),€°(2)} 


> min{t,r}, 


12 
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that is, ((a * (y * (y * x)))/min{t,r}) € &*. If (waxy) * z € E(Y;E(u)) or z ¢ 
€(Y;€(u)), then €*((a * y) xz) =k or €*(z) =k. Thus 


O(a (y* (y*a))) 2 k= min{e"((a * y) * 2), o°(z)} = min{t,r}, 


and so ((x * (y * (y * x)))/min{t, r}) € €*. Therefore Mig) := (fg, gg, €") isa 
commutative makgeolli ideal of (Y,E). 


Note that a makgeolli ideal might not be a commutative makgeolli ideal (see 
Example 3.4). But we can consider the extension property for a commutative 
makgeolli ideal. 


Theorem 3.14. Let Mcy.z) := (fe, ge, €) and My) = (fe, GE; E) be makgeolli 


ideals of (Y,E) such that Miyz) € Miyn), that is, 


(i) fe(0) = fe(0), ge(0) = ge(0), €(0) = €(0), 

(ii) (Ve € E,Va €Y) (fa(#) 2 fa(#), ge(@) C gn(@), E(x) > E(2)). 
Tf Muy) = (fe, Ge; €) is a commutative makgeolli ideal of (Y,E), then so is 
My.) = (fe; GE, ap 


Proof. Let Mvy.z) := (fe, ge, €) and My, = (fe, GE; E) be makgeolli ideals of 
(Y,E) such that Miy,z) € Mcyz). Then fe(E; a) C fe(E; a), ge(E; 5) 2 ge(E; 6) 


and €(Y;t) C €(Y;t) for all subsets a and 6 of Y and t € (0,1). Assume that 
Myx) := (fe, ge, €) is a commutative makgeolli ideal of (Y,E). Then the 
nonempty sets fz(E;a@) and gg(E;6) are commutative ideals of (E,@,0) for all 
subsets a and 6 of Y, and the nonempty set €(Y;t) is a commutative ideal 
of (Y,*,0) for all t € (0,1] by Theorem 3.10. Since M (YE) (= (fe, ge, €) is 
a makgeolli ideal of (Y,E), we know from Lemma 2.5 an ihe nonempty sets 
fe(E;@) and gg(E; 6) are ideals of (E,@,0) for all subsets a and 6 of Y, and 
the nonempty set €(Y;t) is an ideal of (Y,*,0) for all t € (0,1). Let x,y ¢ Y 
and t € (0,1) be such that x * y € €(Y;t). Using (13) and (2.4), we have 
(ux (ae y)) ky = (a xy) * (ae y) =0 € E(Y5t). Since €(Y;t) is a commutative 
ideal of (Y,*, 0), using (2.4) and Lemma 2.1 leads to 


(x * (y * (y * (w * (w *y))))) * (wy) 
= (x * (x *y)) * (y * (y* (@* (w*y)))) 
€ &(Y;t) C E(¥52), 


and so a * (y * (y * (a *(a*y)))) € E(Y;t) bacause €(Y;t) is an ideal of (Y, *, 0). 
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y))))) 


Hence « * (y * (y*a)) € E(Y;t), and therefore €(Y;t) is a commutative ideal of 


(Y, *,0). Let @,g € E be such that @@y € fe(E; a) NM gal 


(£0 (EO9)) OY = (EO) O(EOH) =0E falE; 


by (13) and (2.4), and so 


(;0). Then 


( 


u; 6) 


(4 (¥ OS (YO (€O(€O¥Y))))) O (€OYH) 

= (£0 (€O9)) OHO YO (EO (€O4H)))) 

€ fe(E; a) N ge (E; 9) C fr(E; a) 9 ge (E; 6) 
since fg(E; a) and gg(E; 6) are commutative ideals of (E, @,0). Using (11), (13), 
(Ix) and (2.4), we have 

(€O (YO (YO#))) O(EOYO (YO (EO (EO¥W))))) <0. 
Since fz(E;a) and gz(E;6) are ideals of (E, 2,0), it follows that 
#2 (GO (¥O4)) € fa(B a) N Ge(E; 4). 

Hence fg(E;@) and gg(E;6) are commutative ideals of (E,@,0) by Lemma 2.1. 


Consequently, My. 


= (fe, Hi 


, €) is a commutative makgeolli ideal of (Y,E 


Ww 
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Abstract 

Existing Literature, Problem and Limitation: To address problems of fuzzy data in 
various fields, Molodtsov presented soft set theory, a broad mathematical technique for ambi- 
guity. This theory has been used in a variety of pure and practical mathematical fields. It is 
evident in this theory that soft subsets and soft equal relations significantly contributed to soft 
topology, lattices, soft groups, etc. Existing research is limited in that various features, such as 
associative, distributive, etc., are not confirmed by some current soft subsets for soft product 
operations. Purpose: While studying soft subsets, we observe that several algebraic properties 
have not yet been investigated on various generalized soft subsets to enhance algebraic structures 
in soft set theory. So, this article investigates some of these algebraic properties on different 
generalized soft subsets on different soft operations. Contribution: This study demonstrates 
a few counterexamples that some algebraic properties are unsatisfied by generalized soft sub- 
sets. Based on this approach, we present some crucial theorems and results that show these 
significant features on all soft subsets by employing additional conditions. A universal comple- 
ment property in soft set theory in relation to soft complements (negation complement (°) and 
relative complement (")) is propounded. Limitation: The sole restriction of these results is 
that two generalised soft subsets (soft J-subset and soft L-subset) do not satisfy the union and 
intersection condition of classical mathematics as described in section 4. 


Keywords: Soft sets, Soft M-subset, Soft L-subset, Soft F-subset, Soft J-subset, Soft Com- 
plements etc. 


1. Introduction 


1.1. Problem Statement: 


Most existing techniques for formal reasoning, computing, and modelling have a clear, deter- 
ministic, and precise nature. But there are other challenging issues in fields, including economics, 
engineering, environment etc., that can sometimes involve fuzzy data. Because these challenges 
contain a variety of forms of uncertainty, we cannot effectively employ classical approaches to solve 
them. Several theories can be viewed as a framework in mathematics to cope with ambiguities, 
including the theory of interval mathematics, vague sets, fuzzy sets, and a few others. Molodtsov [1] 
noted each of these theories includes deficiencies that are inherent to them. To address these issues 
mathematically, Molodtsov developed the idea of soft set theory. Soft sets could be viewed as a 
particular type of neighbourhood systems and context-dependent fuzzy sets. The problem of con- 
structing the membership function as well as other related complications are essentially nonexistent 
in this theory. As a result, it is extremely useful and has potential applications in various areas 
of mathematics, as shown in [1]. In recent years, many authors [1, 6, 8, 10, 11, 19, 20] worked on 
operations of soft sets and studied algebraic structures in soft set theory. But we observe that very 
few works has been done on join(V) and meet(A) operations of soft sets. Therefore, for extending 
algebraic structures in soft set theory, we studied these operators on generalized soft subsets, and 
gives some algebraic properties in this research article. 


1.2. Previous Research and Limitations: 


* Corresponding Author. 
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Maji et. al. [11] provided the first detailed explanation of the concept of soft subsets. A complete 
theoretical examination on soft sets was also written by them, and asserted a few results regarding 
soft distributive laws with respect to soft products (A and V) operations of soft sets, but they did 
not present any supporting data (see 2.6 in [11]). Moreover, according to Ali et al. [6], the results 
in [10] were inaccurate (see 2.8 in [10]). Therefore, the ideas of generalized soft subsets and soft 
equal relations were also put forward by Jun and Yang [20]. In an effort to respond to Maji’s results 
(Proposition 2.6 in [11]) and suggested generalized soft distribution laws, they also tried to apply 
generalized soft equal relations. They started by defining soft J-equal and soft L-equal relations. It is 
crucial to note that Jun and Yang in [20] and Liu et al. in [19] did not reach the same conclusion on 
the applicability of distributive laws to all types of soft equal relations. Additionally, Feng and Li [3] 
thoroughly examined soft product operations, conducted a systematic investigation of five different 
kinds of soft subsets and developed the free soft algebraic quotient structures linked to soft product 
operations. But no one study these soft product operations on different types of generalized soft 
subsets. Therefore, we tried to attempt and explore some operations on various types of generalized 
soft subsets. 


1.3. Motivation: 


Yadav and Singh [12] first studied El-algebra in soft sets and introduced the concept of soft El- 
algebra as well as a number of noteworthy algebraic features. But while studying ES structure [13, 18] 
on soft sets, we observed that the given structure does not make a lattice structure in the sense of 
soft M-subsets. Therefore, we studied other generalized soft subsets [19, 20] and found that ES 
structure makes a lattice structure with respect to soft J-subsets. Furthermore, for defining order 
reversing involution operator on ES structure, we needed complement operation of soft sets. So, we 
studied two types of complements [6, 11] in soft sets and observed that no one worked on generalized 
soft sets on these complements. Therefore, in the present article, we derive some algebraic properties 
of generalized soft subsets on these complement operations. 


1.4. Contribution of the study: 


Soft Set Theory is a mathematical framework that deals with ambiguities and vagueness in 
real-world scenarios. In this research article, the researchers focused on the algebraic properties of 
generalized soft subsets. They found that some of these algebraic properties were not satisfied by 
any of generalized soft subsets, and demonstrated these findings with a few counterexamples. 


To overcome this issue, the researchers proposed additional conditions on the elements of param- 
eter set, that would satisfy these significant algebraic features on all soft subsets. They presented 
some crucial theorems and results supported by real life example that showed how these conditions 
could be used to achieve these algebraic features. Moreover, the researchers studied the universal 
complement property on all generalized soft subsets in soft set theory. This property relates to two 
types of soft complements, which include negation soft complement (°) and relative soft complement 
("). The researchers proposed a new approach to achieve this property, which can be used to define 
soft complements more generally. Overall, this study contributes to the advances of soft set theory 
by addressing some of the algebraic properties of generalized soft subsets and proposing new condi- 
tions to satisfy these properties. 


1.5. Paper Organization: 


This work is divided into six components as: Section 1. provides research problem, previous 
research, motivation, background etc. Section 2. summarise the fundamental definitions of soft 
sets and their operations like soft unions (U), soft intersections (), soft products (V and A) etc. 
with some basic results. Section 3. gives a brief introduction to four types of soft subsets with an 
important proposition about their interrelations. Section 4. is devoted to provide some important 
outcomes on various soft subsets in terms of soft product, soft union and soft intersection operations. 
In Section 5. we first give a general property of complement on classical sets in mathematics, and 
then study this property on all generalized soft subsets in the sense of soft negation and soft relative 
complements [6, 11]. Section 6. provides the conclusion and future work of present study. 
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1.6. Background: 


As we know that Molodtsov [1] presented the idea of soft sets as a unique mathematical tech- 
nique to dealing with ambiguities. The implementation of this theory to a decision-making issue 
involving rough sets is described by Maji et. al. [10] by utilizing soft sets in the form of a binary 
information table, and defined first time parameter reduction on soft sets. Further, in [11], they 
gave a few definitions and operations of soft sets like soft subset (C), soft superset (2), null soft set 
(®), absolute soft sets (A), soft complement, soft union (J), soft intersection (Q), “AND” and “OR” 
(A and V) operations. Further, Feng et. al. [4] provided the definition of soft subset in a different 
way. But, Cagman and Enginoglu [8] built a uni-int decision-making approach by redefining soft 
sets operations to improve new results. Ali et. al. [6] also gave some new operations on soft sets like 
extended and restricted intersection, difference and union, relative and negation complements, and 
proved De-Morgan’s law on these operations. Moreover, in [6, 8], they proved that soft products 
(V-product and A-product) does not hold commutative and associative properties in the sense of soft 
M-equal relation. For studying these algebraic properties, Jun and Yang [20] gave the definition of 
generalized soft subset (Soft J-subset in [19]), and proved distributive property called it generalized 
distributive law, with respect to soft J-equality and generalized interval-valued fuzzy soft equality. 
After that Liu et. al. [19] combined fuzzy, rough and soft sets to provide four types of generalized 
soft subsets with some basic properties. They found that the distributive property given in [20] 
does holds with respect to soft J-equal, and provided a new generalized soft distributive law of soft 
L-equal. Moreover, they amended the associative property of Maji [11] with respect to soft L-equal 
and said that this property can be satisfied only by soft L-equality instead of other existing equality. 


In literature, some authors [2, 7, 9] have explored above properties to topological spaces in soft 
set theory and presented different kinds of soft topological spaces. A full and exhaustive overview 
of the researches done in soft set theory and the advancements of topological spaces in soft sets was 
provided by Yadav and Singh [14]. According to Bentley [5], topological spaces can be derived from 
nearness spaces. Furthermore, Singh with others [15, 16, 17] studied the concepts of soft d-proximity, 
soft binary heminearness spaces, and nearness of finite order S,,-merotopy respectively. 


2. Preliminaries: 


Some fundamental definitions of soft sets and associated operators are provided in this section. 
Throughout the whole article, U and E are non-empty finite universal sets of objects and all possible 
parameters/attributes respectively. The touple (U, E) or Ug is referred to as a soft universe. 


Definition 2.01([1]): Let P(U) be the power set of U and A C E. Then a couple (F, A) is said to 
be soft set over U, if F is a representation defined as: 


F: A —+ P(U). 


Here, we writes a soft set (F, A) by F4, where Fy = {(a, F(a)) | a € A, F(a) € P(U)}. Set F(a) 
can be selected at random. Soft set is not a classical set. Then, a significant quantity of information 
was provided in [1]. 


Definition 2.02([11]): 1. A null soft set ®, is a soft set F4 on U, if Va € A, F(a) = ¢ (null set). 
2. An absolute soft set A, is a soft set F4 on U, ifV a € A, F(a) = U. 


Definition 2.03((11]): Let Fl, and F%, are two soft sets on U. Then Intersection of Fl, and F4, 
over U is defined as: Fh, 9 F4, = F4,, where Aj = A; M Ag, and F(a) = F(a) or F!(a), (as 


both have similar approximation), V a € As. 


Definition 2.04([6]): The extended intersection of F),, and F%4, over U is written as Fl, Mg F4, 
and defined as: Fl, Me F4, = Bes where Aj = A; U Ag, andVa € Ag 
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F'(a) ,a@€ A, — Ao 
F(a) = F?(a) ,a@€ Ap — Ay 
F'(a)N F?(a) ,a@€ ALN Ag. 


Definition 2.05((6]): Let F),, and F%, are soft sets on U such as A; 9 Ag # ¢. Then, the restricted 
intersection of Fl, and F%, is written as F,, m F%4,, described as F4, m F%4, = F4,, where A3 = 
A, M Ag, and Va € Az, F8(a) = F(a) N F(a). 


Result 2.06: By the definitions 2.03, 2.04 and 2.05 we can conclude that intersection and extended 
intersection of two non-null soft sets is a non-null soft set, either their approximations are similar 
or not at the same attribute. However, their restricted intersection may be a null soft set, as shown 
by below example. 


Example 2.07: Consider U = {111, 2, Ms, 4, Us} be the set of five canditates for an interview 
in a company, and E = {01, 02, 03, 04, 05} be the set of five types of jobs, where 0; stands for 
Network Administrator (NA), g2 stands for User Experience Designer (UED), o3 stands for System 
Analyst (SA), 4 stands for Database Administrator (DA) and @5 stands for Development Operations 
Engineer (DOE). let F,, and F2, are two members in selection board, which provides the names 
of capable canditates for respective jobs in sets A; and Ag respectively. Here, we consider Fi, and 
ee are two soft sets over universe set U, defined as: 

Fi, _ {(01, {H1, L2}), (02, {/4, Us})}, 

F4, = {(e1, {u3}), (a2, {u1, m2}), (3, {tas Hs })}- 
By definition 2.05, F,, m F4, = F4,, where Az = Ai M Az. Now, Ag = {@1, @2} and hence F4, 
= {(01, ¢), (@2, ¢)}. Here, Fi, M F%4, provides the most suitable canditates for common jobs in 
respect to the opinions of Fi, and F%,. 


Definition 2.08({11]): Let Fl, and F%, are soft sets on U, then the soft union is provided as a 
soft set F4, that satisfies the following criteria: 


(i) A= Ai U Ag, 
(ii) Vae A, 
F'(a) ,a@€ A; — Ag 
F(a) =¢ F(a) ,a € Ag — Ay 


Fl (a) U F?(a) ,a@ € ALM Ad. 


Definition 2.09((11]): Let F,, and F%, are soft sets described on U, where Aj, Az C E. Then 
“AND” can be defined as: Fh, A F4, = Fa,xa,, where V (a, 8) € Ai x Ao, F(a, 8) = F(a) n 
F2(), 


Definition 2.10([11]): Let F4,, and F%, are soft sets described on U, where A;, Ag C E. Then 
“OR” can be defined as: F,, V F4, = Fa,x4,, where V (a, 8) € Ay x Ag, F(a, 8) = F'(a) U 
F2(), 


Result 2.11: Let Fl # ©, F4, 4 ®. Then, “AND” of F4, and F4, can be a null soft set ie. F4, 
A F4, = ® (see example 2.12). 


Example 2.12: Let U and E are universal sets as given in example 2.07, Fi, and F4, are soft sets 
defined as: 

Fi, = {(01, (11, u2}), (2, {us})}, 

FA. = {(o1, {u3}), (03, {us})}- 
Now, Az = Ai x Ao = {(01, 01), (@2; @1), (01; @3), (@2, 3)}. Thus, FA, A F4, = FA, = {((@1; 21), 
), ((02, 01), &), ((e1, 03), %), ((@2, 03), ¢)}, where F,, A F4, provides most suitable candidates 
for one or two perticular jobs at a time with respect to the opinion of F4,, and F%,. 


177 1Pooja Yadav et al 174-185 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


3. Generalized Soft Subsets: 


Maji et. al. [11] and Feng et. al. [4] gave two kinds of soft subsets and soft equal relations. Liu 
et. al. [19] called it soft M-subset, soft F-subset and soft M-equal relation, soft F-equal relation. A 
generalization of soft subsets was examined by Jun and Yang [20]. Furthermore, Liu et. al. [19] gave 
the notions of soft J-subset and soft L-subset and demonstrated that soft M-equal and soft F-equal 
relations are correlate with one another, while others are distinct in general. Here, we provide an 
overview of four different soft subsets as: 


Definition 3.01([11]): Let Fi, and F%, are soft sets defined on U. Then F), is a soft subset 
(renamed it a soft M-subset in [19]) of F4, if: 

(i) Ai C Ag, 

(ii) For each a; € Ay, F'(a;) and F?(a;) are approximations that are similar. 
Soft subset is represented by F,, © F4, or Fh, Cas F4,. Also Fi, and F4, are called soft M-equal 
or soft equal, written as Fh =yy F4,, if F4, Car F4, and F4, Cy F4,. 


Definition 3.02((4]): Let F/,, and F%4, are soft sets on U. Then F}, is soft subset (renamed it a 

soft F-subset in [19]) of Eas written as Fi, ce Fas iff Ay C Ag and F*(a,) C F?(a1) V ay € Ad. 

re F4, and F4, are called soft F-equal, denoted as F4, =p F4,, if F\, Cr F4, and F4, Cr 
Ai’ 


Definition 3.03([19]): Let F),, and F4, are non-empty soft sets. Then F),, is called soft J-subset 
of F4, or F4, cy F4,, if and only if for any a; € Ay, 3 ag € Ag such that F'(a,) C F?(az) (see 
example 3.04). Also, F, and F4, are called soft J-equal, denoted as Fh, = s F4,, if Fh, Cy F4, 
and F4, C; Fi. 


Example 3.04: Consider U and E are universal sets of candidates and jobs respectively, as given 
in example 2.07. Let, 


Fi, = {(o1, {u1, Ha}), (02, {us}), (a3, {2, wa})}, 

F4, = {(o1, {u1, H2}), (a3, {H2, u3}), (04, {u2})} - 

Since A; # Ao, so F4, 4 F4,. But we can see that, F4, C; F4, and F4, C; F4,. Hence, F4, 
=; F4,. 

Here, if F4, Cay F4,, then from example 2.07 it indicates that both members (F4, and F4,) 
of selection board selected same candidates for every job in Ay. Similarly, if F,, Cy F4,, then it 
indicates that for every job in A,, the members selected by F,, are also selected by ae for the 
same or different job in Ao. 


Definition 3.05([19]): Let F4,, and F%,, are non-empty soft sets on U. Then, F), is soft L-subset 
of F4, or FA, ey F%,, if and only if for any aj € Ay, J ag € Ag such that F(a) = F* (ag). Soft 
sets F),, and F4, are called soft L-equal, denoted as Fh, =, F%,, if F, Cp F4, and F4, Cy Fh. 


Proposition 3.06([19]): Let F,, 4 ® and F,, 4 ®. Then, 
() Fh, Sa FA, => Fh, Ge Fa, > Fh, Co F4, 
(2) Fa. Cy Fa, > FL Gp Fa, > FA ES Fa 
(3) Be =mM Be = Fi =L Fo = Pa =J De 


But generally, the converse of the aforementioned arguments does not exist (see examples 2.6, 2.9, 
3.3 in [19]). 


4. Generalized Soft Subsets on Soft Operations: 


This section presents some characterizations of above given different types of soft subsets with 
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respect to two properties given below. We can see that all soft subsets satisfy only property 4.01 
(1); property 4.01 (2) could be satisfied by soft F-subset and soft M-subset instead of soft J-subset 
and soft L-subset. 


Property 4.01: Let P, Q, X and Y are four crisp subsets of the universe set U such as P C X and 
Q CY. Then we have, 

(1) PVQCKVY,andPAQCKAY, 

(2) PONQCKNY,andPUQCKUY. 


Proposition 4.02: Let F),,, F4,, F%, and F4, are four soft sets defined on U. Then, 


~ 4 at ~ ~ ~ foal ~ 
). IEF, Cp F4, and F4, Cpr F4,, then Fy, V F4, Cr F4, V F4, and FA, A F3, Cr F4, A 
As’ os - i £ _ 
). If FA, Gu F4, and F4, Cu F4,, then Fi, V FA, Cu F4, V F4, and Fh, A F4, Cu FA, A 


3). Tf FA, Cz F4, and F4,, Cy F4,, then FL, V F3, Cy FA, V F4, and Fy, A F3, Cy F4, A 
Ag? 7 a . ne _ . 2 
). If F4, Cr F4, and F3,, C; F4,, then F,, V F4, Cr F4, V P4, and Fy, A FS, Cz, F4, A 
Bai 


(1 
F 
( 
F 
( 
F 
( 


Proof: We simply demonstrate the correctness of (1) and (3); same method can be used to obtain 
2) and (4). 

1). Let F4, V F4, = Faixa, and F4, V F4, = Gayxay, where F(a, y) = F!(a) U F4(q), V (a, 
7) € Ai x Ag and G(8, 5) = F?(8) U F4(6), V (8, 6) € Az x Ag. Since, F4, Cp F4, and F4, Cp 
F4,,- So, we have Ay C Az, Az C Ag, F!(a) C F?(a) V a € A; and F3(y )CFWVyeE As. It 
implies that, Ay x Az C Ay x Aq and F'(a) U F3(7) C F?(a) U F4(y), V (a, 7) € Ai x Ag. Hence, 
FL, V F4, Cr F4, V F4,. Similarly, we can prove that F,, A F4, Cp F4, A F4,. 


(3). Since, F,, Cy F4, and F4, C; F4,, so for every a € Ai, 4 8 € Az such that F!(a) C F?(6). 
Similarly, for every y € A3, 46 € Ag such that F?(y) ¢ F4*(6). Now, let Fi, V F4, = wey and 
F2, V F4, = Gagxa,- Then F(a, 7) = F'(a) U F3(y), V (a, y) € Ai x Ag and GiB, dS (8). 
Fs ), V (8, 6) € Ag x Ag. But F(a) U F3(y) C F?(8) U F4(5). This implies that, for any (a, 7) 
€ A, x Az, 4 (8, 5) € Ay x Ay such that F1(a) U F3(y) C F?(6) U F4(6). Hence from definition 
3.03, F4, V F4, Cy F4, V F4,. Similarly, we can prove that Fh, A F4, C; F4, AFA, 


Proposition 4.03: Let F,, F4,, F4, and F4, are four soft sets over U. Then, 
(1). FL, Cp F4, and F4, Cp F4,, implies F,, 0 F4, Cp F4, OF4, and FL, 9 FA, Cr F4, 9 


(2 ). HFA Cry Fi, and Fa, a F4, , implies Fi, U FS, an FA, U FA, and Fh, al F3,, a Fi, 
A ie 
Proof: We just varify the validity of (1); subsequent work could be use identical methods to estab- 


lish (2). To this end, Let F4, U F4, = J), where D = A; U Ag, and F4, U F4, = J, p’> Where D 
= Ao U Ay. By definition 2. 08, we have 


F'(d) ,d € Ay — Ag 
J(d) = ¢ F3(d) weeds Ay. Vide: 
Fi(d)UF%(d) dd € AN As, 
F2(d) ,d € Ag— Ag 
Ftd <-F4G) 6 €AG—Ag ,Vd €D 
F2(d)UF4(d) — ,d’ € AgN Ag. 


To prove J, Cr Nee we show that D C D’ and J(a) C J (a), Va € D. Since F4, Cp F4, and 
F3, Cr F4,, 80 Ar © Ao, F(a) C F(a), Va € Ai, and As C Au, F3(a) C F4(a), Va € Az. It 
implies that D = Ay UA3 C Ag UA, =D and DAD =D. Now, 
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Case 1. If a € A; - Ag, then J(a) = F(a) C F?(a) = J'(a). 

Case 2. If a € Ag - A; then J(a) = F3(a) C F4(a) = J’ (a). 

Case 3. If a € Ay M Ag, then J(a) = F!(a) U F3(a) C F2(a) U F4(a) = J (a). 

Hence, V a € D, J(a) € J (a) and thus we finally conclude that F, U F4,, Cr F4, U F4,. Similarly, 


we can prove that F,, A F4, Cr F4, 9 F4,. 


The following examples provides an explanation to how the property 4.01 (2) need not be satisfied 
by soft J-subsets and soft L-subsets, as we discussed above. 
Example 4.04: Let U = {1, 2, 3, 4, 5} and E = fa, b, c, d, e} are the universe set and the essential 
set of parameters. Consider, F4,, F4,, F4, and F4, are four soft sets defined over U as: 

Fi’, = {(a, {2, 3}), (b, {1, 3, 4})}, 

Fas = {(c, {2, 3}), (d, {1, 3, 4, 5})f, 

Pas = {(a, {3, 5})}, 

Ba, am {(c, {4}), (S ts 3, 5})}. 2 

Then, it is clear that Fl, Cy; F4, and F4, C; F4,, since F'(a) C F°(c), F'(b) Cc F?(d) and 
F°(a) C F4(e) respectively. Now, let us write F,, U F4, = Jp and F4, U F4, = J,,,, where D = 
{a, b} and D’ = {c, d, e} such that Jp = {(a, {2, 3, 5}), (b, {1, 3, 4})} and J,,, = {(c, {2, 3, 4}), 
(d, {1, 3, 4, 5}), (e, {1, 3, 5})}. Then, clearly we can see that J(b) C J (d) but for a € D there does 
not exists any a’ € D’ such as J(a) C J (a’) which gives Jp Z, Igor Ey O Fa Ee 3 
Also by definition 2.05, let us write FA F4, = Jp and F4, A F4, = J,,,, where D = {a} and 
, = {c} such that Jp = {(a, {3})} and nie = {(c, ¢)}. Therefore, we have F, OF4, 2, F4, 9 
FA, . 


Example 4.05: Let U and E are universal sets as given in example 4.04. Consider, F4,, F4,, F4, 
and F4,, are four soft sets defined over U as: 

(a, {2}), (b, {1, 3, 4})}, 

Fa, = (c, {2}), (d, {1, 3, 4h), (e {5} )h, 

F4, = {(a (3, 5})}, 

Ea. = {(c, {2, 4}), (e, {3, 5})}. %, 

Then, clearly F4, Cz, F4, and F4, C, F4,, since F!(a) = F(c), F'(b) = F(d) and F%(a) = 
F“(e) respectively. Now, let us write F,, U F4, = Jp and F4, UF4, = Lay where D = {a, b} and 
D’ = {c, d, e} such that Jp = {(a, {2, 3, 5}), (b, {1, 3, 4})} and ae = {(c, {2, 4}), (d, {1, 3, 4}), 
(e, {3, 5})}. Therefore, we have J(b) = J (d) but fora € Rfa €D’ suchas J(a) = J (a’). Thus, 
In ¢, Jy or FL, OF 4, £, F4, OF4,. Also by definition 2.05, let us write F4, 1 F3, = Jp and 
Par = ee where D = {a} and D = {c, e} such that Jp = {(a, ¢)} and Ts = {(c, {2}), (e, 
{5})}. Therefore, we have Fh, 1 F4, Z, F4, 9 F4,. 


5. Complement Property and Generalized Soft Subsets: 


In this section, first we define a universal complement property on classical subsets and soft 
complements (negation © and relative " complement) on soft sets. In soft set theory, it is obvious 
that none of the soft subsets presented in section 4 satisfy the complement property 5.01. However, 
by applying a restrictions on their parameter sets, we show the validity of the specified complement 
property on all soft subsets. 


Definition 5.01(Universal Complement Property): Let the universe set be X. If U C X and 
VC X such as U C V, then V C U, where “” is called complement operator defined as U = X - 
U. 


Definition 5.02([11]): The soft set (F.4)° is the complement of soft set F.4, described as (F4)° = 
Fy 4, where F° is a mapping as: F° : ]A — P(U), such that V a € ]A, F°(a) = U - F(a). Here, JA 
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is read as “NOT set of a set A”; JA = {7a4, 7a9,....., 7@,}, where ma; = not a;, Vi. (It should be 
observed that the operators ] and - are distinct). This type of soft complement is called “negation 
complement (neg-complement or pseudo-complement [6])”. 


Definition 5.03([6]): The soft set (F4)” is the complement of soft set F4, defined as (F4)” = F%, 
where F” is a mapping: F” : A —> P(U), such as Va € A, F’(a) = U - F(a). This type of soft 
complement is called “Relative Complement”. 

Clearly, ((F4)°)° =F 4 and ((F4)")” =F 4. However, it is noted that the parameter set in relative 
complement (F4)” is still the original set A of parameters, instead of ]A in negation complement 
(F4)°. The following theorem provides an important result that, if Fa, C Ga,, then (F4,)° C 
(Ga, )° and (F4,)" C (Ga,)” with respect to soft M-subset and soft L-subset. 


Theorem 5.04: Let F4, and Ga, are soft sets defined on U. Then, 

(1). Bay Cu Ga, = Pla, Cm GF 4, 

(2). Fa, Cu Ga, = ae Sm Gh, 

(3). Fa, Gr Ga, <=> FO4, Sr Gla, 

(42 F 4 Cr Oper es By. ce Cue, 

Proof: We only varify the correctness of (1) and (3); using similar techniques we can give the proof 
of (2) and (4). 

(1). Let F4, Cay Ga,. Then we have A; C Ag and for all a € Ay, F(a) = G(a). Now by defintion 
5.02, we write (F4,)° = FY ,,, where F°(a) = U - F(a), V sa € JA; or Va € Aj. Since F(a) = 
G(a), and F(a), G(a) are crisp subsets of universe set U, so we can find that U - F(a) = U - G(a), 
for all a € A;. Also, we know that Aj Cc Ao iff JA, C |Ag. It implies that, for any sa € ]Aj, 
F°(>a) = G°(7a). This shows that Fi 4, Cu Gf,,- 

Conversely, let us take Pia Cy GF 4,° It implies that Ay C ]Ao Ay C Ag, and V ma € 

JA1, F°(-a) = G*(-a). Thus, U - F(a) = U - G(a) which gives F(a) = G(a@). So we have V a € 
Ai, F(a) = G(a). Hence F4, Cy Gag. 
(3). Let (Fa,)° = Ff ,,, where F°(>a) = U - F(a), V ma € ]Ai or Va € Aj. Since Fy, €;, Ga,- 
Therefore, for any a € Ay, J 8 € Ae such that F(a) = G(G). Consequently U - F(a) = U - G(p). 
We also know that for any a € Aj, ma € |A1. So, we can find that for any sa € |Ai 478 € |A2 
such that F°(7a) = U - F(a) = U - G(B) = G°(78). Hence, we have Ff, Cr Gf,,- 

Conversely, let FY 4, Cy Gf4,- Then for any ma € |A1, 478 € | Az such that F°(>a) = G°(48). 
Thus, U - F(a) = U - G(8) which implies F(a) = G(3). Also, sa € |Aj if and only if a € Aj. 
Thus, for any a € Ay J 6 € Ag such as F(a) = G(@). Therefore, F4, Cr Gay. 


Remark 5.05: From the theorem 5.04, we conclude that the property 5.01 is not satisfied by soft 
L-subset. Whenever soft M-subset satisfies 5.01, the attribute sets should be equal. That is, if Ay 
= Ag and Fy, or Ga,, then G’,, Cu FY, and Gia, Cig Fy 4, (see theorem 5.09). We give the 
following example only for soft L-subset. One can also see it for soft M-subsets, when A, C Ag. 


Example 5.06: Let U and E are universal sets as given in example 4.04, F4, # ® and G Ay # ® 
are defined as: F4, = {(a, {2, 3}), (b, {1, 4, 5})}, Ga, = {(c, {2, 3}), (d, {8, 4}), (e, {1, 4, 5})}. 
So, we can see that for a € Ai, 3c € A» such as F(a) = G(c), and for b € Ai, Je € Ag such that 
F(b) = G(e). Therefore, Fa, Cr Ga,. Now by defintions 5.02 and 5.03, we have FS ,, = {(-7a, {1, 
4, 5}), (sb, {2, 3})}, Gig, = (Ce, {1, 4, 5), (ad, {1, 2, 5}), (re, {2, 3})}, Fa, = {(a, {1, 4, 5}), 
(b, {2, 3})} and Gy, = {(c, {1, 4, 5}), (d, {1, 2, 5}), (e, {2, 3})}. So we can see that Ay Z A; and 
for se € |A2 there does not exists any element =e € ]A; such that G°(re) = F¢(-e ). It implies 
that Gy 4, ee F¢,,- Similarly, we can find that G4, ae Wie 


Remark 5.07: The above properties given in the theorem 5.04 and definition 5.01 are not satisfied 
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by soft F-subset and soft J-subset. Here, we give an example only for soft J-subset. Similarly, one 
can give an example for soft F-subset. 


Example 5.08: Let U and E are universal sets as given in example 4.04, F4, and Gy, are soft sets 
over U, defined as: F4, = {(a, {2, 3}), (b, {1, 3, 4})}, Ga, = {(c, {1, 2, 3}), (d, {1, 3, 4, 5}), (e, 
{2, 4})}. Clearly, we can see that F4, C; G4,. Now, we have F%4, = {(a, {1, 4, 5), (b, {2, 5})} 
and G’,, = {(c, {4, 5}), (d, {2}), (e, {1, 3, 5})}. It implies that neither Gy, Cy F4, nor FY, Cy 


‘45: Similarly, we can find that neither GS 4, G3 BY ay nor Fla, Gy GF 4, 


The following theorems proves the validity of the stated complement property 5.01 on all gener- 
alized soft subsets by taking an onto mapping between sets of parameters/attributes. 


Theorem 5.09: Let Fu, and Ga, are soft sets on U and A; = Ag. Then, 
(1). Fa, Cm Ga, = As Sm Ra 

(2). Fa, Sou Ga, = Gi4, Su Fy ay 

(3). Fa, Cr Ga, = Gh, oF 1 ee 

(4). Fa, Cr Ga, <> Gia, Cr Fra, 


Proof: We give only the validity of argument (4); the proof of other statements (1), (2) and (3) 
can be obtained by the same method. Let us take F 4, ce Ga,. Then A; C Ag and for all a € Aj, 
F(a) C G(a) which gives U - G(a) U - F(a). That is, G°(4a) C F°(7a@). Since, Ay = Ao iff ]A, = 
]A2, so we have V ma € ]A1, G°(7a@) C F*(7a). Hence Gf 4, Cp FY a, 

Conversely, let Gy 4, Cr F¢4,- Then ]A2 € |Ai and V 7A € |Az, G°(78) C F°(48). Therefore, 
U - G(6) C U - F(8) which implies F(8) C G(). Since, Ay = Ap iff ]Ay = ]A2, hence Va € Ay, 
F(a) C G(a). 


Theorem 5.10: Let F4, and Ga, are soft sets on U. If there exists a surjective or onto mapping f 
: A, —> Ao as; for any a € Aj, f(a) = B where 8 € Ag, such that F(a) C G(f(a)), then F4, Cy 
Ga,. Hence, Gra, Cy Poa, and G4, Cy FY. 


Proof: Since f is a mapping as, for any a € Aj, f(a) = 8, such as F(a) C G(f(a)). So for any a 
€ Ay, 4B = f(a) € A; such as F(a) C G(8). So we have Fa, Cz Ga,. Now, for any a € Ay, 48 
€ A» such as F(a) C G(6). That is, U - G(B) C U - F(a). Consequently G°(a8) C F°(7a). We 
also know that f is onto mapping, so for every 6 € Ao, Ja € A, such as 6 = f(a). Thus, 78 = 


f(>a). Hence, for any ~6 € |Az, J ma € ]Ai such as G°(78) € F°(7a). Therefore, we have Gf ,, 
Cy Pray Similarly, we can prove G’,, Cy Le 


Theorem 5.11: Let F4, and Ga, are soft sets over U. If there exists a surjective or onto mapping 
f: A; —+ Ao as; for any a € Aj, f(a) = 8 where 8 € Ag, such as F(a) = G(f(a)), then F4, Cy 
Ga,. Hence, GF 4, Cr ee and G4, Gr F4,,- 


Proof: Due to similar proof to that of the Theorem 5.10, the proof is excluded. 


The following real world example first makes two soft sets as soft J-subset using a mapping 
between two different parameter sets and then show above given complement property (theorem 
5.10) on them. Here, noted that these parameter sets may share common elements. 


Example 5.12: Let U = {11, f2, 3, U4, 5} be the universal set of five canditates for an interview in 
acompany, and E = {01, 02, 03, 04, 05, 01, 62, 63, 04} be the universal set of all attributes/parameters 
defined on U, where all g;’s (i € {1, 2, 3, 4, 5}) represents the name of jobs as given in example 2.07, 
and all @;’s (j € {1, 2, 3, 4}) represents the required qualifications for respective jobs such as; 6) 
indicates bachelor in information technology (Bach. I.T.), 62 indicates bachelor in computer science 
(Bach. C.S.), 63 indicates bachelor in information technology with course work in design and web 
developer (Bach. I.T. + C.W. in Dgn and Web devl.), and 64 indicates bachelor in computer science 
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with course work in business administration (Bach. C.S. + C.W. in B.A.). Below table provides the 
connection between jobs and required qualifications for corresponding jobs. 


Table 1: Data table for jobs and required qualifications 
Attributes repre- Name of jobs Required qualifi- Representation 
sentation of jobs cations of corre- of required qual- 
sponding jobs ifications in 
attribute form 
01 Network Adminis- Bach. LT. or Bach. 01 OF 02 
trator (NA) C.S. 
02 User Experience Bach. I.T. + C.W. 03 
Designer (UED) in Dgn and Web 
devl. 
03 System Analyst Bach. C.S. or re- 04 
(SA) lated fields + C.W. 
in B.A. or Manage- 
ment or Finance 
04 Database Adminis- Bach. C.S. 02 
trator (DA) 
05 Development Op- Bach. I.T. or Bach. 01 OY 62 
erations Engineer C.S. 
(DOE) 


Now, consider two soft sets F4, and G4,, where Fy, provides the canditates for corresponding 
jobs in Ay = {@1, 02, 03} and Gy, provides the canditates according to the qualifications in Ap = 
{61, 62}, defined as: 


Fa, = {(01, {H1, u3}), (02, {M2}), (@3, {u3, Us})}, 
Ga, = {(61, {H2, Ha}), (02, {u1, M3, H5})}- 


From given table 1 and soft sets F4, and Gy4,, we can see that there exist an onto mapping f 
defined as: 
f: A, —+ Ag, where f(01) = 62, f(@2) = 0), and f(03) = 62, such as for every 0; € Ay J 6; € Ag, 
F(o;) C G(f(@;)). So, clearly we have F4, C; Ga,. Now, 

Pia, = {(-@1, {H2, Ma, st), (702, {Ha, M3, M4, Ls }), (703, {hH1, M2, pat)}, 

Gia, = {(761, {u1, Ha, u5}), (762, {u2, Ha})}. 
Therefore, GF 4, Gy Fra: Similarly, we can see that G%, CF Pa: 


By utilizing above results (5.01 - 5.11) of complements on all generalized soft subsets, we provide 
here some more results on soft product operators. Proofs will be similar to above results. So, we 
exclude their proofs. 


Theorem 5.13: 

(1). If Fi, V FA, Car F4, V F4,, then FIG, A FIG, Car FUG, A FIG,. Similarly, if Fy, A F4, Cas 
F2, A F4,, then Fv4, V ve Cag FS, V Pia, Also, it holds with respect to soft L-subset. 

(2). Let AyxA3 = AgxAy. Then, Fy, V F3, Cy F4, V F4,, implies that Fi, A Fre Cir Fy4, 
A FY4,- Similarly, Fy, A F4, Cy F%,, A F4,, implies that Fi4, V Fyoa Cp FI4, V F9G,- Also, it 
holds with respect to soft F-subset. 

Both points are also true for relative complement ("). 


10 
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Theorem 5.14: Let F,, V F¥, = Fa,xa,, F4, V F4, = G4,x., and f be an onto mapping defined 
as: f: Ay x Ag — Aox Aug; for any (a1, as) € Ay x Az, flat, a3) = (a2, a4) where (a2, a4) € Ao, 
Ag, such as: : 

(1). If F(a, a3) Cc G(f(a1, as)), then Fa, x A3 Cy Gasx Ag: Hence, Ghai As Cy Gi ax] Aa and 


Gx As Cy Gaax Aa" 7 ; 
(2). If F(a1, a3) = G(f(a1, a3)), then Fa,x4, Cr Gasxa,- Hence, tas Cy, Gr Asst ad and 


Stee es Cr Gan seaes 
6. CONCLUSION AND FUTURE WORK 


Due to the non-availability of complement property on generalized soft subsets in soft set theory, 
generalized soft subsets can not be used to study various algebraic structures. This research provides 
a platform in this area. It presents crucial results on soft operations using various generalized soft 
subsets. It is also shown here that the classical property of intersection and union (Property 4.01(2)) 
only holds with respect to soft M-subset and soft F-subset but not for soft J-subset and soft L-subset. 
Further, we provide the complement property 5.01 for given soft subsets, and prove that the property 
is not satisfied by any generalized soft subsets for which the relevant counterexamples are given. But, 
this problem is solved in the given study by an onto mapping between the sets of parameters on all 
generalized soft subsets. 


In classical mathematics, subsets, operators and complements are very important concepts when 
studying algebraic structures such as topology, lattices, and Boolean algebra. In soft set theory, 
these concepts are also crucial for studying these structures. To achieve this, some researchers have 
provided soft topological spaces in various forms using soft union, soft intersection, soft M-subsets, 
soft F-subsets, and soft complement operators. 


In addition, some researchers have focused on soft product operations to enhance algebraic 
properties, and it has been found that these soft product operations can be utilized in soft lattice 
structures. As such, it is suggested that future research can expand on these findings by investigating 
various soft subsets in other algebraic properties to make lattice structures on various generalized 
soft subsets. By studying these structures in soft set theory, researchers can gain a better under- 
standing of how uncertainty and vagueness can affect the algebraic properties of subsets, operators, 
and complements. The findings from this research can also have practical applications in various 
fields such as decision-making, data analysis, and artificial intelligence. 
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Abstract 


Here based on trigonometric and hyperbolic type Taylor formulae we 
derive Polya type inequalities in a number of cases. 
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1 Main Results 


We present a collection of Polya’s type inequalities. 


Theorem 1 Let f € C? ({a,b],K), where K = R or C, such that f (a) = 
f (b) =0, k=0,1, andp,q>1:5+7=1. We set 


M, := max {If + flloo,fa,2$2]> f" +f alana (1) 
Mz := max {Lf + flles(fo.ege]) IF" + Fle (esa) f 2) 
and 
M3 := max {II + fll, ([a,2$2)): Pte ene (3) 
Then 
(b=a)* yf , 
b b (b—a)? 
f feael s [ip @lde min) May i) 
a a (b—a)"' P 
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Proof. Here f € C?((a,b],K), such that f® (a) = f™ (b) = 0, k = 0,1. 
By Corollary 3.4 of [1], we have 


fay = [+ FO)sin(@— Hat (5) 


and , 
f(x) = / (f” (t) + f(t) sin (w — 6) dt (6) 


By using |sin | < |x|, V 2 € R, we obtain 


(x) < fy" (4) + f (| [sin (« — 8)| dt < 


[irrorsole-odes (feo) iF" Heajosg]= © 


= i py gy ao], Va c as). 
2 oo, [a 5")? a, 
Also it holds e 
sol s@e-a(f i" +s@la) < (8) 
(@— a) IF" + Fla esse Ye [oS] 
Furthermore, by Hélder’s inequality, we have (p,q > 1: : + a = 1) 


p+1 


(e-a) 


If" + fle, (fa, 2¢2 


“I< (rr o+ reoita)’ Ga ora)’ < (9) 
|. 


) (p+1)F - 
We have found that 


oP IF" + Fic fa,084) 
If («)| < eI" Flat 2g) , (10) 
ea If" + fille, ({a,242)), Der ls sad 


VaueE [a, axb) : 
Similarly acting, we get that 


b 
If (@)| = i (f” (t) + f(D) sin (w — 2) atl < 
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b 
[le @+2 Ollsin(e—2)] ae < (11) 
b 
fi @+role-aae 
and 
OIF” + Flloo, [22,3] 
= " ; 
lf (ai < 4 © =) HP + Filla (eg) , (12) 
me Wf" + fill, o([2$2.4)); Baclid =t 
VaeE [eb] : 
Consequently, we obtain 
—a 3 
z Coe Ilf" + Flloo,fa,2$4) 
oo \f (x)|da < (ea) “a TEALA(C $8)» 
* (b—a)** tp " 1 iy 
T I q>1:2++-+=1. 
Fi Gaia) PO + Fille, ({a,2g2)) > Prd pt q 
(13) 
Similarly, we derive that 
=, 3 
OTe If" + Fllco,[ 242.0] 
b a. 
fo le@lae ss 4 POU + Flag lage 
a+b a+ . 
an (b-a) " By aaa ee 
FE gay (Gad) P+ File (ego), PI> Lip teat 
(14) 
We have that 
arb b 
[u@le=[" ve@les [velar 
—a)? 
Oe TILF + Flloo,[a,ese] + IF" + flloo,[2s2 91] 
ae i" + File, (a age) +P + file(s) < (15) 
(b—a) rtp Wd 11 
Papa Ge) [iv + fln,({a,2#2]), + IF + file ((as.ap)] 
CE Yep 
(=a)? 
7M, (16) 
Bak 
(b—a) | P M3 


The claim is proved. m 
We continue with 
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Theorem 2 All as in Theorem 1. Denote 


My := max {IIf" — Flloo,[a,24] lf” — Flee, 234.4] } (17) 
Mg = max {Ilf" — fll ,(aegy) If" — fllacresey p> 8) 
and 
M5 s= max {If —fll(fe2g8)) lM" —fllag(eays) 09) 
Then 
Ce Mi, 
b a)? a ps 
x) dx < | |f (x)| dz < min cosh (b — a) x a ee 
a (b-a) "P * 
2° > (pt1)? (242) . 
(20) 


Proof. As similar to Theorem 1 it is omitted. It based on Corollary 3.5 of 
[1]. Also we use that |sinha| < cosh (b— a) |a|, V x € [—(b-—a),b— al], by the 
mean value theorem. @ 

It follows 


Theorem 3 Let f € C*([a,b],K), where K = R or C, such that f™ (a) = 
f® (b) =0, k =0,1,2,3, and p,q> 1:242=1. We set 


eerie | diet An aie ee 
farm mex {| —Aqassy Acoma h 


and 
As ~~ Bel te ees \. (23) 
La([2,*3"]) La([*3".)) 
Then 
fs [iu x)|de < 
(b Cae) As, 
_— (b-a)* a 
ine cosh a) +1) Hes (24) 
ee a)? 
opts)? (248) 


Proof. As similar to Theorem 1 it is omitted. It is based on Corollary 3.6 
of [1]. m= 
We continue with 
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Theorem 4 Let f € C*([a,b],K), where K = R or C, such that f™ (a) = 
f (b) = 0, k = 0,1,2,3, and p,q >1: ae = 1. Let also a,8 € R with 
aB (a? — 6°) £0. We set 


By i= max | + (a? + 3) f'+ esl, 


=] 

ian ae Ele ee (25) 
Ba = maxed [f+ (0? +6) 7+ 076*F, age 
le + (a? +p?) f" + 78S age ate (26) 


amano 


Bs := max | + (a? + 6?) f" + a6? | 


La([a,*3°])’ 


| + (0? + 6?) #” + 06"F 


[see 


Le , 
Then 


b 
a) If (@)| dx < 


(b—a)3 
1 (6 ; Y a 
min Ta2. 2) x 2 Bo, 7 
|8 a | (b—a)°* > 


2? (p+1)P (2+4) 


(28) 


Proof. As similar to Theorem 1 it is omitted. It is based on Corollary 3.7 
of [1]. m= 
We finish with 


Theorem 5 All as in Theorem 4, |a|,|8| < 1.However here, instead of B,, Ba, 
Bz, we set 


Dy = mas |f — (08 +8) F028 El ca 
aed Coat EM el ee (29) 


Dinas { Iki — (a? + 67) f" + OPT 2 aly , 
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(4) __ 2) gi 2 
IP -HP eP TL, Gas om 
and 
breme{|t— 0242942 gun 
(4) _ 2) eu” 2 
[Po -erer +eP AA, aay f a 
Then 
b b 
[ teas [ \t @laes 
Dy, 
cosh (b — a) Se Di: 39 
min 182-0] | a a] x ‘Gout . 5 ( ) 


es? ot eke oe, CRE 
2? (pt1)P (2+3) 
Proof. As similar to Theorem 1 it is omitted. It is based on Corollary 3.9 


of [1]. m= 
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Abstract The notion of bipolar-valued fuzzy set is used to treat the filter 
and deductive system in Sheffer stroke Hilbert algebras. The concepts of bipolar- 
valued fuzzy filter and bipolar-valued fuzzy deductive system are introduced and 
related properties are investigated. Conditions under which the bipolar-valued 
fuzzy set can be a bipolar-valued fuzzy filter are explored. Characterizations 
of the bipolar-valued fuzzy filter are examined. A bipolar-valued fuzzy filter is 
built using a filter. To consider the nomality of bipolar-valued fuzzy filter, the 
notion of normal bipolar-valued fuzzy filter is introduced and related properties 
are investigated. The method of normalizing the bipolar-valued fuzzy filter is 
addressed, and we will see what the normal bipolar-valued fuzzy filter looks like. 
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1 Introduction 


The shaper stroke, denoted by the symbol ”|”, is a logical operation for two 
inputs that produces false results only when both inputs are true, as shown in 
Table 1. 


Table 1: The truth table for the Sheffer stroke “|” 


HA aly 
HaHa O 

v 
MHS 


The Sheffer stroke has been applied to several algebraic structures, for ex- 
ample, Boolean algebra, MV-algebra, BL-algebra, BCK-algebra, and ortho- 
lattices, etc., and it is also being dealt with in the fuzzy environment (see 
[3, 5, 7, 11, 12, 13, 14, 15]). In 2021, Oner et al. [12] applied the Sheffer 
stroke to Hilbert algebras. They introduced Sheffer stroke Hilbert algebra and 
investigated several properties. In [11], Oner et al. introduced the notion of de- 
ductive system and filter of Sheffer stroke Hilbert algebras, and dealt with their 
fuzzification. The bipolar-valued fuzzy set, which is introduced by Lee [9, 10] 
is a type of fuzzy set where the degree of membership to a set is represented 
by a value that can take on both positive and negative values, as opposed to 
traditional fuzzy sets where the degree of membership is represented by a value 
between 0 and 1. The value 0 in the bipolar-valued fuzzy set represents a lack 
of information about membership or a neutral position. Also, the negative val- 
ues represent the degree of non-membership, while the positive values represent 
the degree of membership to the set. The bipolar-valued fuzzy set is useful for 
methods such as modeling complex and uncertain situations beyond traditional 
fuzzy sets. Therefore, the bipolar-valued fuzzy set has been applied in various 
fields, such as pattern recognition, decision making, and control systems etc. 
The bipolar-valued fuzzy set has also been widely applied in algebraic struc- 
tures (see [1, 2, 4, 6, 8]) 

In this paper, we introduce the notion of the bipolar-valued fuzzy deductive 
system and the bipolar-valued fuzzy filter in Sheffer stroke Hilbert algebras, 
and investigate several properties. We first show that the bipolar-valued fuzzy 
deductive system and the bipolar-valued fuzzy filter are equivalent each other. 
We explore the conditions under which a bipolar-valued fuzzy set can be a 
bipolar-valued fuzzy filter. We establish characterization of the bipolar-valued 
fuzzy filter. Using the filter of Sheffer stroke Hilbert algebra, we make a bipolar- 
valued fuzzy filter. We discuss the nomality of bipolar-valued fuzzy filter, and 
we deal with how to normalize the bipolar-valued fuzzy filter. We look into 
what the normal bipolar-valued fuzzy filter looks like. 
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2 Preliminaries 


Definition 2.1 ([16]). Let A := (A,|) be a groupoid. Then the operation “|” 
is said to be Sheffer stroke or Sheffer operation if it satisfies: 


(sl) (Va,6 € A) (alb = bla), 

(s2) (Va,b € A) ((ala)|(a/b) = a), 

(s3) (Wa, b,c € A) (al((ble)|(b]c)) = ((alb)|(alb))Ie), 

(s4) (Va, 6, ¢ € A) ((al((ala)|(6/6)))|(al((a}a)|(b|b))) = a). 


Definition 2.2 ({12]). A Sheffer stroke Hilbert algebra is a groupoid L := (L,|) 
with a Sheffer stroke “|” that satisfies: 


(sH1) CANA CBM BUS )(C)))) = al(ala), 
where A := 6|(c|c), B := a|(6|6) and C := al(clc), 


(sH2) al(6|6) = b|(ala) = al(ala) > a=b 
for all a,b,c € L. 


Let £ := (L,|) be a Sheffer stroke Hilbert algebra. Then the order relation 
“<,” on L is defined as follows: 


(Va,b €L)(a<,b © al(b|b) = 1). (2.1) 


We observe that the relation “ <<; ” is a partial order in a Sheffer stroke 
Hilbert algebra £ := (L,|) (see [12]). 


Proposition 2.3 ({12]). Every Sheffer stroke Hilbert algebra L := (L,|) satis- 


fies: 
(Va € L)(al(ala) = 1), (2.2) 
(Va € L)(al(1]1) = 1), (2.3) 
(Va € L)(1|(ala) = a), (2.4) 
(Va,b6 € L)(a <z b\(ala)), (2.5) 
(Va, 6 € L)((al(b|b))|(b|6) = (6|(ala))|(ala)), (2.6) 
(Va, 6 € L) (((a|(6]b))|(/b))|(6/b) = a|(b]b)), (2.7) 
(Va, b,c € L) (al((b](c/c))|(6l(cle))) = B|(Cal(cle))|(al(cle)))) . (2.8) 

Definition 2.4 ({11]). Let (Z,|) be a Sheffer stroke Hilbert algebra. A subset 


F of L is called 


e a deductive system of (L,|) if it satisfies: 


le F, (2.9) 
(Va,b€ L)(ac F,al(blb) eo F > bEF), (2.10) 
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e a filter of (L,|) if it satisfies (2.9) and 
(Va,be€ L)(be F => al(b|b) € F), : 
(Va,b,cE L)(b,c € F => (al(blc))|(blc) € F). (2.12) 


Definition 2.5 ([11]). Let (Z,|) be a Sheffer stroke Hilbert algebra. A fuzzy 
set f in L is called a fuzzy filter of (L,|) if it satisfies: 


(Va € L)(f(1) = f(a), (2.13) 
(Va, 6 € L)(f(al(6|b)) = f(6)), (2.14) 
(Va, b,c € L)(f((al(b]c))|(blc)) > min{ f(b), f(c)}). (2.15) 
Denote by F'S(L) the collection of all fuzzy sets in L. Define a relation “ C ” 
on F'S(L) by 


(Vig € FS(L))\(f og @ (Va€ L)(f(a) < g(a))). 
Consider two maps f~ and f* on L (; a universe of discourse) as follows: 
f—:L— [-1,0] and f* : L > [0,1], 
respectively. A structure 
f= {(a; f(a), f*(a)) | ae D} 
is called a bipolar-valued fuzzy set on L (see [9]), and is will be denoted by simply 


f:=(L; f-, ft). 
For a BVF-set f := (L; f~, f*) in LE and (s,t) € [-1,0] x [0,1], we define 


L(f-;s8) = {aeL| f(a) <8}, 
U(f*;t) = {ae L| ft(a) >t} 


which are called the negative s-cut and the positive t-cut of f := (L; f~, f*), 
respectively. 


3  Bipolar-valued fuzzy deductive systems and 
filters 


In what follows, let £ := (L,|) denote the Sheffer stroke Hilbert algebra unless 
otherwise specified. 


Definition 3.1. A bipolar-valued fuzzy set f:= (L; f~, f*) in L is called 


e a bipolar-valued fuzzy deductive system of £ := (L,|) if it satisfies: 
(v2 € L)(f-(1) < f(x), f*(1) = fT), (3.1) 
f 


f(y) <max{ f~(e), (el (ula) 
ae : ve 
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e a bipolar-valued fuzzy filter of £ := (L,|) if it satisfies (3.1) and 
(Va,y € L)(f-(al(yly)) < f-(), Fr (ally) = f*)), (3.3) 
| 
| 


< max{f~(y), f- (z)} 
(Va,y,z€ LD) ( > ee . (3.4) 


Example 3.2. Consider a set L = {0,1,2,3,4,5,6,7}. The Hasse diagram and 
the Sheffer stroke “|” on L are given by Figure | and Table 2, respectively. 


Figure 1: Hasse Diagram 


BS 


” 


Table 2: Cayley table for the Sheffer stroke “ 


| 0 2 3 4 5 6 7 1 
0 1 1 1 1 1 1 1 1 
2 1 7 1 1 7 7 1 7 
3 1 1 6 1 6 1 6 6 
4 1 1 1 5 1 5 5 5 
5 1 7 6 1 A 7 6 4 
6 1 7 1 5 7 3 5 3 
7 1 1 6 5 6 5 2 2 
1 1 7 6 5 A 3 2 0 


Then £ := (L,|) is a Sheffer stroke Hilbert algebra (see [12]). Let f := (L; f-, 
ft) and g:= (ZL; g~, g*) be BVF-sets in L given by Table 3. 

It is routine to verify that f:= (LZ; f~, f+) is a bipolar-valued fuzzy deductive 
system of £ := (L,|), and g := (LZ; g~, gt) is a bipolar-valued fuzzy filter of 
L:= (L,)). 


Theorem 3.3. Given a bipolar-valued fuzzy set f := (L; f~, ft) in L, the 
following are equivalent to each other. 


(i) f:= (L; f-, f*) is a bipolar-valued fuzzy deductive system of L := (L,|). 
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Table 3: Tabular representation of f and g 


L f(@) f* (2) g (x) g* (x) 
0 —0.42 0.49 —0.48 0.33 
2 —0.56 0.68 —0.62 0.33 
3 —0.42 0.49 —0.48 0.46 
4 —0.42 0.49 —0.48 0.33 
5 —0.64 0.79 —0.75 0.46 
6 —0.56 0.68 —0.62 0.33 
id —0.42 0.49 —0.48 0.61 
1 —0.72 0.83 —0.79 0.67 


(ii) f:= (ZL; f-, f*) is a bipolar-valued fuzzy filter of £:= (L,|). 


Proof. Assume that f := (L; f~, f*) is a bipolar-valued fuzzy deductive system 
of £:= (L,|) and let x,y,z € L. Note that y|((2\(yly))I(al(yly))) = 1 by (2.1) 
and (2.5). The use of (3.1) and (3.2) leads to 


f (al(yly)) S$ maxt{ f(y), F (yl (ally) (@l(yly)))) 


a _ , (3.5) 
=max{f(y),f ()} =f (y) 
and 
f*(2\(yly)) = min{ f*(y), FF (ally) )I(@l@ly)))} 
mn 7 i (3.6) 
= min{f™(y), £7 (1)} = £7 (y). 
Note that 
WWD) > WCAC) (wlz(elad(el2))) 
= (y(wl(ellel))Il(l2)(el2))) 
© Wl2(wl2)I@l2) 
i, 
It follows from (3.1) and (3.2) that 
f ((ylz)|z) < max{ f(y), Fol (lz) (ala)lz))) + (3.7) 
=max{f(y),f ()} = f(y) : 
and 
f*((ylz)lz) = min{ f(y), Fol (ulalz) ((ylz)12)))3 (3.8) 


= min{f*(y), f*(1)} = f*(y). 
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Since 2(((ylz)|(ylz))I((ulz)(vlz))) “= al(ylz) ‘= (ylz)|z, we obtain 
a ((ylz)|(ylz)) < max{g~ (2), 97 (2 (((vl2)I(ul2)) (ull) } 
= max{9- (2), 97 ((ylz)|2)} (3.9) 
<max{g (z),9 (y)} 
and 
f*((ylz\M(ylz)) = minf f(z), Fr (el(((ul2)Iyl2))I(ulalvl2)))} 
= min{ f*(z), f*((ylz)|2)} (3.10) 
> min{ f*(z), f(y). 
Hence 


f (al@ylz))@lz)) 
© Fe(II) Gla ICIAIulz)Iul2)@l2)) 


and 


f*(al@lz) lz) 
© Felli lalgla))I(wlal(vle)I((wl2)I@l2)))) 
S? ¢+(lalvle) 
(3.10) 
> min{f*(z), fT (y)}- 
Therefore f := (L; f~, f*) is a bipolar-valued fuzzy filter of £ := (L,|). 
Conversely, assume that f := (L; f~, f*) is a bipolar-valued fuzzy filter of 


L£:= (L,|) and let x,y,z € L. If we replace y, z, and x with x, 2|(yly), and y, 
respectively, in (3.4), then 


fw=Ff Cale)iAD) ly) 
=f (la) (YlGlMI@l@ly))IYly)) 
fF (Caley) ((ala)ly) gly) )I(ly)) 
=f (Yyl(@l2)ly))IC(al2)ly)) 
=f (Cl) My lWIC@l2) ly) 
=f (YI@lalYly)) Maly) 
<max{f (x), f (al(yly))} 


198 Hee Sik Kim et al 192-210 


and 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


(yl(vly)))) ly) 


Iw wlw ly) 


«)\y)) 
(((2l@)|y)Iy)) 
(z|(z|(yly)))) 
y))} 


by (sl), (s2), (83), (2.2), (2.3), (2.4) (2.6) and (2.7). Consequently, f := (ZL; f-, 
ft) is a bipolar-valued fuzzy deductive system of L := (L,|). 


By Theorem 3.3, it can be seen that all the results for the bipolar-valued 
fuzzy filter covered below can be handled in the same way using the bipolar- 
valued fuzzy deductive system. 


Proposition 3.4. Every bipolar-valued fuzzy filter f := (L; f~, ft) of £:= 
(L, |) satisfies: 


f-( Ww) < #2) 
de ( f+ (el(vl))I(uly)) > F*(@)} ve 
(Yeu € 2) ( x<ny ={ oe ) (3.12) 


Proof. Let f := (L; f~, f*) be a bipolar-valued fuzzy filter of £ := (L,|). Then 
fF (alyl)lgly) = fF (l(2lz))|(@]2)) < max{ f(x), f(x) } = f (2), 
f*((al(yly)IGly)) = F* (yl(alx))|(a|x)) = min{ f(a), fF (@)} = f(a) 


for all x,y € L by (2.6) and (3.4). Therefore, (3.11) is valid. Let x,y € L be 
such that « <r y. Then 2z|(yly) = 1, and so 


fw=Ff Aly) =f (algly))I¢ly)) < fF @) 


and 
f(y) = FF Alyly) = FF (ella) Gly) 2 FP @) 
by (2.4) and (3.11). 


We consider a bipolar-valued fuzzy set f:= (L; f~, f*) in L satisfying the 
condition (3.12) and question whether it becomes a bipolar-valued fuzzy filter. 
But the example below shows that the answer to that is negative. 
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Figure 2: Hasse Diagram 


1 


0 


Table 4: Cayley table for the Sheffer stroke “|” 


fie 4 2 3 0 
1 0 3 2 1 
2 3 3 1 1 
3 2 1 2 1 
0 1 1 1 1 


Table 5: Tabular representation of f := (L; f~, f*) 


L | f- (2) f* (a) 
0 —0.12 0.09 
2 —0.37 0.16 
3 —0.54 0.28 
1 —0.81 0.62 


Example 3.5. Consider a set L = {0,1,2,3}. The Hasse diagram and the 
Sheffer stroke “|” on L are given by Figure 2 and Table 4, respectively. 

Then £ := (L,|) is a Sheffer stroke Hilbert algebra (see [12]). Let f := (L; f-, 
f*) be a BVF-set in L given by Table 5. 

Then f := (L; f~, f*) satisfies the condition (3.12). But it is not a bipolar- 
valued fuzzy filter of £ := (L,|) since 


f~ ((0|(312))|(312)) = f-(0) = —0.12 £¢ —0.37 = max{ f~(3), f-(2)} 
and/or f* ((0\(312))|(312)) = f*(0) = 0.09 # 0.16 = min{ f*(3), f+ (2)}. 


We explore the conditions under which a bipolar-valued fuzzy set can be a 
bipolar-valued fuzzy filter. 


Theorem 3.6. A bipolar-valued fuzzy set f := (L; f~, f*) in L is a bipolar- 
valued fuzzy filter of L:= (L,|) if and only if it satisfies the condition (3.12) 
and 


(3.13) 


(ve,y € L) ( J ((aly)\(ely)) < max{ f(x), f(y) | 


f* (aly) (ely) = min{ fT (x), f(y) 
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Proof. Let f := (L; f~, f+) be a bipolar-valued fuzzy filter of £:= (L,|). Then 
the condition (3.12) is valid by Proposition 3.4. Using (s1), (s2), (2.3), (2.4) and 
(3.4), we have f~ ((zly)|(aly)) = f- (CID) |(ely))|(aly)) < max{ f(x), f (w)t 
oa f* (aly) (ely) = FCC) (aly) (aly) 2 min{ f* (x), fF (y)} for all x, y € 


. Conversely, assume that f := (L; f~, f*) satisfies (3.12) and (3.13). Since 
x <zp land y <z 2\(yly) for all z,y € L, we have f~(1) < f(x), ft) => 
f* (x), f-(al@ly)) < FO), and f*(al(yly)) = fF) by (8.12). Using (2.5), 
(s2), (3.12) and (3.13), we have 


fF (al@lai@lz)) s Ff (lz)i@lz)) < max{ f(y), F (2)} 


and f*((x|(ylz))|(y i 2) 2 F(yl2)(ylz)) 2 mint f* (y), F(2)f for all x,y € L. 
Therefore f := (L; f~, f*) is a bipolar-valued fuzzy filter of £ := (L,]). 


Theorem 3.7. A bipolar-valued fuzzy set f := (L; f~, f*) in L is a bipolar- 
valued fuzzy filter of L := (L,|) if and only if its negative s-cut and positive t-cut 
are filters of L := (L,|) whenever they are nonempty for all (s,t) € [—1, 0]x[0, 1]. 


Proof. aoume that f := (L; f—, f*) isa bipolar-valued fuzzy filter of £ := (L, |) 
and L(f~;s) #0 4 U(ft;t) for all (s,t) € [-1,0] x [0,1]. It is clear that 1 € 
L(f-; s)NU( fr: t). Let y,6 € L be such that (y,b) € L(f~;s) x U(f*;#). Then 
f-(y) < sand ft(b) > t. It follows from (3.3) that f~(a|(yly)) < f7(y) < 
s and ft(a|(b|b)) > f*(b) > ¢ for all z,a € L. Hence (2|(yly), al(b|b)) € 
L(f~;s) x U(f*;t). Let y,b,z,¢ € L be such that (y,6) € L(f7;s) x U(f*;t) 
and (z,c) € L(f—;s) x U(ft;t). Then f~(y) < s, f-(z) < s, ft(b) > t, and 
ft(c) > t. Using (3.4), we get f~((x|(ylz))|(ylz)) < max{f-(y), f-(z)} < s 
and f*((a|(b|c))|(ble)) > min{ f*(b), f*(c)} = t, and so 


((x|(ylz))I(ylz), (al(ble))|(b]e)) € Lf; 8) x U(F*st). 


Therefore L(f~;s) and U(f*;t) are filters of £ := (L,|). 

Conversely, let f := (L; f~, f*) be a bipolar-valued fuzzy set in L for which 
its negative s-cut and positive t-cut are filters of £ := (L,|) whenever they are 
nonempty for all (s,t) € [-1,0] x [0,1]. If f-() > f-(a) or ft(1) < ft(az) 
for some x,a € L, then a € L(f~;f7(a)) and # € U(ft;ft(z)), but 1 ¢ 
L(f~;f7(a)) NU(f*; f*(x)). This is a contradiction, and thus f~(1) < f7(z) 
and ft(1) > ft (a) for all  € L. If f~(al(b|b)) > f(b) for some a,b € L, 


then 6 € L(f~;f7(6)) but al(b|b) ¢ L(f~; f—(b)) which is a contradiction. 
Hence f~(zx|(yly)) < f-(y) for all z,y € L. If ft(x|(yly)) < ft(y) for some 
x,y € L, then y € U(ft;ft(y)) but z\(yly) ¢ U(ft; f*(y)), a contadiction. 
Thus f*(c|(yly)) > f* 


(y ) for all x,y € L. Suppose that 


fF ((al(b]c))(ble)) > max{ f(b), fF (o)} 


or ft ((2|(y|z))(ylz)) < minf{ f(y), f*(z)} for some a, b, c, x, y, z € L. Then 
b,c € L(f7;s) or y,z € U(f*t;t) where s := max{f~(b), f~(c)} and t := 


10 
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min{ f*(y), f*(z)}. But (al(6|c))(6]c) € Lf; 8) or (a|(ylz))(ylz) € U(F*5 4), a 
contradiction. Therefore f~ ((x|(y|z))(y|z)) < max{f7(y), f- (z)} and 


f* ((el(ylz)) lz) 2 min{ f(y), FF (2)} 


for all x,y,z € L. Consequently, f := (LZ; f~, f+) is a bipolar-valued fuzzy 
filter of £ := (L, |). 


Theorem 3.8. A bipolar-valued fuzzy set f := (L; f~, f*) in L is a bipolar- 
valued fuzzy filter of L:= (L,|) if and only if the fuzzy sets f> and f* are fuzzy 
filters of £:= (L,|), where fo :L > [0,1], rH 1- f(a). 


Proof. Assume that f := (ZL; f~, f*) is is a bipolar-valued fuzzy filter of £L := 
(L,|). It is clear that f+ is a fuzzy filter of £ := (L,|). For every x,y,z € L, we 
have fz (1) =1—f (1) 21—-f (#) = fe (@), 


fo (al(yly)) =1-—f (ally) 21-f ww) = fey), 


and 


fe (al@lz)) (lz) = 1- Fal lz) )I@lz)) 
2 1—max{f"(y), f(z)} 
= min{l— f~(y),1— f (z)} 
= min{ f- (y), f-2)}. 
Hence f. is a fuzzy filter of £ := (L, |). 
Conversely, let f := (L; f~, f*) be a bipolar-valued fuzzy set in L for which 
fe and f* are fuzzy filters of L := (L,|). Then 1 — f~(1) = f- (1) > fo(2) = 
Lh= ia (x), 


1—f (2l(yly)) = fe (@l(yly)) 2 fe (y) =1- fF) 


and 


1— f- ((2|(ylz))(ulz)) = fe (el (ylz) )|ylz)) 
2 min{ fr (y), fo (2)} 
= min{l— f~(y),1— f7 (z)} 
= 1—max{f(y), f(z} 
for all x,y,z € L. Hence f~(1) < f7(ax), f7(a|(yly)) < f7(y) and 
ff" ((al(ylz)) (lz) < max{ f(y), f (2)} 


for all x,y,z € L. Therefore, f := (L; f~, f*) is a bipolar-valued fuzzy filter of 
£:=(L£,|). 
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Theorem 3.9. Given a nonempty subset F of L, let fr := (L; fr, ff) be a 
bipolar-valued fuzzy set in L defined as follows: 


7 s ifae F, 
fr :Lbo [—1, 0], ar> { t— otherwise, 
and 
a. 
a Ss if x E F, 
fr :LDo (0, i, tk { tr otherwise, 


where s~ <t~ in [-1,0] and s* > t+ in [0,1]. Then fp := (L; fp, fx) is a 
bipolar-valued fuzzy filter of L:= (L,|) if and only if F is a filter of £ := (L,)). 
Moreover, we have F = Ly, := {x €L| fr(x) = fp(0), f(z) = f(D}. 


Proof. Assume that fr := (L; fr, fx) is a bipolar-valued fuzzy filter of L := 
(L,|). Then f;(1) = s~ and fx(1) = st, and so 1 F. Let x,y € L be such 
that y € F. Then f(y) = s~ and f#(y) = s+. It follows from (3.3) that s~ = 
fav) > fe(al(ulg)) and et = f8(y) < fF Cal(uly)). Hence fx (el(vly)) = 3 
and f#(2|(yly)) = s*, from which z|(yly) € F is derived. Let x,y,z € L be 
such that y,z € F’. Using (3.4), we have: 


z))\(ylz)) S max{fp(y), fpl@}=s, 
2))\(ylz)) = min{ fr (y), fe (2)} = 87, 


and so fa ((2l(ylz))|(g|2)) = 8~ and f#((2l(ylz))|(gl2)) = s*. This shows that 
(z|(y|z))|(ylz) € F. Therefore F is a filter of £ := (L, |). 

Conversely, let F be a filter of £ := (L,|). Since 1 € F, we get fp (1) =s° < 
fr(a) and fA(1) = st > f#(a) for all (a,z) € Lx L. Let z,ye L. If ye F, 
then 2|(yly) € F, and thus 5 (zl(yly)) = 8~ = fa(y) and f#(al(yly)) = s+ = 
fr(y)- Ity ¢ F, then f(y) =t” > fr (a\(yly)) and f(y) =t* < fr(al(yly))- 
For every x,y,z € LD, if y,z € F then (2|(y|z))|(y|z) € F which implies that 
fz ((el(vl2))|(glz)) = s- = max{ f(y), fe (2)} and fE((el(yla)I(ul2)) = s+ = 
min{ f(y), fi(z)}. If y ¢ F or z ¢ F, then 


fr ((al(ylz))|(ylz)) < t = max{ fp (y), fp (@)}, 
fr ((2l(ylz))|(ylz)) = t* = mint fp (y), fe (2)}- 


Therefore, fr := (L; fr, f7:) is a bipolar-valued fuzzy filter of £ := (L,|). Since 
F is a filter of £ := (L, |), we get 


Ly, ={e €L| fr(x) = fe (), fe (2) = fe(D} 
aired |f.(=3", fa) =s"h 
={xeL|xcxeF\=F. 


This completes the proof. 
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4 Normality of bipolar-valued fuzzy filters 


Definition 4.1. A bipolar-valued fuzzy filter f := (L; f~, f*) of £ := (L,|) 
is said to be normal if there exists (a,2) € L x L such that f~(a) = —1 and 


fr(z)= 
Example 4.2. Consider the Sheffer stroke Hilbert algebra £ := (L,|) in Ex- 
ample 3.2. Let f:= (L; f~, ft) be a BVF-set in L given by Table 6. 


Table 6: Tabular representation of f := (L; f~, f*) 


L f (2) f* (a) 
0 —0.42 0.36 
2 —0.42 0.36 
3 —0.42 0.76 
4 —0.57 0.36 
5 —0.42 1.00 
6 —1.00 0.36 
7 —0.57 0.76 
1 —1.00 1.00 


Then f := (LZ; f~, f*) is a normal bipolar-valued fuzzy filter of £ := (L, |). 


Theorem 4.3. A bipolar-valued fuzzy filter f := (L; f—, f*) of L:= (L,]) is 
normal if and only if f~(1) = —1 and ft (1) =1. 


Proof. Suppose that — := (ZL; f~, f*) is a normal bipolar-valued fuzzy filter 
of £ := (L,|). Then f7(a) = = and ft(x) = 1 for some (a,x) € L x L. It 
follows from (3.1) that f~(1) < f7(a) = —1 and ft(1) > ft(z) = 1. Hence 
f~(1) = —1l and ft(1) =1. The sufficiency is clear. 


Given two bipolar-valued fuzzy sets f := (L; f~, f*) and g := (L; g~, gt) 
in L, the inclusion “ €” between them is defined as follows: 
feg @ (Vee L)(f (x) > 9 (a), f(x) S97 (2). 
In this case we say that g := (LZ; g~, gt) is larger than f := (L; f~, ft). 


Theorem 4.4. Given a bipolar-valued fuzzy set f := (L; f~, ft) in L, let 
fx = (L; fr, fx) be a bipolar-valued fuzzy set in L defined by f(a) = f~(a)— 
1— f-(1) and f(x) = ft(x)+1—ft(1) for all (a,x) € Lx L. Then f := (L; 
f-, f*) is a bipolar-valued fuzzy filter of L:= (L,|) if and only if fz = (L; fr, 
fi-) is a bipolar-valued fuzzy filter of L := (L,|). Moreover, f, := (L; fy, fr) 
is normal which is larger than f := (L; f~, ft). 


Proof. Assume that f := (L; f~, f+) isa bipolar-valued fuzzy filter of £ := (L, |) 
and let x,y € L be such that « <, y. Then 


iQ= DP a-t=— Yer @-it7 b= 7.) 
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and 
fe () = ft(@)4+1-f70) < fF @4+1-fF OM =f). 


For every z,y € L, we have: 


fe (Calylely)) = F (Cally) — 1- F) 
< max{f" (x), f (y)}-1- fF () 
=max{f~(%)-1— f- (1), f (y)-1-f 
= max{f, (@), fe (y)} 


ax 


and 


Fe (ely) (ely) = F* (aly) (aly) +1 - £7) 

> min{f* (x), f*(y)} +1—- fF) 

=min{f*(z) +1— f*(1), f(y) +1- f°} 
=min{ fy (x), fe (y)}- 
Hence f,. := (L; f,, f*) is a bipolar-valued fuzzy filter of £ := (L,|) by Theorem 
3.6. Suppose that fs :-= (L; fz, fi) is a bipolar-valued fuzzy filter of L := 
(L,|). Since f~(1)-1— f°) = fe) S f(a) = f(a) -1— f (1) and 


fF) +1- fF) = fF) = fF @) = fF (e) +1 fF) for all (a,2) € Lx L, 
we have f~(1) < f~(x) and ft(1) > ft(z2) for all x € L. Since 


f (6)-1-f°() = fe (6) = fe (al(61b)) = fF (al(6]b)) —1— fF ) 


and ft(y)+1— ft) = fy) < ff (el(yly)) = 2 I(yly)) +1— f+) fo 
all (a,x), (b,y) € Lx L, it follows that f~(y) > f-(a|(yly)) and ft(y) < 
f*(xl(yly)) for all x,y € L. Since 


fF ((al(ble))|(ble)) — 1 — fF) = Fe (Cal(6]¢))|(6l¢)) 
< max{f, (6), fe (¢ 7 

=max{f~(6)-1—f° (1), f-()-1-f (ft 

= max{f~ (6), f" (¢)}} -1- f() 


and 

f*((al(ylz))Glz)) +1 - £7) = FC@lg|2))IGlz)) 
2 min{ f(y), fr (2)} 

= min{ft(y) +1— ft(1), ft(z)+1—ft()} 
=min{fT(y), f*(2)}+1- £70) 

for all (a,x), (6, y), (¢, z) € L x L, we have 


fF (Cl@lz))|(ylz)) < max{ f(y), fF (z)} 
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and ft((2|(y|z))|(ylz)) > min{ft(y), ft (z)} for all x,y,z € L. Therefore, 
) is a bipolar-valued fuzzy filter of £ := (L,|). Since fy (1) = 
= —land f(1) = f*(1) +1— f*(1) = 1, we know that 
is normal. Also, we have f, (x) = f-(e)-1-f-(1) < f(z) 
(x) +1—f*(1) > f*(z) for all x € L. This shows that f, := (L; 
arger than f := (L; f—, ft). 


—_ 


Theorem 4.5. Let f := (L; f~, ft?) be a bipolar-valued fuzzy filter of L:= 
(L,|). Then it is normal if and only if fe = f, that is, f~(a) = fr (ax) and 
ft (a) = fi (x) for alla € L. 


Proof. Let f := (L; f~, f*) be a bipolar-valued fuzzy filter of £ := (L,|). 
Then f, := (L; fy, f*) is a normal bipolar-valued fuzzy filter of £ := (L,|) by 
Theorem 4.4. Hence it is clear that if f, =f, then f := (LZ; f~, f*) is normal. 
Conversely, if f := (Z; f~, f+) is normal, then f> (x) = f~(x)-1—f7 (1) = 
f(a) and f(x) = ft (x) +1—ft(1) = ft (a) for all x € L. Hence f, = f. 


Proposition 4.6. Let f := ~, £1) and g := (L; g~, g*) be bipolar-valued 


me 
fuzzy fers of E == (2,|) wi 4€ 0. FP) gl) and fC) gC, 
then Ly, © Lgp 


Proof. Straightforward. 


The example below shows that there are bipolar-valued fuzzy filters f := (L; 
f-, ft) and g:= (L; 97, gt) of £:= (L,|) that satisfy Lj, C Lg, and f ¢ g. 


Example 4.7. Consider the Sheffer stroke Hilbert algebra £ := (L,|) in Ex- 
ample 3.5. Let f:= (L; f~, ft) and g := (L; g~, g*) be bipolar-valued fuzzy 
sets in L defined by the Table 7 


Table 7: Tabular representation of f and g 


L\ f(@) f(x) |g (@) g* (x) 
0 —0.42 0.43 —0.36 0.33 
2 —1.00 1.00 1.00 1.00 
3 —0.42 0.43 —0.36 0.33 
1 —1.00 1.00 1.00 1.00 


Then L;, = {1,2} = Ly, but — € g since f- (3) = —0.42 < —0.36 = g (3) 
and/or f+ (0) = 0.43 > 0.33 = g* (0). 


Theorem 4.8. Let f := (L; f~, ft) be a bipolar-valued fuzzy filter of L:= 
(L,|). Then it is normal if and only if there is a bipolar-valued fuzzy filter 
gi= (59°, 0°) of L:= UL, |) such that ge © f. 


Proof. The necessity is straightforward because if f := (L; f~, f*) is normal, 


then f, = f. 
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Conversely, assume that there is a bipolar-valued fuzzy filter g := (L; g7, 
gt) of £ := (L,|) such that g. © f. Then —1 = g, (1) > f~ (1) and 1 = gf (1) < 
f*(1). Thus f~ (1) = —1 and ft (1) = 1, and so f := (LZ; f~, f*) is normal. 


Theorem 4.9. Given a bipolar-valued fuzzy set f := (L; f~, f+) in L, consider 
an increasing mapping € := (€~,€*) : [-1, f~ (1)] x [0, f7 (1)] — [-1, 0} x 0, 1]. 
If f§ := (L; f-, f*) is a bdipolar-valued fuzzy filter of £ := (L,|), then the 
bipolar-valued fuzzy set fe := (L; fp, fy) in L defined by f, (a) = €- (f(a) 
and fi (x) = €*+(ft(ax)) for all (a,x) € L x L is a bipolar-valued fuzzy filter of 
L:=(L,|). Moreover, if fy (1) =—1 and ff (1) =1, then fe := (L; fr, ft) is 
normal, and 
(V(s,t) €[-1, f-()] x (0, FF) (E(s) Ss, OH) St > FE fe). 
Proof. Assume that f := (L; f~, f*) is a bipolar-valued fuzzy filter of £L := 
(L,|). Let z,y € L be such that <p y. Then f, (x) = €-(f-(z)) = 
&-(f-(y)) = fe (y) and fe (x) = et (ft(a)) < O(Ft(y)) = Fe (y). For ev- 
ery x,y,z € L, we have 
fe ((ely)\(aly)) = &(F (aly) (ely) 

< & (max{f (x), fF (y)}) 

= max{l"(f~(x)), 6 (f7 (y))t 

= max{ fy (x), fy (y)} 


and 


fe (aly) (aly) = (FF (aly)(aly))) 
> e*(min{ f* (x), f(y)}) 
= min{l*(f*(x)),¢*(f*(y))} 
= min{ f(x), fe (y)}- 
Therefore, fy := (L; f;, fj) is a bipolar-valued fuzzy filter of £ := (L,|) by 
Theorem 3.6. If f; (1) = —1 and f;'(1) = 1, then fe := (L; f; , fe) is normal 
by Theorem 4.3. Let (s,t) € [—1, f~ (1)] x [0, f*(1)] be such that @~(s) < s and 


é+(t) >t. Then f; (x) = -(f-(a)) < f-(a) and f} (2) = & (ft (2) > Ft(2) 
for all « € L. Hence f € fe. 


Theorem 4.10. Let f:= (L; f~, f*) be a normal bipolar-valued fuzzy filter of 
L := (L,|) such that f~(a) 4 f~(1) and ft (x) 4 ft (1) for some (a,x) € Lx L. 
If f := (L; f~, f*) is a maximal element of (Nr(L), €), then it is described as 
follows: 

—1 if a=1, 


f- :L-[-1,0], av { 0 otherwise, 


41 
1 ifv=1, eu 


te 
f':L> [0,1], 4 { 0 otherwise, 


where Np(L) is the set of all normal bipolar-valued fuzzy filters of £ := (L,]). 


16 
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Proof. Clearly, (Nr(L),€) is a poset. Assume that f := (LZ; f~, ft) isa 
maximal element of (Npr(L),€). It is clear that f~(1) = —1 and raze } =1 
since f := (L; f~, f+) is normal. Let (a,x) € Lx L be such that f~(a) 4 f~(1) 
and ft(x) 4 ft(1). If f-(a) 40 and ft(x) #0, then —-1 < f~(c) < 0 and 
0 < ft(z) < 1 for some (c,z) € Lx L. Let g := (L; g~, gt) be a bipolar-valued 
fuzzy set in D defined by 


g :L—[-1,0], av 5(f (a) + f- (0), 
gt :L-> (0,1, c4 $(ft (2) + ft). 


Let x,y € L be such that « <; y. Then 


g (x) =5(f (@) +f O)25(F Wtf O)=7 |) 
) 


eae = 5(ft(z)+ft(2)) < sft) +Ff*(2)) = gt (y). For every z,y € L, 
we nave 
9 ((zly)|(aly)) = 3(F7 (aly) (aly) + £7 ©) 
< 5(max{ f(x), f-(y)} + f-() 
= 5max{f-(x)+ f-(), f (+f ©} 
= max{3(f (x) + f-(©),3(f &) +f (©)} 
=max{g (x),9° (y)} 
and 


= 3(f* (aly)|(ely)) + £7 (2)) 

> Z(min{ ft (x), fF (y)} + FF (2) 

= ;min{f*(x) + f(z), f(y) +f} 
= min{3(f*(2) + f*(2)), 3(f* (y) + £7 (2)} 

= min{g* (x), 9* (y)}. 

Hence g := (L; g~, gt) is a bipolar-valued fuzzy filter of L := (L,|) by Theorem 


3.6, and gx := (LZ; g;, gf) is a normal bipolar-valued fuzzy filter of £ := (L,|) 
by Theorem 4.4. We can observe that 


9 ((2ly)|(2ly)) 


9, (t) =g (x)-1-—g (1) 
a te @)—1l—-sr a7 ©) 
5(f~ (x) 1) < f(a) 


and 
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for all « € L. Hence f € gx, and so f := (L; f~, f+) is not a maximal element 
of (Nr(L), €). This is a contradiction, and therefore (f~(a), f*(x)) = (0,0) for 
all (a,x) € L x L with f~(a) 4 —1 and f*(x) #1. Consequently, f := (L; f-, 
f*) is described as (4.1). 
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Abstract 


Here we present general multivariate Opial and Polya type inequalities 
over spherical shells. The proofs derive by the use of some estimates 
coming out of some new trigonometric and hyperbolic Taylor’s formulae 
([1], [2]) and reducing the multivariate problem to a univariate one via 
general polar coordinates. 
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spherical shell. 


1 Background 
We need 
Remark 1 Let the spherical shell 
A:= B(0,R2) — B(0, R1), 


0< Ry < Ro, ACRY,N>2,2€A;r=|2|,re [Ri, Ro], V2 € A, |-| the 

Euclidean norm. Here x can be written uniquely as x = rw, where r = |x| > 0 

andw=2€ SN-l |w] =1, see ([3], pp. 149-150 and [5], p. 421). 
Furthermore for F : A— R a Lebesgue integrable function we have that 


[Fro dx = i ( [ F (rao) dus, (1) 


where SN-1 := {x ER : |z| =1}. 
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Let dw be the element of surface measure on SN~! with surface area 


Int 
WN = dw = ‘ (2) 
fue F RH) 
Here it is volume of A, 
RY — RN 
vol (A) = sae eae (Rs , ) (3) 


N 
Above it is B(0,r) := {x € RN : |a| anh, r>0. 


Here K is either R or C, and C% (I) denotes functions n-times continuously 
differentiable on an interval J C R with values in K. 
From [2] we need to mention the following Opial type inequalities. 


Theorem 2 Let f € C2. (I), with interval I CR, a,x € 1, a< 2, and f(a) = 
1 
q 


f' (a) =90, with p,q >1:3+ =1. Then 


a Lf (w)| LF" (w) + F (w) | dw < 


2 
q 


xt (f (f bsinw— sr at) tw)’ (fir wy +Fewtaw)". 


Theorem 3 Let f € C7, (I), a,x € I, a < x, and f(a) = f' (a) = 0, with 
pa>l:steal. Then 


ie Lf (w)| Lf" (w) — F (w)| dw < 


xt (f (fo psinn (wat) aw)’ (f ir" w)-Few)aw)". 6) 


Theorem 4 Let f € Ci (1), interval I C R, leta,x € I, a <2, f(a) = 
f'(@~ =f" (a) = f"” (a) =0, with p,q>1: a ; =1. Then 


fle co|t ) - f (w)| aw < 


g-(144) es ([ nites) Sante at) aw) : (6) 
( 


2 
q 


f° (w) ~ f(«)) dw) 
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Theorem 5 All as in Theorem 4. Let a,8€R: af (a? - 67) #0. Then 
ft (olf (w) + (0? + 84) $1 (w) + 02 6°F (w)| dw < 
1 zx Ww . . 
5 iad i 7 ay (/ (/ |G sin (a (w — t)) — asin (6 (w — py at) aw) 


iy : 


Theorem 6 All as in Theorem 4. Leta €R,a#0. Then 


f°) (w) + (02+ 6°) J(u) +0267 (w)|' dw)". 7) 


ie lf (w)| \F (w) +202” (w) + oF (w)| ee 


1 


an (f° (f° bsin(e-(w —0)) ~ 0 (w=) cos (0 (w= 4))P dt) de)’ 


if (8) 


Theorem 7 All as in Theorem 5. Then 


f (w) + 207 f" (w) +04 f (w)[" aw) : . 


[econ | 6 eo) — (2 + #7) Fw) + 0897 F (w)| dw < 
2 |ap| P — | (/ a a ae py at) aw) 


(f (9) 


Theorem 8 All as in Theorem 6. Then 


f (w) - (a? + 6?) f" (w) +076? f (w)|" ww) : 


ii |f (w)| Ff) (w) — Doe f” (w) +o! f (w)| Hone 


Ser ([ Cx Ja (w ~1) cosh (a (w ~#)) ~ sinh (a (w ~ 8) Pa) aw) 
( 


if 


We will use the above Opial type inequalities in the case of p = q = 2. 
The motivation came from the following famous Opial’s inequality 


q 


f (w) - 20 f" (w) + a4 f (w)" aw) 
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Theorem 9 (Z. Opial, 1960, [4{]) Let c > 0 and y(a) be real, continuously 
differentiable on [0,c], with y (0) = y(c) =0. Then 


[woveoles§ | o'@yrae. (11) 


Equality holds for the function y (x) =a on [0, £] and y(«) =c—« on [£,c] . 


2 Results 


First we present a collection of Opial type inequalities on the spherical shell A. 


Theorem 10 Let F : A — R Lebesgue integrable function with F (-w) € C? ([Ri, Ra), 


with F (Riw) = 2 (Rw) =0, Vw e SN}. Then 


[vrolro+ oe 


9-4 ey. (/" Ge Ga (r—0)at) “) J (F (x) + PPO ap, 


(12) 
Proof. Here we apply Theorem 2 to F'(-w) for p = q = 2. So for every 
w € SN-! we have that 


[Oren | ES + Feu) 
UL ( 


Ry Or? 
We have Ri <r < Ry and RN-1 < rN-1 < RY ', and RY N <r N< 


is (sin (r — pyar) i) (/" oe + F(rs)) a) ; 
( 
Bes 


We observe the following 


dx < 


= Ro OP F (rw 
Re ay, F rw|| + F (rw) 


i F (rw) AES + Pere) 


rN—ldr< (14) 


rN tpl Ndr = 


Or? 


[rea] 25S + Feu) 


(13) 
dr < 
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i 
2 


Ora (/" (/. (sin (r — py) i) 
(/" (a + F(ra)) e*tr-Ner) < 
Ri-No-a (/ (/. (sin (r — pyar) w) (15) 


ce (ae Fru) tr) 


Therefore it holds 


[Oren | ES + Pew) 


a Or? 
rs (sin (r — t))? it) i) ; (16) 


Ca) ( 
f(r) 


Consequently we obtain 


i (a PF (ra)|| EO) + Fu) 


(B) te (f. (in (r —9)* at) w) (17) 
LUE (Coe +P 00) tea 


Applying (1) we obtain (12). m 

Next, we present more Opial type inequalities on spherical shell. Their proofs 
are similar to the proof of Theorem 10 and are based on Theorems 3-8. Use 
also of (1). 


rN—ldr < 


NI 


9- 


Theorem 11 Same assumptions as in Theorem 10. Then 


[rolre-=e 


o-} ey (/" (/. (sinh (r—1)at) “) | (F eae PPO ae, 


(18) 


dx < 
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Proof. Based on (5). 


Theorem 12 Let F : A — R Lebesgue integrable function with F (-w) € C* ({Ry, Ral), 


with F (Rw) = °F (Ryw) =0,i=1,2,3; Vw e SN-1. Then 


[ire i | (x)| dx < 
oa ae (/" (/. (sinh (r — t) — sin (r — pyar) we) 
I oe - F(@)) ae (19) 


Proof. Based on (6). 


Theorem 13 All as in Theorem 12. Let a,8 € R: a8 (a? _ 67) #0. Then 


fro|Ze ze) 
A 


APICES) Tne ) 


) . (a2 4) FO 5 26°F (2) 


dx < 


Or? 


i 
2 


Ri 


(i 
a (are + (a? + B?) oe | c°GPF(2)) de (20) 


Proof. Based on (7). 


if (8 sin (a (r — t)) — asin (8 (r — t)))” at) i) 


Theorem 14 All as in Theorem 12. Letae€ R, a0. Then 


[ire |F (a | a4 @) gE +a‘F (x)| dx < 
5 a (By is cs (sin (a (r — t)) — a(r — t) cos (a (r — t)))? ar) w) 


(52 + 2a” _ oF (@)) de (21) 


Proof. Based on (8). 
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Theorem 15 All as in Theorem 13. Then 
OF (x 
[ro 
A 
err cay (Re) 


(/" ( a (asinh (8 (r — t)) — B sinh (a (r — t)))? i) i) 2 


AE (x 2F (x 2 
LB ? — (a? + 62) “+ 026?F (a) a (22) 


(r+) 


dx < 


+ a? B?F (a) 


Or? 


Proof. By (9). m 
Finally we give the following Opial type inequality. 


Theorem 16 All as in Theorem 14. Then 


fre eae igo + at F (x)\| dx < 
93 a (Ry (s Ck (a (r — t) cosh (a (r — t)) — sinh (a (r — t)))? it) i) 
[ (FFP -w 282 + otr@) a (23) 


Proof. Based on (10). m 
We need the following results. 


Theorem 17 (/1]) For f € Cz ({a,b]) and x € [a,b] : f (a) = f’ (a) = 0, we 
have that 


feay= [FO +FO)sin(@— Hat (24) 


and 


f(a) = fo (F=f () sinh (w 8) at (25) 


Theorem 18 (/1]) For f € Ce (a, b]) and x € [a,b] : f (a) = f’ (a) = f" (a) 
f’” (a) =0, we have that 


peo)= fm - 70) (AEE a. 0 
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Theorem 19 (/1/) Let a,8 € R with af (@? —a*) £0, and f € Ck ([a,0)), 
xz € [a,b]: f (a) = f’ (a) = f” (a) = f” (a) = 0. Then 


1 wt 2 2 ” 2 22 
S0)= array | UM OH +H) +eBF) 
(8 sin (a (a — t)) — asin (6 (a — t))) dt. (27) 


Theorem 20 (/1/) Let a,8 € R with af (a? — 67) #0, and f € Ch (a, J), 
xz € [a,b]: f (a) = f’ (a) = f” (a) = f’” (a) = 0. Then 


f= gra | (f(t) = (a2 + 6) fe) + 026°F (8) 
(asinh (8 (@— 2) — Pain (a@—D)—)e. (28) 
We will use 
eine lal VRE R, (29) 
ial ehh ae. VRE GSO ESan (30) 


Both of the above come by applications of mean value theorem. 
We give the following Polya type univariate inequalities. 


Theorem 21 For f € Cz ([a,b]) and x € [a,b] : f (a) = f' (a) =0, it holds 


b a) pe 
[ t@lars SP ’ Ir + FOLae, (31) 


[ue )| dx < cosh (b — a) oe Pr @- (t)| dt. (32) 


Proof. (i) By (24) we have that 
)| < [Ur + F Ol ine Hlat < 
[lt @+F@le-Hat< (33) 


x b 
(@-a) f (+L (Olat < (wa) | If” (t) + F lat. 


Therefore, it holds 


b b b 
[ire <(f irate) | i (+f @lat= (34) 
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ia ey If” (t) +f @lat. 
(ii) By (25) we have that 
res [f(t (t)| |sinh (a — t)| dt < 
cosh (b= a) - "lf" (t) — FI (e—A) at < (35) 


cosh (b= a) (@—a) ff") — Flat < 


b 
hte a) | if” (t) — f (Ol dt. 


Therefore, we get 


Lyowsmae-alf Mh if’ (t) — f(t)|dt = (36) 
Pipe (i)| at. 


Theorem 22 All as in Theorem 18. Then 


: b—a) 
J @lae < (cosh (b= a) a) 4 Pip — f (t)| dt. (37) 


cosh (b — a) 


Theorem 23 All as in Theorem 19. Then 
b 2 b 
(b = a) wy " 
i |f (a)| da < oa |f (t) + (a? + 6°) f" (t) + a? f (t)| dt. (38) 


Theorem 24 All as in Theorem 20, plus |a|, |B] <1. Then 


cosh )(b-a) 
fu Lf («| dx < iF 7 i lf" (t) — (a? + 6?) f" (#) +078" Ff ()| at. 
(39) 
Next comes a collection of Polya type inequalities on the spherical shell. 


Their proofs are based on Theorems 21-24, (1) and they are similar to the proof 
of Theorem 10, and as such details are omitted. 
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Theorem 25 Same assumptions as in Theorem 10. Then 


Ro Noe (Re = Bi) OF (x) 
F < + d 4 
fires (3) rf | a Pld, (4) 
and 
N-1 2 
Ro (R2 — Ri) OF (x) 
I \F (2)| < (=) cosh (Ry ~ Rx) “= I - Gye 
(41) 
Proof. Based on Theorem 21. mg 
Theorem 26 Same assumptions as in Theorem 12. Then 
BAH! Roi Ry? 
fires (GE) (coshite— Ri) +1) HA 
A Ry 4 
Ot F (2x) 
| a4 — F (x)| da. (42) 
Proof. Based on Theorem 22. mg 
Theorem 27 All as in Theorem 138. Then 
N-1 2 
R (R2 — Ri) 
fras(?) GS 
p Ri) [saa 
OtF (a) 2 2 OF (x) 292 
t t F dz. 4 
| \ Ga + (0? +0) So" + te (@)| ae (43) 
Proof. Based on Theorem 23. mg 
We finish with 
Theorem 28 All as in Theorem 18, plus |a|,|B| <1. Then 
Roy se cosh (Ro = Ri) (Ro = Ry)? 
IF (2)| < ae 
; Ri PoP] 
OF (x) 2 2 O°F (x) 2 92 
I ar4 —(a + B°) a + 0° BF (2) dx. (44) 
Proof. Based on Theorem 24. mg 
10 
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Abstract 


In this article we study the behaviors of a piecewise linear map with 
initial condition in the second quadrant. There is a unique equilibrium 
point and two 4-cycles of the map. We found regions of initial condition 
that solutions become equilibrium point or 4-cycles. We divided the sec- 
ond quadrant into sub-regions and identify behaviors of solutions in each 
sub-region by direct calculations, and formulated inductive statements to 
explain the behaviors of the map without using stability theorems. 


Key words: Coexisting attractors, Periodic solution, Equilibrium point, 
Piecewise linear map. 
2010 Mathematics Subject Classification: 39A10 and 65Q10. 


1 Introduction 


Lozi map (Lozi, 1978) is a well known two dimensional piecewise linear map 
which is a simplified version of Hénon map and has a strange attractor. There 
are many applications of piecewise linear maps in models such as power elec- 
tronic converters and switching circuits (Banerjee & Verghese, 2001; Zhusu 
baliyev &Mosekilde, 2003). We know that multistability (Simpson, 2010; Zhusub- 
aliyev et al., 2008) can be found in piecewise linear map. Bifurcations sequence 
in a family of piecewise linear maps were cosidered in articles (Gardini & Tikjha, 
2019; Tikjha & Gardini, 2020) and also a transition between invertibility and 
non-invertibility of piecewise linear map were studied in article (Gardini & 
Tikjha, 2020). A solution {(an,Yn)}%2p of a map is called eventually peri- 
odic with prime period-p (or minimal period-p) if there exists an integer N > 0 
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and a smallest positive integer p such that {(2n, Yn) }02p is periodic with period 
p; that is, 
(Ln4p;Yntp) = (Ln, Yn) for alln > N. 

As we all known that piecewise linear function is not differentiable. In the case 
of system that can reduce to equation (one-dimensional map), we are unable to 
verify stability via stability theorem such as Schwazian derivative (D. Singer, 
1978). An open problem about a piecewise linear map was mentioned in (Grove 
et al.,2012): 


(1) 


Ln41 = |€n| + ayn +6 
Ynt1 = Ln + clyn| +d 


with initial condition (xo, yo) € R?. Many papers studied the open problem 
for example: Gove et al. (2012) found that every solution is eventually prime 
period-3 solutions except for the unique equilibrium solution. In article (Tikjha 
et al., 2010; 2015; 2017) and (Tikjha & Lapiere, 2020), they studied some 
special cases of system (1), and showed that there are periodic attractors. They 
showed that every solution is eventually either periodic attractors or equilibrium 
point by using direct calculation and inductive statement. Recently in article 
(Aiewcharoen et al. 2021; Laoharenoo et al. 2023), they investigated a family 
of systems that contain absolute value similar to (1) and they showed that all 
solutions become the equilibrium point. Moreover, they also showed that there 
exist a prime period 5 when b < —6. In article (Lapiere & Tikjha, 2021), 
they also studied the special case of (1) with a = b= d= -—-landc=1. 
Our goal is to continue investigate the special case of (1) with a = c = —l, 
b = —3 and d= 1 which Tikjha and Piasu (Tikjha & Piasu, 2020) reported the 
condition of solutions becoming equilibrium point or periodic with prime period 
4. They investigated initial point only in region of the first quadrant. We aim to 
extend the initial condition in second quadrant and find all possible behaviors of 
solutions for this map and then characterize the coexisting attractors between 
equilibrium point and periodic with prime period 4 (4-cycle) and their basin of 
attractions. 


2 Main Results 


In this section we will study the following two dimensional map: 
Tn+1 = tal Ga — 3, Ua = Zn —|Yn|+1 (2) 


with initial condition belonging to second quadrant. This map has the unique 
equilibrium point (—1,—1) that can be computed by solving the system: 


z=|z|-9-3 

y=z—|y|+1 
As in (Tikjha & Piasu, 2020), there are 4-cycles of the system (2) given by Py, = 
{((—5, 1), (3, -5), (5, -1), (8, 5))} and Pa.2 = {((1, -3), 1, -1), (-1, ), (-3, -1))}- 
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The 4-cycles are found by numerical calculation. It is easy to verify that Py, 
and Py. are 4-cycles. Let (29,yo) be in the second quadrant of xy plane, 
Qo := {(z,y) € R*|x < 0 and y > 0}. We have the first iteration as the 
following: 


(3) 


£1 =|zo|-—yo-3 =—aZo—Yo—3 
yi =Zo—|yol| +1 =2o-yot+1 


Before we calculate the next iteration, we have to know the sign (negative or 
non-negative) of 2; and y; which are the function of zo and yo. The sign of 21 
will change when initial point (xo, yo) above or below the line f(a) = —a — 3 
(resp. g(x) = «+1 for y,). Now we divide the second quadrant into three 
sub-regions as Fig. 1 that we will investigate in the next sub-section. 


Ya 


g(x) =a+1 


@ 
(-1,-1) 


Figure 1: The second quadrant is separated into three sub-regions by the lines 
f(x) and g(x). The red point is the equilibrium point of system (2). 


2.1 Stable equilibrium point 


In this section we will investigate rightmost region of second quadrant that is 
when initial condition belonging to the green region as Fig.2 From (3), we have 


{* = 2Yo0 -—1 (4) 


yg = —2% —3 <0. 


Firstly, we will investigate when x2 > 0 that is initial condition 4 <yo <1 
as in Fig.3. So the next iteration can be written in the form: 


{* = 2x9 + 2yo — 1 (5) 


y3 = —2%9 + 2y9 —3 < 0. 
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Figure 2: The region of initial points such that x; is negative and yj is positive. 


Ya 


Figure 3: The region of initial points such that x2 is non-negative. 


Again we separate region in Fig.3 into two parts above and below a line i(z) = 
—x +4 as in Fig.4. For an initial condition above the line i(z) = —x + 5, the 
forth iteration is in the form: 


ene ae 


6 
ya = 4yo — 3. 6) 


If initial conditions are in green region in Fig.4 with above line i(x) and yo € 
[$,%], we have ys <0. By direct calculations we have: 
ty = —4% — 4y9 +1 <0 

{ i Stay tg oer Fe 
eventually equilibrium point within sixth iteration. For initial conditions are in 
green region in Fig. 4 with above line i(x) and yo € (2, 1], we have the following 
Ls = —4% — 4yp9 +1 <0 
Y5 = 4%9 — 4y0 +3 < 0 


re = 8yo — 7 
ae (7) 


. — -, . The solution of this region is 
= — 


closed form of solution: { , and so 


Note that the closed form of the sixth iteration with this region is independent 


from zo. It is easy to verify that when yo € (3, 4], te <Oandso 27 =y7 =-1. 
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Figure 4: The third iteration of (5) #3 change sign when initial point (29, yo) 
crosses the line i(x). 


This means that the solution of this region is also eventually equilibrium point 
within seventh iteration. The remain region is when yo € (Z, 1] which we 
have xg > 0. The following inductive statement will be used to prove that 
every solution is eventually equilibrium point for this remain region. Let a, = 
ae sth = Se lh = 2?n+2 _ 1 and P(n) be the following statement : 
“uy € (an, 1], then 

Tints = 2" Ayg — bn 


Yant3 = —1 
If yo € (An, bn] then %4n43 <0 and so 
Can+4 = —22n +244) + On —2<0 { La4n+5 = —1 
Yanta = 2°°+4y5 — 5, <0 Yants = —1 
If yo € (bn, 1] then x4n43 > 0 and so 
Lan+4 = Q2n+2y79 — bn -—2<0 { T4n45 = —22n+34, +26,-1<0 


Yanta = 27"+2 49 — by > 0 Yan45 =—1 
{ TAn+6 = Vek = 26n -—1 


Yan+6 = —2?"+3y +25, —-1<0 
If Yo €E (bn, On41] then TAn+6 < 0, and so 
TAn+7 = —1 
Yant+7 = —1 
If yo € (@n4i, 1] then r4n+46 > 0. ” 
We shall show that P(1) is true. For yo € (a1, 1] = (Z, 1] and 6; = 15, 
we have xg = 8yo — 7 > 0, ye = —8yo + 5 < 0 and so 
{ La(1)43 = t7 = 16yo — 15 = 27 +9 yq — 6 
Yaj+3 =Yy7=—1 
If yo € (a1, b1] = (Z, 72] then x7 < 0 and so 
L41)44 = Ze = —16yo + 13 = —2?M +2y9 4 6, —2 <0 
ya(+4 = Ys = 16yo — 15 = 27) +249 — 6, <0 
La(ij+5 = Lo = —1 
Yaris = Yo =—1 
If yo € (b1, 1] = (2,1 then x7 > 0 and so 
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£41) 44 = Bg = 16yo — 17 = 2?) +2yq — 6, -2 <0 
Ya(1)+4 = ¥8 = 16yo —-15= 2211) +244, —6,>0 
{ L41)45 = Lo = —32yo + 29 = —2?M+3y 4 25, -1 < 0 


>) 


>) 


Yaji5s = yo =—1 
£41) +6 = L190 = 32yo — 31 = 2243 yy — 25, — 1 
Yya1)46 = Yio = —32yo + 29 = —271) 438 y9 4 26, -1 <0 


If yo € (b1, a2] = (72 3] then x19 < 0 and so 


{ faay47 = 11 = —1 


Yar. = Yir = —1 
If yo € (a2, 1] = (3, 1] then r4(1)46 = 10 = 32y0 — 31 > 0. Therefore P(1) is 
true. It means that for this region and initial condition y € (Z, Al , the solution 
is eventually equilibrium point (—1,—1). Next Suppose P(k) is true. We shall 


g2k+3 


show that P(k +1) is true. For yo € (ax41, 1] = (Coes. i], then 


TAk+6 = Q2k+3 a4 = 25% —-1>0 
{ Y4k+6 = —22h+3 9, +26,-1<0 ° hen 
QUR+1) +24) — (Q2R+I)42 _ 1) = QAk+1)+2y, — Fy, 


{ La(k+1)+3 = 
Ya(k+1)+3 = —1 
If yo € (@x41, bea] = Cae a] then @ak47 = La(p41)43 <0 (by substi- 
tuting boundary of yo) and so 
{ La(ky1)+4 = —22*tV +24 + dy41 —2 <0 
Ya(ntij+4 = 2+ 9 — Sep1 <0 
{ Ta(k+1)+5 = 1 
Ya(k+1)+5 = —1 


r 


2h+4 
If Yo € (bp ,lj= (S2. 1 then LAkK+T = CA(k+1)+3 > 0 and so 


{ Laceti)pa = 22D +2 y9 — by41 —2 <0 
YA(k4+1)4+4 = Q2h+l +205 — Spar > 0 ; 

La(k+1)+5 = PTO a + 2k+41 —-1<0 

Ya(k+1)+5 = —1 ; 

acegij46 = 2k Y+3 49 — p41 — 1 

Yarsajge = —2ENTF3 y9 + We¢1 — 1 <0” 

2k+4_ Qk+5_ 

If Yo € (bya ,Op+2| = (Fsaqct. net] then TA(k+1)+6 <0 and so Va(k+1)+7 = 
—Land yaetiy+7 = —1. 


2k+5 
If yo € (x42, 1) = (Ses, 1] then t4(k41)46 = T4k+10 = Yo 2or41—- 


1 > 0. Hence P(k +1) is also true. By mathematical induction P(n) is true 
for any positive integer n. From the inductive statement we have that every 
solution with initial condition yo between a, and b,, is eventually equilibrium 
point. It is easy to see that the limits of sequences a, and b, are equal to 1. 
Therefore we can confirm that with initial condition, the green region in Fig. 4 
with above line i(x), the solution is eventually equilibrium point. 

For an initial condition below or in the line i(z) = —x + 3, the initial 
condition satisfy 79 < —yo + $ then x3 = 2%) + 2yp — 1 < 0. We have the forth 
iteration as x4 = —4%) + 1 < 0 and y4 = 4yo — 3. In this green region below 


g2(k+1)+3 
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i(x) of Fig. 4, yo is at most 2. Then y4 = 4yo —3 < 0 and so 25 = ys = —1. So 
we proved the following lemma. 


Proposition 2.1. Let {(an,Yn)}9o be a solution of the map (2) and initial 
condition (xo,yo) € {(x,y) € Qoly < ex +landZ <y <1}. Then every 
solution is eventually equilibrium point. 


Now we consider the below part of the Fig. 3, which (xo, yo) satisfies the 
following conditions: x; = —%) — yo —3 < 0,y, = %) — yo +1 > 0 and zo < 
0,yo > 0. We have v2 = 2yo — 1 and yg = —2a9 — 3. In this case we consider 
when 0 < yo < 3. So x2 < Oand (29, yo) belong to green portion of Fig. 5. The 


Ya 


gv) =a+1 


Figure 5: The green region of initial points such that x2 is negative. 


next iteration can be written in the form: 


{* = 2% — 2y0o +1 (8) 


y3 = —2%9 + 2y9 —3 < 0. 


We separate x3 into two cases, above and below line k(a) = a + $ as in Fig. 6, 
when (9, yo) is above k(a) then 23 < 0 while it is positive when (20, yo) below 


Figure 6: The 23 of (8) change sign when initial point (29, yo) crosses the line 
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In the case of x3 < 0 (above k(x)), we immediately have 74 = ys = —1. For 

the case of x3 > 0, we have 

t4 = AX — 4y0 +1 

ya =—1 
For x4 = 4x%9 — 4yp + 1 < 0, we have 

ts = —4r%9 + 4yo — 3 < 0 

ys = 4% — 4y9 +1 <0 
and so xg = ye = —1. In the case of x4 = 4x%9 — 4yop +1 > 0, that is in remain 
region of initial condition in A = {(x0, yo) € Q2|4v0 — 4yo + 1 > O} as Fig.7. 
We will use an inductive statement to verify that the remain solution is even- 


Ya 


Figure 7: The green region is the initial points belonging to A. 


tually equilibrium point. Let A, = {(z,y) € Qe | 2?"@ — 2?"y+1>0},D, = 
{(x,y) € Qo | 2?"t hx — 2°"+1y +1 > 0} and Q(n) be the following statement: 
“(2o, yo) € An then 
C4n4+1 = 2?" x9 = 2?" yo —-1<0 { L4n4+2 = —22"+1 yo + Q2n+lag —3<0 
Yant1 = 2?"29 — 2"yo +1>0 ’ Yan42 = — , 
Lanz3 = 2" the — 2?"thyg +1 
Yan+3 = —22rt1 yo + 22r+layy —-3<00- 
If (xo, yo) € A, — Dy, then L4n+3 <0 and so Lanta = Yanta = —1. 
If (40, yo) € Dn then r4n43 > 0 and so 


Lanta = Q2nt2 75 _ 22n+2y79 + 1 
Yan+4 = —1 . 

If (Xo, yo) € Dy - Anti then Lanta <0 
Ta4n+5 = 22" +2 7, + Q2r+2y, -—3<0 


and so x = =-l. 
Yants = Q2nt27, _ gent 24, +1 < 0 ’ 4n+6 Yan+6 


If (20, yo) € Anyi then r4n44 > 0.” We shall show that Q(1) is true. For 
(%0,Y0) € Ar = {(a, y) € Qo | 4a — 4y +1 > 0}. We have 
Laa)+1 = 409 — 4yo — 1 = 2?Y a9 — 22D yg -1 <0 
Yyarj41 = 429 — 4yp $1 = 2?Yay — 2PYyy +1>0’ 
{ £41) +42 = —8&0 + 8yo — 3 = —2?M +139 + 22M 4145 — 3 < 0 
Yaajzo2 = —l , 
{ £4(1) 43 = 8q — 8yo $1 = VM+1 zy — 22+ yy + 1 
Yac1)+3 = —820 + 8yo — 3 = —27DV 4175 4+ 22M ty — 3 < 0° 
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If (ao, yo) € Ai — Di = {(x,y) € Qo | 0 < 4a — 4y + 1 and 8x — 8y +1 < 0} 
then x7 < 0 and so w4(1)44 = Yari)p4 = —1. 
If (xo, yo) € Di = {(x, y) € Qe | 8x — 8y +1 > 0} then x7 > 0 ans so 

41) 44 = 1629 — 16yo + 1 = 22) 42 79 — 2D +249 + 1 


Ya(rj+a = —1 
If (zo, yo) € Di — Az = {(a, y) € Qo | 0 < 8a — 8y + 1 and 16x — 16y+ 1 < 0} 
then xg = 16z9 — 16y9 + 1 < 0. Then 
Ta(1)+5 = 16z0 t 16yo 3= 22) +295 + Q2(1) +244, —3<0 
yarj45 = 16x9 — 16yo + 1 = 27) 42 x9 — 274249 +1 <0 
Yarrjie = —1. 
If (0, Yo) € Ag = {(x0, Yo) E Qe | 16x — l6y+1> 0} then La1)+4 > 0. Hence 
Q(1) is true. Suppose Q(k) is true. Next, we show that Q(k +1) is true. Since 
Q(k) is true, we have rap44 = 2?*+?aq — 27*+2yp +1 > 0, and yapra = —1 
when (29, yo) € Angi = {(z, y) € Qo | 2?* 2a — 224+2y +1 > 0} and so 
La(k+1)4+1 = g2kt+ lo, — 22k +1) yg -1<0 
Yarotr+1 = 2*tle9— 2 tlyg+1>0 
{ Lack+1)-+2 = —22kt1t+1y) i Oe ia —~3<0 
La(k+1)42 = —1 
La(ky1)43 = 220k Vtg, — Qh 414, 4 1 
{ Ya(k+1)43 =~ —92(k+1)+1 oot grk+)+1y, —3<0' 
If (0, yo) € Angi—Daegi = {(2,y) € Qa | 0 < —2°4 12242712 y 41 and 220K) +1 7 — 
Q2k+1+1y +1 < O} then x4(,41)43 < 0 and so 
{ La(k+1)+4 = —1 
Ya(k+1+4 = —l 
If (xo, yo) € Desi = {(a,y) € Qo | 224tD+1y — 27+D+1y 41 > 0} then 
Ta(k+1)43 > 0 and so 
{ DA(k+1)-+4 = Q2(k+1) +295 = Q2k+1) +24, +1 
Ya(k+1)+4 = —1 
If (x0, Yo) E Drai = Ag+ = {(z,y) E Qo 0< Q2ktl)+1 _— Qrkt+ tly + 
Land 27+D+279 — 22h+D+2y, +1 < 0} then ra(n41)44 < 0 and so 
{ LACk+1)+5 = —22(k+1) +25, sh Q2(kK+1) +244, —~3<0 
_—— Qk+1) +275 — Q2k+1) +24, +1<0 


e 


If (xo, yo) € Anze = {(a,y) € Qo | 22etD+2q — 22h+D+2y 4 1 > O} then 
La(k+1)+4 > 0. Hence Q(k + 1) is also true. By mathematical induction Q(n) is 
true for any positive integer n > 1. So we proved the following lemma. 


Proposition 2.2. Let {(an,Yn)}92o be a solution of the map (2) and initial 
condition (xo,yo) € {(x,y) € Qaly < e+ 1and0 < y < 5}. Then every 
solution is eventually equilibrium point. 


Now we complete the proof that every solution is eventually equilibrium 
point with initial point in the green region of Fig.2. 


, and so TA(1)4+6 = 
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2.2 Coexisting attractors 


This section we will consider the case that x; = —xp — yo — 3 < O and 
Y1 = Xo — yo +1 < O which means that initial point belong to cyan region 
of Fig.8. Then we have the next iteration in the form 


Figure 8: The region that x, and y; are negative, that (a9, yg) is in cyan. 


L2 = 2yo —1 
ee te 
That is the second iteration and the remain solutions are independent from 2. 
If yo < $ then x2 < 0 then x3 = y3 = —1. In the case of 5 <yo < 3 we have 
rq > 0 and so 
x3 = 4yo —3 < 0 L4 = —4yo +1 <0 t=-l 
yz =—1 : eee , me 
If yo > 7 then 
— mes ae 
y3 =—1 : ya =4yo -—3>0 ” Ys = —1 
If 2 < yo < £ then 
eed t4 = 4y9 —-5 < 0 me aa 
y= , ya =4yo-3>0 ° Y5=—1 ; 
te = 8y-7T<0 f7=-1 
ae aoe y7=—l 


Now we can conclude that solutions with initial point in green portion of Fig. 
9 become equilibrium point within seventh iteration while solutions with initial 


point in red portion of Fig. 9 become 4-cycle within fifth iteration. The remain 


region, cyan region of Fig. 9, is Z < yo < 3 which we have third iteration to 


fifth iteration are the same as in the case 3 <yo< Z but the sixth iteration is 
te = 8yo—7 > Oand yg = —8y9 +5 < 0. The remain iterations can be proved to 
become equilibrium point or 4-cycle by using induction. We will use the follow- 


. i 7 : Qn4+2_ Qn+1_ an 
ing inductive statement to verify. Let An = "5593+, In = 75a? Un = + 


10 
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Figure 9: The red (green) region is initial points of solutions that are eventually 
4-cycle Py, (equilibrium point) while the remain region is in cyan. 


and Yn = 2?”t? — 1 and R(n) be the following statement : “for yo € (In, Un), 


then G4n43 = 22”*? yo — Yn, Yant3 = —1. If yo € (In, An] then ran43 < 0 and so 
T4n+4 = — 227 +2479 Sa Yn 2<0 T4n+5 = -1 
Yanga = 22"? 49 — Yn <0 ‘ Yan45 = —1 


If yo € (An, Un) then 24,43 > 0 and so 
TAn+4 = Q2n +244, — Yn — 2 


Vans = 27 yy —%y > 0 
If yo € [Un4i,Un) then t4n44 > 0 and so Gan45 = —5 and yanys = —L. 
If yo € (An, Un4i) then Lan4a <0 and so 
Tans = —27"+3y9 + Zn —1 <0 Lanse = 2?"+3yq — 24, — 1 
Yants = —1 . { Yanse = —2?? 3 y9 + 24, —1<0 
If yo € (An, ln4i] then t4n46 <0 and so G4n47 = Y4nt7 = —1 


If yo € (In41, Un41) then L4n+6 > 0.” 


We shall first show that P(1) is true. For yo € (I1,u1) = (%, 3) and y = 15 
we have rg = 8yo — 7 > 0, ys = —8yo + 5 < 0 and so 
£41) 43 = 16yo — 15 = 22424) — 9 


Ya(1)+3 = — 
If yo € (11, Ai] = (Z, #2] then 27 < 0 and so 
{ La(1)+4 = —l6yo9 + 13 = —22(1) +24, +7—-2<0 { T4(1)4+5 = —1 
Yar) +4 = 16yo — 15 = 274244 — 4 <0 Yarj45 =—l - 
If yo € (Ai, u1) = (#2, 3) then x7 > 0 and so 
Gata = 16yo — 17 = 2? +2yq — yy — 2 
{ yar44 = 16yo — 15 = 224249 — 4, > 0 | 
If yo € [u2,u1) = [t6: 4) then zg > 0 and so #4(1)45 = —5, yar1)¢5 = —1. 


I 
If yo € (Ai, u2) = (4g, 7g) then wg < 0 and so 
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2 


{ ©4(1) 45 = —32yo + 29 = —22DV+3y9 + 29, —1 <0 
Ya(1j+5 = =] 

41) 46 = 32yo — 31 = 27) +3y9 — 24, — 1 

ya(ij46 = —32yo + 29 = — 2743 y) + 24) —1 <0 * 
If yo € (Ax, la] = ($2, 35] then x19 < 0 and so qq) 47 = yacry47 = 1. 
If yo € (Io, u2) = (3, 3) then w4(1)46 = 32yo — 31 = 27 +3y — 24, —1 > 0. 
Thus R(1) is true. So the base case of induction is done. Similar to P(n), 
one can prove that step case is also true. By mathematical induction R(n) is 
true for any positive integer n > 1. From inductive statement one can infer 
that solution will become 4-cycle (P41) when yo € [Un+1, Un) while solution will 
become equilibrium point when yo € (In, An] and yo € (An, In+i]. One can see 
that limit of sequence A,,l,, and uy, are 1. So the cyan region of Fig. 9 will 
collapse into a single line L := {(x,1)|” € [—4,0]}. For (ao, yo) € LE one can 
verify that (x2, y2) = (1,—3) € Py». It means the solution will become 4-cycle 
(P42) when Yo € L. 


co 


Proposition 2.3. Let {(%n,Yn)}P2o be a solution of the map (2) and initial 
condition (xo, yo) € {(z,y) € Qely > «+1 andy > —x — 3}. Then every 
solution is eventually equilibrium point. 


We can conclude that there are three attractors: equilibrium point, P,.; and 
P42. The basin of attraction of equilibrium point is green portion of Fig.10 
while P,., has red portion of Fig. 10 and Py». has L being the basin. 


Figure 10: Basin of attraction of P41, P4.2 is in red and cyan respectively, while 
the basin of attraction of equilibrium point is in green. 
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3 Conclusion and discussion 


We investigated the system of piecewise linear map (2) with initial condition in 
the second quadrant. By separating the second quadrant into three sub-regions 
as in Fig.1, we have the following behaviors of solutions. In the rightmost region 
of second quadrant (initial point below the line g(z)), every solution is eventually 
equilibrium point. For the middle region of second quadrant (initial point above 
the lines f(a) and g(a)), the solution is eventually either equilibrium point or 
4-cycle. We proved it by direct calculations and induction. For the last region 
of second quadrant (below the line f(x)) x1 is positive and y; is negative. The 
behaviors of solution are more complicated than the other two sub-regions and 
interesting to study that we leave for future work. The behaviors of the map (2) 
are agree to Tikjha & Piasu (2020) that attractors are only equilibrium point 
and 4-cycles. It is possible to have equilibrium point and 4-cycles as attractors. 
But we do still not confirm that until knowing behaviors of solutions with initial 
condition (29, yo) completely in R?. 
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In this paper, we construct higher-order q-poly-tangent numbers and polyno- 
mials and give several properties, including addition formula and multiplication 
formula. Finally, we explore the distribution of roots of higher-order q-poly- 
tangent polynomials. 


1 Introduction 


In [7], we defined the tangent numbers and polynomials. The tangent polyno- 
mials are defined as the following generating function 


2 ge (* 
& z :) ew = do Tale) —. 


n=0 


In [8], we constructed the poly-tangent numbers and polynomials. A modified 
poly-tangent numbers and polynomials different from the poly-tangent numbers 
and polynomials defined in [8] was introduced. In [9], we introduced tangent 
numbers and tangent polynomials of higher order. We also obtain interesting 
properties of these numbers and polynomials. For a nonnegative integer r, tan- 
gent polynomials of higher order are defined as the following generating function 


2 : at = (r) i” 
(ea)? = Date eae 


Definition 1.1. For any integer k, the modified poly-tangent polynomials are 
defined as the following generating function 


7S Oe ai ee ee eT 
SEEIONSE SI Vt S TUR) (gp) 
( (e+) ) © aa co 
where Li,(t) = 07°, 4 is polylogarithm function. 


To? = TO) (0) are the called poly-tangent numbers when x = 0. If we set k = 
1 in Definition 1.1, then the poly-tangent polynomials are reduced to classical 
tangent polynomials because of Li,(1—e~*') = t. That is, Ti” (a) = T,(2). 
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2 Some properties of the higher-order g-poly- 
tangent numbers and polynomials 
In this section, we define higher-order g-poly-tangent polynomials and study 


several properties, including addition formula and multiplication formula. 
In [3], [2], [8], the g-number is defined by 


oe Sh. 


[]q = 1—q 


We note that limg-,;[z], = x. The q-factorial of n of order k is defined as 


[nr] a [n]q[n — to nt [n me k+ Is (k = 1, 2,3, yy -), 
where [n]q is g-number. Specially, when k =n, it is reduced the q-factorial 


[n]q! = [n]q[n fae 1g ~~ [1]. 


For k € Z, the q-analogue of polylogarithm function Liz,4 is known by 


Lig, g(& = i [nJE 
nq 


Definition 2.1. For any integer k, a nonnegative integer r, higher-order q-poly- 
tangent polynomials are defined as the following generating function 


2Lip,g(1 — e~*) hiss 
(ay) =o 
re vee kr) (Q) are called higher-order qg-poly-tangent numbers when x = 


0. If we set k = 1,q — 1 in Definition 2.1, then the higher-order q-poly-tangent 
polynomials are reduced to higher-order tangent polynomials. 


hr) 


Theorem 2.2. For any integer k and a nonnegative integer r, n, and m, we get 


n 


k,r =. n (kyr) n—-l,n-l 
Esme) = > (7) 78 meg, 


1=0 


Proof. From Definition 2.1, we have 
iad n : —t F 
ye Ti") (ma)* - G = ’ ees 
= n! t(e* + 1) 


= (>: Ter) “| (doimerS (1) 


n=0 


E(E(()npranse) & 
l=0 


n=0 


Therefore, we finish the proof of Theorem 2.2 by comparing the coefficients of 
wn 
nl: 
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If m =1 in Theorem 2.2, then we get the following corollary. 
Corollary 2.3. For any integer k and a nonnegative integer r and n, we have 
k,r = ~ n (kyr) n—-l 
ne (a) = SS ee ms 
1=0 


Theorem 2.4. For any integer k and a nonnegative integer r and n, we get 
r “ n k,r We 
0) TPC) => Car 


eg “ n kyr k,s 
@) Te +u) =o (F) TITAN) 


1=0 


Proof. (1) Proof is omitted since it is a similar method of Theorem 2.2. 
(2) From Definition 1.1, we have 


Co 


{h 
Yn e+ ye 
} n! 

n=0 


2 = r+s 
__ [ 2Ling(l — e~*) oletuyt 
t(e2# + 1) 


_ (some Te (a 15) (so Te Ny 15) 
Co n e : ; - 
= (= (i) ery) . 


Therefore, we end the proof by comparing the coefficients of ie on both sides 
of the above equation (2). 


Theorem 2.5. For any integer k and a nonnegative integer r, n, and m, we 


obtain . 
r n kr n—l_ n— 
re (ma) = S- Gee (x) (m= 1)" 1g! 
1=0 


Proof. By utlizing Definition 2.1, we have 


= i” 2Lip g(1—e7*)\" = 
pik) = 1d at .(m—1)at 
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Therefore, we end the proof by comparing the coefficients of ae on both sides 
of the above equation (3). 


Theorem 2.6. For any integer k, a nonnegative integer r, and a positive integer 
n, we have 


n—-1 
r r n kyr 
TEM +1) THe) =D (Tf) 


Proof. By using Definition 2.1, we have 


S nies nk — Fost 
as (tinal =e 0)" gv —s 


t(e2! + 1) t(e2! + 1) 
7 (?Halt =<" e** (e — 1) 

= Ma 
=S> (7) @ gry 
EEO) s 


Then we compare the coefficients of a ; for n > 1. The reason both sides of 
the above equation (4) can be one the coefficients is that oe Hale: +1)- 
Te (x) = 0. Thus, the proof is done. 


3 Polynomials and numbers related to higher- 
order g-poly-tangent polynomials and its symmtric 
property 


In this section, we examine the association between higher-order g-poly-tangent 
numbers and poly-tangent polynomials using Cauchy product. We also explore 
relation of higher-order q-poly-tangent polynomials and Stirling numbers of the 
second kind. Furthermore, we study the symmetry properties of higher-order 
q-poly-tangent polynomials. 
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We recall a multinomial coefficient, which is 


n nN: 
( ) me! 1" (5) 
™m1,7M2,°°* 5M] MyzsMgs+** ME 


Let us consider the following equation using the equation (5) above. This 
equation is an equation expressed by applying Cauchy product continuously. 


Theorem 3.1. For any integer k, a nonnegative integer n, and r > 3, we get 


n Mr—1 m3 m2 
Me)= Yn eS 
Mr Om,—2 0 m2 Omi 10) 
n 
(k) 
- on m2 — ™My1,°°* 5 Mp—1 — Mp—2, 7 — om) mig(®) 
k k k 
Pen) ae ae eer (CEC 


where ( is multinomial coefficient. 


ane 
™1,7M2,°°* ,My] 


Generating function of the Stirling numbers of the second kind S$(n,k) is 


defined as follows: 
. #r (et _ 0b 
DPA ar =. 


Theorem 3.2. For any integer k, a nonnegative integer r and a positive integer 


n, we obtain 
n l 
Te = ye @ («)mS2(l,m)T OE? 
nq I mY2\E, n—l,q? 


where (2)m = x(a — 1)---(a@—m +1) is falling factorial. 


Proof. From Definition 2.1, we have 


ey ay ae 
love) t L2%, vOR me 
- (3 nay) (= ohn Sam) 
n=0 n=0 m=0 
[o-e) n l 
_ 3 ( ye & nSallm 7 a 
n=0 \l=0 m=0 


Thus, we finish the proof by comparing the coefficients of ae 
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Theorem 3.3. Let r and n be a nonnegative integer and wi, w2 > 0(wi 4 we). 
Then we have 


z n -_ Tr r 
3 (") hast aarp ra 


” n — yr yt 
= ( ) whut Te (wrx) TE? (wee). 


Proof. Let us consider the function 


F(t) - ALixg(1 Fa eM ig a(t =% eres) . 2wyweat 
( ) = t2(e2wit + 1)(e22# + 1) e 


Then we obtain 


F(t) = 2Lix,g(1 = ett) ewiweet 2Liz.g(1 7 eeu) eviweet 
t(e2~1 + 1) t(e2wat + 1) 


~ n+Tr Ya ” ~ Gf oe iat Ys i” 
(> wrtr pk, 20) > gas Me von) (8) 


I 


n=0 n=0 
“fan be pe i ne kyr ” 
= S- (>: (‘)) wi We I+ se oxo) al 
n=0 \I=0 , 


By calculating in the same way as the above equation (8), we can get 


SP Re Ye oe ete x ‘” 
F(t) = S- (>: @r; wnt a ona) (a0) ar (9) 


n=0 \l=0 


The proof is complete as a result of the equations (8) and (9). 


Let w is an odd number. Then we can easily see 


ee 
An roger ) 
Aw = Sa (10) 
where A,(w) = oo (—D! I” is called alternating power sum. 


Theorem 3.4. Let w; and w2 be an odd number and n be a nonnegative 
integer. Then we have 


>> (") & Ne j Lpitltr yan Qj-i ree) 


j=0 i=0 1=0 
‘ 2 
% TE) 5 Ty(we0)An—j—1(w1) 
nj n-j ma n—49 : : nae 
>>> >i) aa ae ea 
j=0 i=0 1=0 4 


x TE”) Ty (wir) An—j—1(w2). 


n—j-t.q 
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Proof. First, let us assume that 


G(t) — of (Lika(t a, et)" Lae g(l = ere) ees BE 1) (2ui weet, (11) 
t2r (e2wit +4 1) (e2w2t + 1) (e2wit + 1)(e22# +4 1) 


Then we calculate 
Q(t) =o ( ZEteall et) )" (2a g(1— e4))" 
t(e?™1* +. 1) t(e?2t + 1) 
x 2 2w wert eee + 1 
(e 2wyt + 1) e2wat + 1 


a oS fg 
n+r “ r) n+rm(k.r)& 
= (Souter Ss) (Swarts) 


n=0 


as oS 2 ae 
x & ee i ap data) 
n=0 . . 


n=0 


= (Sunny) Ene) 


n=0 


Ee oe LT (wor) An 
>> PS Da es Fol ytt tht yen 23th 


k,r kyr a i” 
x TEP TED , «Ti(wo2)An—j-1(wr)) —. 


> 
5 
| 


In a similar way to the above equation (12), we get 


ao (3 aa BOD , _ & wR tT Ps 
x x 3 @ 2" taghautt "Ty (wy2) Ay a(t) 


n=0 1=0 


(13) 


Hence, by using Cauchy product, the proof is complete by comparing the coef- 
ficients of an on both sides of the equations (12) and (13). 


4 Distribution of zeros of the higher-order g- 
poly-tangent polynomials 

Using generating functions, the generalized forms of known polynomials such 

as the Bernoulli, Euler, falling factorial and tangent polynomials are studied. 


In particular, various properties of these polynomials were investigated through 
numerical experiments, see for example [1] , [4], [6], [7], [8], [9], [10], [11], [12]. 
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In this section, we discover new interesting pattern of the zeros of the higher- 
order q-poly-tangent polynomials Ths) (x). We propose some conjectures by 
numerical experiments. The higher-order q-poly-tangent polynomials TAR) (p) 
can be determined explicitly. 

A few of them are 


k,3 
TA) (@) = 1, 
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We investigate the beautiful zeros of the higher-order g-poly-tangent poly- 
nomials TART) (gp) by using a computer. We plot the zeros of higher-order q- 


poly-tangent polynomials pee (x) for n = 30,r = 3 and x € C(Figure 1). 


20 — 1 — 20 — ; ; ; jo 
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Figure 1: Zeros of T*;") (x) 


In Figure 1(top-left), we choose n = 30,q = 75 and k = —3. In Figure 


1(top-right), we choose n = 30,q = *% and k = —3. In Figure 1(bottom-left), 


10 
we choose n = 30,q = im and k = 3. In Figure 1(bottom-right), we choose 
n=30¢=% and k = 3. 


244 Ryoo 236-248 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


Stacks of zeros of TARP) (ce) for 1 < n < 30 from a 3-D structure are pre- 
sented(Figure 2). 


5 40 N / 
10 “SLY th 


Figure 2: Stacks of zeros of TAR”) (a) for 1 <n < 30 


In Figure 2(top-left), we choose r = 3,q = TT and k = —3. In Figure 2(top- 
right), we choose r = 3,q = 4 and k = —3. In Figure 2(bottom-left), we choose 
r = 3,q = 4, and k = 3. In Figure 2(bottom-right), we choose r = 3,q = 2 


10° 10 
and k = 3. 


10 
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"(x) 


(k, 
nq 


T; 


We plot the real zeros of the higher-order g-poly-tangent polynomials 


and « € C(Figure 3). 
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Figure 3: Real zeros of Ti*;") (x) 
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and k = —3. In Figure 3(bottom-left), we choose 
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and k = 3. In Figure 3(bottom-right), we choose r = 3,q 


In Figure 3(top-left), we choose r = 3, q 
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Next, we calculated an approximate solution satisfying higher-order q-poly- 


tangent polynomials Thr) (x) for x € R. The results are given in Table 1 and 


Table 2. 
Table 1. Approximate solutions of TAR) (cp) 0k=-3,r=3,q=% 
degree n x 
1 0.50700 
2 —1.4556, 2.4696 
3 —2.9508, 0.62706, 3.8447 
4 —4.1946, —0.87747, 2.1935, 4.9066 
5 —5.2759, —2.1561, 0.70762, 3.5182, 5.7412 
6 6.2440, —3.2614, —0.61966, 2.0917, 
4.7059, 6.3694 
7 —7.1317, —4.2202, —1.8162, 0.75900, 
3.3518, 5.8907, 6.7156 
8 —7.9630, —5.0461, -—2.9002, —0.48398, 
2.0429, 4.5281 
Table 2. Approximate solutions of TAS”) (x) 0k =3,r =3,¢ a 
degree n x 
1 2.2461 
2 0.72612, 3.7660 
3 —0.38330, 2.2395, 4.8819 
4 —1.2186, 0.89693, 3.5776, 5.7283 
5 —1.8044, —0.32452, 2.2334, 4.7925, 6.3333 
6 0.97798, 3.4837, 6.1347, 6.5052 
7 —0.20813, 2.2289, 4.6632 
8 —1.3362, 1.0256, 3.4282, 5.7835 
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1. Introduction 


The basic features of the completely monotone functions constructed on some forms of white 
noise spaces are provided in this study. if for each a € Z”,(—1)!*ID*f(x) > 0, then a 
function f is completely monotone on R%; see [3, 8, 12] for several features of completely 
monotone functions. According to Bernstein's theorem, f is completely monotone if and only if 


f@) = | e-* du(t) (1.1) 
R" 


LL is a positive measure that is based on a subset of Ri. Let Q stand for a locally compact basis 
on the space R?.C »(Q) is a linear space of continuous bounded complex-valued functions which 
is a complete normed space compared to the norm 


If lle = Supe) (1.2) 
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f defined on Q, where The space of infinitely differential and bounded functions on Q will be 
denoted by C;°(Q),Moreover, by S(Q), the linear subspace of C5°(Q) created by the set which 
contains functions on Qlike that x*D* f(x) < Cag , witha, BP € Zand a constant Cy ¢.The 


space of tempered distributions is represented by S$ (Q) , Which is linear and continuous 
functional on S(Q). There are numerous works that explore white noise spaces. Using the 
Wiener-It6-Segal isomorphism and other Fock space riggings, some of these works are devoted 
to the building of test spaces, generalized functions, and operators having to act in these spaces 
[1,9].The study of PDEs and quantum field theory, where quantum fields are characterized as 
operator valued distributions, both depend heavily on distributions [5,11]. The works of 
Berezanskyi and Samoilenko [2] and Hida [9] are where the modern theory of generalized 
functions of infinitely many variables is derived. As infinite tensor products of one-dimensional 
spaces, the test and generalized function spaces in [2] were created. The theory of generalized 
functions was constructed using the classical method in [9], but all functions were functions of a 
point in the infinite-dimensional space on which the Gaussian measure was defined, which 
served the same purpose as the Lebesgue measure in the classical theory of generalized 
functions. The structure of this paper is as follows: section 2, we devoted to introduce and give 
the main properties of the class of double monotone functions defined on S(Q). In section 3, the 
main properties of the class of weak monotone functions defined on S(Q) are given.Section 4 
introduces a novel method for creating spaces of generalized functions. Section 5 concludes by 
deriving the principal relationships between the creation of hypercomplex systems and the theory 
of white noise analysis. 


2. Double completely monotone functions on S(Q) 


Rabidly decreasing functions are the name given to the components of S(Q), which has a family 
of seminorms for each a, B € Z% 


IIf lla, ge = sup|x“D"F(x)| (2.1) 


Let F : Q — Cbe a continuous double completely monotone function, i.e.,F = f, + if, and 
fi, fz are two completely monotone functions. We define 


(+, *)r? Co(Q) X Co(Q) > C 
by 


(pp )p t= i j F(x —y) 9) bO) duxav(y) (2.2) 


where Lt, v € M(Q), the space of Radon measure on Q. The inner product (-, « )p satisfies the 
following conditions: 
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I. (+, +) in the first coordinate is complex linear and in the second conjugate 
complex linear i.e., for any g, w € Co(Q) andanyc € C 


(cp, )r = C(,W)pand( y,cy )p = C(O, W)r 


Il. (-, +) is conjugate symmetric ie., for any g, p € Co(Q) 


(Q,W )e = (WP de 
Ill. (-, *)g is positive definite meaning that for any g € Co(Q) 


(9, 9)r = Lr (g) 2 0 


IV. For all @ € Co(Q)such that ( 9, g )- 0, theng = 0 


Theorem 2.1. For any double completely monotone function F on Q, the inner product space 
(Co(Q), {*, *)e ) is a complex Hilbert space. 


Proof. We have that (:,:); is an inner product space and Co(Q) is an infinite space so all we 
need to prove is the completeness for that space , so we assume that we have a Cauchy sequence 
{g,} and should prove that this Cauchy sequence converges to a limit in (Co(Q),{:, *)r) - 


Where 
(pap)n = | | F(x —y) pH) PO) du(x)av(y) 
Q°~Q 


gw € Co(Q), uv € M(Q) the space of Radon measure on . 


? = 


(Qn — Pm Pn — Pm) 


= | | F(x —y)(@n — Om) On = OIG) au(x)av(y) 
Q~Q 


llOn — Pml 


= Jo JSoF@ -V1PnC) - Pm)? du(x)dv(y) 
>0 
as n,m — oo, This implies 
lon) — Pm(x)I* > 0 
as nm — co. So 
lPn©) — Gmx)| > 0 


asn,m —> o.Since {g~,} is a Cauchy sequence and we have that Cy(Q) is a complete space 
which means that lim, @, = Pas n > © i.e |M,(x) — Y(x)| — Das n > ©, which tends to 
that y belongs to(Co(Q),(, *)-) , so this space is complete. 


3 
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Corollary 2.2. For any double completely monotone function F onQ, the space Hp = 
(Co(Q),(: , *))is a subspace of Hilbert space L? (uw). 


Proof. We want to prove Hy C L?(u) so let yp € Hy and we need to reach to these functions 
in L?().Assume that 


[\F@-yldue) sm, foralty €@ 
Q 

and 
[ire —y)|dv(y) <M, forallx EQ 
Q 

and by using (2.2) 


Kppel = 


i | F(x —y) op) PO) du(x)dv(y) 
Q~Q 


Where by using (Cauchy — young inequality: If : of - =1,thenabs - i = for a,b = 0) 


1.e., 
a 2 2 
< fy fo dv)? dux) + Sy Jo =“ duo? dv) 
M 2 M 2 
<Fllelli,qy + lPlli,e 
So we L?(u). 


Let M, stand for the set of all continuously real-valued functions w on R” that fulfill the 
requirements listed below: 
1) 0 = 00) S$ ot) S 0%) +o); Gn ER" 
ow) 
3) w(G) = a + blog(1 + |¢|) for some constant a,b 
4) w(¢) is radial. 


with the weight function w in M, and open set. Q € R” Bjérck extend the Schwartz space by the 
space S,,of all C® — function p € L(R"): 


Pua(p) = sup e° |D%@(x)| < 00 
xe R” 


And 
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Me,(p) = sup eX”) |D%G(J)| < 00 
ZER” 


and S\,, the dual space of S,,. Let f be a double completely monotone function and 
w, (C) = log + IFOD (2.3) 


for s € R we denote by H, , the set of all generalized distributions u € Sy: 


lie? = Lf elagyP az]? (2.4) 


R” 


Theorem 2.3. The space H! pis a Hilbert space with an inner product denoted by 


(u vp = | €?/@agya@as (25) 
R" 
Proof. We need to prove that the space He is complete, so we assume that we have a Cauchy 
sequence {Um} in H,”” and we want to prove that this Cauchy converges to a limit u in H;” , 
where norm defined as: 


1 


2 
lull? =  [emore aor 


R” 


So 


z 
llm — ull? * = | i eee GO nora 


R” 
From (2.3), we have 


1 


[lum — lle? = | {a + |FOD* lain - nora 
Rr 


— 
2 


= [a HOD) tO =eORas yeon-oran 
R” 


1 


| (1+ yeop-orPan 


R” 


< sup(1 + FDO”? lin — 2 | 


= C\lam ~ tilly 
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= C\lum > Ullp+n41 


Where >s+(n+1)/2, we find that ||u,, —ul|p ~ 0 as m > 0 Vp EN, which come from 
that Co° is dense in S,,, then u € H,’” which proves the completeness in it and so H;”” is a 
Hilbert space. 


Lemma 2.4. Let u eH,” , < u, +>” is the conjugate linear functional on S,, which 


uniquely extends to conjugate linear functional on H f satisfying 


1) (uve = (21) fon era C)OC] aC. 
2) Caw ye") S: lalle* lll we Ie eI 
3) (uve = (vue 


Theorem 2.5. The space S,, is dense in H;”*for alls € R. 


Proof. To prove that S,, is dense in H,’” we need to check two things the first is that S,, C H;”” 
and the second is that S,, = 5 Pe for the first let we have a bijective map g;:S, 7 Sw , 


ur e&%fOQ, With (2.3) and f is a continuous double completely monotone function. 
We have from the definition of map that e°®f%@ € S,, C Ly which leads to S,, Cc H ae 


Secondly we want to prove that S,, = H;*, so we must prove that S;; = {0}( orthogonal 
complement for S,, ). Where St = {u € Hp: (( wp pe? = 0 VE Si} . We want to get to 
that = 0 .ie.u € He with u € St lead to (( up a = 0 Vg ES,, . We have 


(wg )P% = (eS Oa,e84FO), , 


Since gs is bijective , Vp € S,, ,we find (eS°/%4,¢),, = 0 , since S,,is dense in Ly, 1 <p < 
co,which mean that e6°/%@ = 0, Sou = 0, ie. SS = {0}, soS, = H;”. Which complete the 
proof. 


Note that S,,is dense in L, comes from that S,, C Ly .and that Cy” is dense in Ly. 


Corollary 2.6 ee Cc Hp” for t > s, the inclusion is continuous and has dense image. 
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3. Weak completely monotone functions 


The purpose of this section is to discuss the idea of Weak completely monotone functions on the 
Schwartz spaces. Let Q © R be an open interval, f € C1(Q) and g € D(Q), where 


D(Q):= {g € C“(0,C): supp(¢~) := {x; p(x) # 0} E/N is compact} 


Using integration by parts, we will get 
| feop@ax = - | Ff eOGe—ax 
2 2 


Since, D(.Q)is the space of test functions which is dense in L? (Q) for1 < p < ©, so we can 
rewrite the above equation using the scalar product of L2(2) as 


(fle) = —(fI¢) 


We call a function g that satisfies (g|p) = —(f|@) a weak derivative of f. Let Q € R” 
open, f € C1(Q)andg € D(Q), then 


(D°f lp) = (-1)!*"( f |D%@) 


Theorem 3.1. For any multi-index a € R the differential D® is a continuous and linear operator 
from H,” to H, ee 


Proof. Where the linearity of the operator is obvious, so all we need to prove is that 
Deulle> |! < clue (3.1) 


From (2.4), we have, 
1 
2 


w,s—|a@| _ 
uli! = | i 


e2(s-lalwe@ |a(Z) ra 
IR” 


So 


2 
Deulier = [emer aco a 
R” 


Which equivalent to 
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[peur = leer Dau@|], 


For a particular case let a = 1 


leo Per Du], = jes Pere a@||,, 
< Cllesera@|], 
2 


= cllull?s 


1.e., 
snl F 
Deull5"4 < cllulle 


where by using induction on |a| we can generalize this for any multi index a € R .which follow 


from this that the linear operator D® is continuous from H e to H. aoe ‘ 


Theorem 3.2. The pairing ((-, :))” identifies H,°” °isometrically with the antidual of H,””. If 
Ue Dy then Ue ye if and only if there is a constant c such that |w(p)| < cllelly > for € D? 


proof. Let the anti-dual of H;” be (H ee). we will define a map L:H,* > Gr Pay. as 
Ly(u):= (vu) = Any | OAS a 
So we will show firstly that L: v > L,, is bijective. Let L,(u) = 0,so (v,u) = 0 and 
(any | 0) Gag =o 

This implies 

(any | e801 BEE) eer HG ag = 0 
and 

(2ny | eSB] pO dy =0 for all € 5, 


so,v = 0inS,and v = Oin 5 ae So, L is one to one. Then we will show that L is surjective. 


Let pe (Fi2?). and w, € H;°” we need to reach top. € H,””* such that Ly, = py . So from 
Resize representation theorem we have, p(u) = ((1,u))r" forallue Hp”. From the 
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continuous linear function on s,, then there exists wz € H;*such that po (Z) = e2@r Op, (2) 


at most, so this leads to 
Wu) = (pu))P” 
= (any | erp, QAO a 
= (20) fe e801 Grp, (CAD de 
= (p2,U) = Ly, (u) forall ue H,”” 
Hence, 
Y= Ly, 
So L is surjective. Next we will show the isometry of . Let u € H;” and v € H;”* such that 
A(G) = e757 H() 
and 
Ly(u) = (20) f a) B@) ae 
= (2m) f e519) 1] dv 
= (2m) fe HO)? dé 
= [llvll?s}° 
= |lvllr llullr” 
Which means that Lyis isometry from Hy? to (H¢ ae 


The second part of the proof is that if u € D? then u € H,°*, so there exists a constant c 
such that 


Iu) <c [hplle. 
So we will assume that € DP , then u € H ra and we want to prove that 
u(y <e loll. 
We have that 
Ibu)! = Ku) < lull? 28 < c ple 
This implies 
up) Sc [plle. 


270 Ghany et al 262-275 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


onversely, let w€ )” and ju <C ° | we want to prove that u € “a8 ere 
C ly, | Df? and |u(P)| Sc Ilgll” p h Hp. Wh 
orall 6€ DP? the ma +» u(p) can be extended uniquely to an element of a conjugate 
if p quely Jug 
linear functional on H;”*, with a bounded norm. So there exists p € H;”*in sense that 
Ly(@) = ((,)) = u(o) = (ud). So p=uandue He” which complete the proof. 


4. Reproducing kernel Hilbert space 4; 


Let F be a continuous double completely monotone function on R®, set F(x) := F(x — y) for 
all x,y € IR® . Define: 


(9 * F\(x) = | eODE, Cody ,p €S4 (4. 
Ra 
and 
(9*F, Wek ) a, t= | | Fe — y)o(x)p(y)dxdy (4.2) 
R¢ RA 


for all g,weES*. Then p*F; p € S% forms a pre-Hilbert space A, with inner-product 
( 7 Ap 


Lemma 4.1. A function @ * F is in A, if and only if @ € L*(w) and 


lo* Fl, = | l@@I dus) (4.3) 
Ra 


where pl is the tempered measure. 


Proof. The first statement is obvious from the previous definitions in section 4., so we will prove 
(4.3) . Where we have that F is a continuous double completely monotone function, so we can 
use Bernstein’s theorem 


FG) = [edn 
Ra 
So we have that, with @ € S% (Schwartz space on R®) 


| Feogeodx= | [eo du dx 


Rd R¢@ Ra 
= Spat fea e*S b(x)dx du(d) 
= Spa po) du(Z) 


10 
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And so we can conclude that 


I * Fil, = | [ F@-y)6@)6O) ax ay 


aR 


= [l6@P due 
Ra 


A 
a 


Theorem 4.2. Let k € N, and A € D* and setFy = Yze,e'* x € R* ; as a tempered 
completely monotone distribution, and letA;, be the generalized RKHS of Schwartz. Then 
a function h on R*is in Ar ,if and only if it has a convolution factorization 

h=o*Fy 
where @ is a measurable function such that @(A) exists for all A € A, and f(A), a € A belongs 
to 1,(A) and 


Wllz., = > EO! (4.4) 


ZEA 


Proof. We have that Fy (x) = Yze,e™%$,x € R* as a tempered completely monotone 
distributions , we will prove that 


Ib * Fallae = > [BOP 


ZEA 


Where @ € S K(the Schwartz space on R*) , p is the standard Fourier transform , from (4.1), 


(@* FG) = | o(y)Fa(x — y) dy 
Rk 


= far bY) Leen e HO ™ dy 
= Leen Spe P(e OO™ dy 
= Lea Spx PO) e&% dy en 
=) [GO Way et 
ZEA pk 


Hence 


GQ =) $Oe™ 


ZEA 


11 
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And so, 


lp * Falla, =(P * Fa, b * Fr) Ar, 


| | Fx —y) OOOO) ax dy 


Rk RK 
= Sk Sk wea e KG-y) b(x)o(y) dx dy 


Using Fubini’s theorem: 


[ ee peneod dx dy = >. | eee) dx | $0) dy 


CEA Rk RE ZEA | RK nk 
= DeealSane oO (x) dx de eV h(y) dy| 
= Zeer dO $O 


= Yel O@| 
So, 


Ib * Fallae = > BOP 


ZEA 


5. Concluding Remarks 


In this work, we introduced and gave the main properties of the class of double monotone 
functions defined on S(Q). Moreover, the main properties of the class of weak monotone 
functions defined on S(Q) are given.Finally, a novel method for creating spaces of generalized 
functions are given. Tempered distributions refer to the set of all continuous linear functional on 
S(Q), and it is represented by the symbol $(Q). suppose 1 € $(Q) and a € Z¢. The weak 
derivative D®l, often known as the derivative of the sense of distributions, is obtained by 


(D®*I)(f) = (-1)* 1D" f) 


for f €(Q). This corresponds to D@l{g} = l{ D%g}. Noting thatdistributions are always 
weakly derivative. If assume that Q = R”. So, x = (%, °",Xn) € R". Let x® be denote the 


product xr oR xe , Zit represents a set of n-tuples.(a@, ***, @,) where each q; is an integer that 
lal 
is not negative , |a| = Y/_, ajand D“denote the partial differential operator ant. 9, .The 
a: n 
12 


273 Ghany et al 262-275 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


particular case, which follows the space of rapidly decreasing function on IR” is denoted as 
S(Q) = S(R") (also known as the Schwartz space), and its dual space of a tempered 
distribution on R” is denoted as $(Q) = S(R"). 
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Numerical investigation of zeros of the fully 
modified (p, q)-poly-Euler polynomials 


Cheon Seoung Ryoo 
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The aim of this paper is to introduce a fully modified (p,q)-poly-Euler poly- 
nomials and numbers of the first type. We investigate some properties that 
is related with (p,q)-Gaussian binomials coefficients. We also construct (p, q)- 
analogue of the Stirling numbers of the second kind and fully modified (p,q)- 
poly-Euler polynomials and numbers of the first type with two variables. 


1 Introduction 


Many researchers are interested in the applications of g-numbers and (p, q)- 
numbers. In areas of quantum mechanics, physics and mathematics, the apply- 
ing theory is studied and extended actively. Especially, Mathematicians in the 
fields of combinatorics, number theory and special functions, frequently explorer 
that(cf [2], [3], [4], [7], [8],[9], [10], [11], [12], [13]). We also obtain the general- 
ization of poly Bernoulli polynomials and poly tangent polynomials involving 
(p, q)-numbers. In this paper, we use the following notations. N denotes the set 
of natural numbers, Z+; denotes the set of nonnegative integers, Z denotes the 
set of integers, R denotes the set of all real numbers and C denotes the set of 
complex numbers, respectively. 
For 0 <q <p <1, the (p,q)-numbers are defined by 


pi 
nN ps aa) 
[n}p.4 =o 


where p = 1, [npg = [nq and limg_,;[n], =n. 
The (p, q)-factorial of n of order & is defined as 


[n]® = [n]p,qln — lpg: [2 —& + Upa, 


for k = 1,2,3,---.Ifk =n, it is denoted [n]p.q! = [M]p,q[n — Up.q- ++ [L]p,q that 
is called (p, q)-factorial of n. 
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The (p, g)-Gaussian binomial formula is defined by 
(r+a)pg= >) i pl)g@2JanKak, 
Pq 


! 


= abaih epal 


with the (p, q)-Gaussian binomial coefficient, i; (n > k). 


In [13] , two type of the (p, q)-exponential functions are given as below 


Cp.q(2) = S~ pl) a 
n=0 


n)pq) 


(1.1) 


Ep q(x) = ‘) g’) aie 
n=0 


[P]p.qt 
In [8], [10], the (p, q)-analogue of polylogarithm function Li,» is known by 


n 


(k € Z). 


Lik,p,q(&) = y a] 


kk? 
Pq 


In [5], we defined the fully modified q-poly-Bernoulli polynomials BY (x) of 


the first type and the fully modified q-poly-Euler polynomials EM) (2) of the 
first type. 


Definition 1.1. For n € Z,,k € Z and 0 < q < 1, we define fully modified 
q-poly-Bernoulli polynomials BY) (x) of the first type and the fully modified 
q-poly-tangent polynomials T, i(k) (x) of the first type by 


BE) (x t Lig,g(d — eq(—t)) “ 
d Bral nda! (eq(t) — 1) ae (1.2) 
SHO) (_) 0 — Blabing(l -ea(-t)) , | 
dna ae) 


When « = 0, BM") = BM) (0), BS) = BM) (0) are called fully modified q-poly- 
Bernoulli numbers of the first type and fully modified g-poly-Euler numbers of 
the first type. If g + 1 in (1.2), we get the poly-Bernoulli polynomials BY (x) 
and poly-Euler polynomials EW (x), respectively. 

Substitute k = 1,q — 1 in (1.2), we have Bernoulli polynomials B,,(x)and 
Euler polynomials E,,(a), respectively. 


= ust t at = a 2 at 
On ear) BBO ae lea) 
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2 Some properties of the fully modified (p,q)- 
poly-Euler polynomials of the first type 

In this section, we introduce fully modified (p, g)-poly-Euler numbers and poly- 

nomials of the first type by the generating functions. We explore some identities 


of the polynomials and find a relation connected with (p,q)-analogue of the 
ordinary Euler polynomials. 


Definition 2.1. For n € Z,,k € Z,p,q € R such that 0 < q <p <1, we define 
a fully modified (p, g)-poly-tangent polynomials E®) o(x) of the first type by 


[2] p,qLtk,p.q(1 — ep,q(—t)) 
s EM? a q (x) 1 = pa r 4 €p,q (at). 
np,4! t(€p,q(t) +1) 


When x = 0, EW), = ES ,(0) are called fully modified (p, q)-poly-Euler 


numbers of the first type. Note that p = 1, [n]p,q = [n]q, and EY wi g(t) = ES) (a). 
If we set k = 1,p = 1,q > 1 in Definition 2. 1, then the Euler porous E, (a). 


Theorem 2.2. Forn € Z,,k € Z and p,q € R such that0 <q<p< 1, the 
following result holds 


=k) (ny Sr I?) (ts) BH net 
2 (0) = [7] p's") BO ar. 
Pq 


In [5], the generating series of (p,q)-Stirling numbers of the second kind is 


defined by 
(Cpa(t)- 1)" _ ‘” 
= Sy (n,m 
[m]p,a! >»; pal rly a! 


We also ontain 


Lig.pg(— epq(—t)) Ge Up! reer oe 
P. = 1 S,qa(nt1,l 
i 27ers 


Using the above identity, we derive the following result which is connected with 
(p, q)-Stirling numbers of the second kind and (p, q)-Euler polynomials. 


Theorem 2.3. Forn € Z,,k € Z and p,q € R such thatO <q<p< 1, the 
following identity holds 


n atl 
Ena = 2, |: |. praca iG + 1,1) En—a,p,q(2)- 


a=0 l=1 pgld + 1p.4 
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Proof. Let n € Zi,k € Zand 0 < q < p < 1. By the recomposition of 
(p, q)-polylogarithm function in (3.2), we have 


~ i oS ea lige a () Set 
do Enpal a a == mG +1) Dena et) 
oo n+l mi ltn+l Ip.a! 
; dX > TE, [n 1 i Spalm | a els, — Y Banal - al nl 
co on atl (= 1 uae eee t” 
“Lede | Wher ee Sel + WOE a eal 


Comparing the coefficient both sides, we get 


=P et Sala ADEs on al 


a=0 I=1 pal? + Up.g 


Now, we introduce fully modified (p, q)-poly-Euler polynomials of the first 
type with two variables by using two generating functions. 


Definition 2.4. For n € Zi,k € Z,p,q © R and 0 <q < p < 1, the fully 


modified (p, q)-poly-Euler polynomials Be *) q(x, y) of the first type with two 
variables by 


[2] p,qLtk,p.q(1 — ep,q(—t)) 
pa oF, (x y= Al ers +1) €p,q(tt) Epq(yt). 


Theorem 2.5. Let n € Z4,k © Z. Then we have the addition theorem. 


“[n] = mal) 
BO Cen) =o [T] BR era 2 Dart 
1=0 Pq 


Proof. Let n be a nonnegative integer and k € Z. Then we get 


t” — [DoqgLinp.q(l — epq(—t)) 
Et (k) = [2Ip.qLix,p.g Pd HE t 
a pale D ay Hee@ey). 2a Ea) 


- [o-e} n n ~(k) (5) pel Fr 
= 5 Exp qh®)Q 2 7Y ee 
( ie ‘pod [n]p,q! 
Thus, we have 
is n ~(k n—l A 
BO Co) =o [T] BQ Cera? Dart 
1=0 Pq 


Theorem 2.6. Letn € N, k € Z and p,q € R such thatO <q<p<l. We 
have 


n-1 
i n —) > = 
B18 (au) ~ BE) g(a) = [F] a2) BD, Ce) ve. 
Pd 
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3 Distribution of zeros of the fully modified (p, ¢)- 
poly-Euler polynomials 


This section aims to demonstrate the benefit of using numerical investigation 
to support theoretical prediction and to discover new interesting pattern of the 
zeros of the fully modified (p, q)-poly-Euler polynomials EW) (2). The fully 
modified (p, g)-poly-Euler polynomials EM) 


Lp,q(@) can be determined explicitly. A 
few of them are 


ES? (2) = pat 
EY (2) = * i aE. ee sk 
EM (2) = p pq py r 
_ 8(p—q) 8(p-4q) 8(p-q) 8(p—4g) 
ps pe? q p 
4(p—q)?2\k, 2p—@)?2]k, 4p—9)?2k, (vp—a2(p+q 2k, 
r 2p3q? pq a p 
(p—q)*(p+qQl2lk, (-—a)?(pt+q) 2(p—q)(p?+pq+¢?) 
peg pe 
2(p— g(r? +pqt@) © 2p—43(p? + pq + @) BIE, 
Par pg 
(p—g3(p?+pq+@) 35, 2p-4)3(p? +pd+ 47) [3]5 4 
di pq " pa 
2(p— gp? +pqt+a*)[3]h, (p—@)3(p? + pat 9) [315 4 
q’ 3p? a peqe 
2(p— gp? +pqt+a@)[3]h., 4(p-—9g) 4(p-@) 
3pq?ar ie pix pee 
“4(p—q)° 4p-q) * Ap—g?2|k, (v— 921k 


ih qa pix pg? x? 


2(p—q)?)[2|k, | 2(p—q) 2p—q) 
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We investigate the zeros of the fully modified (p, q)-poly-Euler polynomials 
ES) |(2) by using a computer. We plot the zeros of the (p, q)-poly-Euler poly- 
nomials EW (x) for n = 20 and a € C(Figure 1). In Figure 1(top-left), we 


Pd 
2 - - 2 
1 1 ee 
@ 
e ‘. @ e 
© e 
Im(x) 0 —— Im(x) 0 —— 
@ e° °; © 
® 
alt @ @ | al e e e e ] 
-21 2 
-2 = 0 1 2 2 -1 0 1 2 
Re(x) Re(x) 
2 4 2r = 
1 1p 
e e 
®@ 
@ 
Im(x) 0 — s° Im(x) 0 e& e 
*. e "+ e 
ryt be e @ 
ee eo@® 
-1b | ~1b 
-2 . f i : ia raed 2 : i . : iat i J 


-2 -1 0 A 2 2 -1 0 1 2 
Re(x) Re(x) 


Figure 1: Zeros of E™) (2) =0 
choose n = 20, p = 9/10, g = 1/10, and k = 1. In Figure 1(top-right), we choose 
n = 20,p = 9/10,¢ = 1/10, and k = 5. In Figure 1(bottom-left), we choose 


n = 20,p = 9/10,¢ = 1/10, and k = —1. In Figure 1(bottom-right), we choose 
n = 20,p = 9/10,q¢ = 1/10, and k = —5. 
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Stacks of zeros of E™) (2) = 0 for 1 < n < 20 from a 3-D structure are 


presented(Figure 3). In Figure 3(top-left), we choose p = 9/10,q = 1/10, and 


: a 
e wey | 20 oe 333 | 

3 | 
3 a ae 
? 
ry ~_e® 

~ © ef p0 e_ | 
¢ jf “a © . i 

é J ra 

/ / 


e 
é 
N\ 


~\ 
\ 
e 


e 
3 
ee 


sar 
ON f° ge 
3 Putanegeg 


“foresees 
% 
ar 


Neoeed 


e 
\ 


a 


Figure 2: Stacks of zeros of E®) (a) = 0 forl1<n< 20 


k = 1. In Figure 3(top-right), we choose p = 9/10,q = 1/10, and k = 5. In 
Figure 3(bottom-left), we choose p = 9/10,q = 1/10, and & = —1. In Figure 
3(bottom-right), we choose p = 9/10,q = 1/10, and k = —5. 
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The plot of real zeros of ES) 


(x) = 0 for 1 < n < 20 structure are pre- 
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Figure 3: Real zeros of E™) | (2) =0 for 1 <n< 20 


In Figure 4(top-left), we choose p = 9/10,q = 1/10, and k = 1. In Figure 
4(top-right), we choose p = 9/10,q = 1/10, and & = 5. In Figure 4(bottom- 
left), we choose p = 9/10,q = 1/10, and & = —1. In Figure 4(bottom-right), we 
choose p = 9/10,¢ = 1/10, and k = —5. 
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Next, we calculated an approximate solution satisfying (p, q)-poly-Eulert 


polynomials E®) (2) = 0 for « € C. The results are given in Table 1 and 


Table 2. 


Table 1. Approximate solutions of ES) (2) = 0,p = 9/10,¢ = 1/10 


degree n x 
1 0.40000 
2 —0.64015, 1.0846 
3 —0.97595, 0.71267 — 0.321171, 0.71267 + 0.321172 
4 —1.1619, 0.24937 — 0.682502, 0.24937 + 0.682502, 
1.1131 
5 —1.2512, —0.01718 — 0.767302, —0.01718 + 0.767302, 
0.86775 — 0.235132, 0.86775 + 0.235132 
6 —1.2998, —0.22150 — 0.760572, —0.22150 + 0.760572, 


0.55131 — 0.566982, 0.55131 + 0.566982, 1.0902 


Table 2. Approximate solutions of E®) 4 (2) =0,p = 9/10,¢ = 1/10 


degree n x 
1 0.40000 
2 0.22222 — 0.586082 0.22222 + 0.586081 
3 —0.11575 — 0.765257, =—0.11575 + 0.765257, 0.68089 
4 —0.28591 — 0.759022, —0.28591 + 0.759022, 


0.51087 — 0.334992, 0.51087 + 0.334992 


5 —0.46789 — 0.689752, —0.46789 + 0.689752, 
0.28053 — 0.712822, 0.28053 + 0.712827, 0.82471 
6 —0.54973 — 0.647392, —0.54973 + 0.647392, 


0.15514 — 0.785227, 0.15514 + 0.785222, 
0.61959 — 0.143927, 0.61959 + 0.143922 
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Abstract 


Here we examine the univariate quantitative approximation, ordinary 
and fractional, of Banach space valued continuous functions on a compact 
interval or all the real line by quasi-interpolation Banach space valued 
neural network operators. These approximations are derived by estab- 
lishing Jackson type inequalities involving the modulus of continuity of 
the engaged function or its Banach space valued high order derivative 
or fractional derivatives. Our operators are defined by using a density 
function generated by a parametrized Gudermannian sigmoid function. 
The approximations are pointwise and of the uniform norm. The related 
Banach space valued feed-forward neural networks are with one hidden 
layer. 
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Keywords and Phrases: Parametrized Gudermannian sigmoid function, Ba- 
nach space valued neural network approximation, Banach space valued quasi- 
interpolation operator, modulus of continuity, Banach space valued Caputo frac- 
tional derivative, Banach space valued fractional approximation. 


1 Introduction 


The author in [1] and [2], see Chapters 2-5, was the first to establish neural net- 
work approximation to continuous functions with rates by very specifically de- 
fined neural network operators of Cardaliagnet-Euvrard and ”Squashing” types, 
by employing the modulus of continuity of the engaged function or its high order 
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derivative, and producing very tight Jackson type inequalities. He treats there 
both the univariate and multivariate cases. The defining these operators ” bell- 
shaped” and ”squashing” functions are assumed to be of compact suport. Also 
in [2] he gives the Nth order asymptotic expansion for the error of weak approx- 
imation of these two operators to a special natural class of smooth functions, 
see Chapters 4-5 there. 

The author inspired by [15], continued his studies on neural networks ap- 
proximation by introducing and using the proper quasi-interpolation operators 
of sigmoidal and hyperbolic tangent type which resulted into [3] - [7], by treat- 
ing both the univariate and multivariate cases. He did also the corresponding 
fractional case [8]. 

In this article we are greatly inspired by the related works [16], [17]. 

The author here performs parametrized Gudermannian function based neural 
network approximations to continuous functions over compact intervals of the 
real line or over the whole R with values to an arbitrary Banach space (X, ||-||). 
Finally he treats completely the related X-valued fractional approximation. All 
convergences here are with rates expressed via the modulus of continuity of the 
involved function or its X-valued high order derivative, or X-valued fractional 
derivatives and given by very tight Jackson type inequalities. 

Our compact intervals are not necessarily symmetric to the origin. Some of 
our upper bounds to error quantity are very flexible and general. In preparation 
to prove our results we establish important properties of the basic density func- 
tion defining our operators which is induced by a parametrized Gudermannian 
sigmoid function. 

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the 
only type of networks we deal with in this article, are mathematically expressed 
as 


Nn (x) = So go ((a; C) Oi) BER se N, 
j=0 


where for 0 < j < n, 6; € R are the thresholds, a; € R®° are the connection 
weights, c; € X are the coefficients, (a; +2) is the inner product of a; and 2, 
and o is the activation function of the network. In many fundamental neural 
network models, the activation function is derived by the Gudermannian sigmoid 
functions. About neural networks in general read [18], [19], [21]. See also [9] for 
a complete study of real valued approximation by neural network operators. 
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2 Background 


Here we consider the Gudermannian function ([23]) gd (x) which is defined as 
follows 


gd (x) := a — = 2arctan (tanh (5)) ,V@eER. (1) 


Let A > 0, then 


AL 
dt AX 
gd (Ax) = | sce = 2 arctan («aun (=)) ; (2) 


We will use the following normalized and parametrized function 


ee = gd (X0) 7 = arctan (aun (=)) - (3) 


a. dt aT dt 
= 5 x R 
mJg cosht amJg et+e* 


We will prove that f, is a generator sigmoid function with the general properties 
as in [14]. When 0 < A < 1, fy is expected to outperform ReLu and Leaky ReLu 
activation functions. 

We notice that 


2 : 2 
ez (2) ~ Feoshe ~ o 


and ; 
2 2X 
‘ =(- = ——— R. 4 
fh (e) = (ZyaQae)) = 2 > 0, vive (a 
Hence f is strictly increasing on R. 
Furthermore we have 
2d” sinh 
i (x) = mr sinh Ax Wore (5) 


™ (cosh Ax)?’ 


Notice that 
fx (z) > 0 for x <0, and 


fX (x) <0 for 2 >0, and 
¥ (0) =0. 

Therefore f) is stritly concave up for x < 0, and fy is striclty concave down for 
x > 0, and fy (0) = 0, with (0,0) the inflection point. 

Let x — +coo, then tanh (42) — 1 and arctan (tanh (42)) > 
—oo, then tanh (42) — —1 and arctan (tanh (42)) 2a 

Clearly, then fy (+00) = 1 and fy (—co) = —1, so that y = +1 are horizontal 
asymptotes for fy. 


a Let x —- 
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Also it is fy (x) > 0 for « > 0, and fy (x) < 0 for  < 0. Obviously then 
fx :R- [-1,1], with fY ¢ C(R). 

Notice that tanh (—2) = — tanh and arctan (—x) = — arctanz, « ER. 

We have that 


fy (-2) = = arctan («aun (-¥)) = = arctan (- tanh (=)) = 
zs arctan («aun (=)) =—f) (2), 


fy (—2) =—-fy (2), VER. (6) 


So, indeed, f is a sigmoid function as in [14]. 
So, all the theory of [14] applies here for fy, etc. 
We consider the activation function 


¥(a):= 7(A(e+1)-f(e-2), ceR, (0 


As in [13], p. 285, and [14], we get that w(—x) = w(a), thus ~ is an even 
function. Since 7 +1 > a-—1, then f, (a#+1) > fy (a@—1), and w(x) > 0, all 
xeER. 

We see that 


proving 


(0) = = (8) 


Let « > 1, we have that 


ve) = F(R @+1)-K(@-1) <0, 


by fi being strictly decreasing over [0, +00). 

Let now 0 < « <1, then 1—a2 >Oand0< 1-2 < 1442. It holds 
fi (w@—-1) = fy —2) > fi (e@ +1), so that again y’ (x) < 0. Consequently 
is stritly decreasing on (0, +00). 

Clearly, w is strictly increasing on (—00,0), and w’ (0) = 0. 


See that ‘ 
lim (2) = 3 Uh (400) = fa (400) = 0, (9) 

and i 
lim (2) = 7 fa (-00) — fx (-00)) = 0. (10) 


That is the z-axis is the horizontal asymptote on w. 
Conclusion, ~ is a bell symmetric function with maximum 


» (0) = 2. 


Tv 


We need 
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Theorem 1 (by [14]) We have that 


Ieee V@eR. (11) 


1=— 00 


Theorem 2 (by /14/) It holds 
‘a wy (a) dx =1. (12) 


Thus w (a) is a density function on R. 
We give 


Theorem 3 (by [14]) Let0 <a<1, andné€N with n\~° > 2. It holds 


Stra 4) < FEL) _ (ra tod ale) 


k = —oo 
:|na —k| > n° 


Notice that 


(13) 


sn (F200 (A n!-# = 2))) 


n— +00 20 


= 0. 


Denote by |-| the integral part of the number and by [-] the ceiling of the 
number. 
We further give 


Theorem 4 (by /14]) Let x € [a,b] C R and n € N so that [na] < |nb]|. It 


holds 
: 1 4 Qn 
_ = ’ Vv ,0 F 14 
SP vm PO A@ saan "76 OH 
Remark 5 (by [14]) We have that 
[nb 
dim, SO v(na—k) 41, as 


k=[na] 


for at least some x € [a,b]. 

See also [13], p. 290, same reasoning. 
Note 6 For large enough n we always obtain [na] < [nb]. Alsoa< £ <b, iff 
[na] <k < [nb]. In general it holds (by (11)) 


[nb] 
S° b(ne@—k) <1. (16) 


k=[na] 
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Let (X,||-|]) be a Banach space. 


Definition 7 Let f € C({a,b],X) andn EN: [na] < [nb]. We introduce and 
define the X-valued linear neural network operators 
nb 
ee ae ae ) ~ (na - k) 
nb 4 
ea] Y (na — k) 
Clearly here A, (f,x) € C ([a,b],X). For convenience we use the same A, 


for real valued function when needed. We study here the pointwise and uniform 
convergence of A, (f,x) to f (x) with rates. 


Ay (f, 2) = x € [a,b]. (17) 


For convenience also we call 


[nb| 


Aas Se s(=)e (na —k), (18) 


k=[na] 
(similarly A* can be defined for real valued function) that is 


An, (f, 2) 


An (f,2) = (19) 
ee inay Y (na — k) 
So that At (f,2) 
An (f,2) — f (2) =" f (2) 
wT ob (naw — bi) 
As (f,) — f (0) (EM 91 o (ne — ky) a 
ioe (na in k) , 
Consequently we derive 
21 [nb | 
An (f2) — F(@)Il S Fay |4n F2) - F@) S> d(na—k)]]}. (21) 
k=[na] 


That is 


Qr Ln? | k 
An (f2) - FS ey = (1 (=) -1@) vee- (22) 


We will estimate the right hand side of (22). 
For that we need, for f € C ([a,b], X) the first modulus of continuity 


WF) fay =F) = sup |if(@)-f ll, 6>0. (23) 


x,y € [a,b 
lje=y|<9 
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Similarly, it is defined w; for f € Cuz (R, X) (uniformly continuous and bounded 
functions from R into X), for f € Cg(R,X) (continuous and bounded X- 
valued) and for f € C,, (R, X) (uniformly continuous). 

The fact f € C([a,b],X) or f € C, (R, X), is equivalent to limwy (f,6) = 0, 
see [11]. 


Definition 8 When f € Cup (R,X), or f € Ce (R,X), we define 


Axytia)2= 3 1 (F) ous k), néeN, ceER, (24) 


k=—oco 


the X-valued quasi-interpolation neural network operator. 


Remark 9 (by [14]) We have that the series °_., f (2) v¥ (na —k) is ab- 


in 
solutely convergent in X, hence it is convergent in X and A, (f,x) € X. 


We denote by ||f||,, := sup ||f(«)||, for f € C([a,b],X), similarly is 
| 


x€la,b 


defined for f € Cp (R,X). 


3 Main Results 


We present a series of X-valued neural network approximations to a function 
given with rates. 
We first give 


Theorem 10 Let f € C((a,b],X),0<a<1,nEN: n°? >2, re [a,b]. 


Then 
i) 
[An (H0) Fl Ss SR Js (FS) += (#2) llc] = 
(25) 
and 
ié) 
An (A) = ls So (26) 


We notice lim A, (f) = f, pointwise and uniformly. 
nc 


The speed of convergence is max (4, (1 — fy (ae - 2))) : 


Proof. As similar to [13], p. 293 is omitted, see also [14]. m= 
Next we give 
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Theorem 11 Let f € Cp (R,X),0<a<1,nEN:n'-*%>2,2ER. Then 


i) 

An G2) -F@)l] Se ($2) +=" -2)) Mlle Ho 2D 
and 

ii) 


[An (f) - fll. S # (28) 
For f € Cup (R,X) we get lim A, (f) = f, pointwise and uniformly. 
The speed of convergence is max (4, (1 — fr (an - 2))) : 
Proof. As similar to [13], p. 294 is omitted, see also [14]. m= 


In the next we discuss high order neural network X-valued approximation 
by using the smoothness of f. 


Theorem 12 Let f € C% ({a,b],X), n,.N € N,0 <a <1, 2 € [a,b] and 
n'—-* > 2. Then 


i) 
T N (3) v i l-a_9 ; 
An (2) FI) s a eh BB) ay] + 
29) 
1— la _9 iN) ba)” 
(0 2) ae =a a 
ii) assume further f) (a9) =0, j =1,...,.N, for some xo € [a,b], it holds 
20 
|An (f, 20) — f (xo)|| < gd (2) 
1- To () b—a)* 
fe (ie (= Ante 1PM Hg Oa \, ss 
and 
iii) 
T N (3) dew l-a_9 ’ 
An (A) fle $ aS a Sg DA gy 5 
1— fy (n'-% — 2)) || f || (B- a)% 
(0.2) aby r= AE— UL OI 


Again we obtain lim A, (f) = f, pointwise and uniformly. 
n—-oco 
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Proof. As similar to [13], pp. 296-301 is omitted, see also [14]. m 
All integrals from now on are of Bochner type [20]. 
We need 


Definition 13 (/12]) Let [a,b] C R, X be a Banach space, a > 0;m= [al EN, 
({-] is the ceiling of the number), f : [a,b] ~ X. We assume that f(™ € 
Ly ({a, 6], X). We call the Caputo-Bochner left fractional derivative of order a: 


1 


DEN) = of (e-OF WHat, Vee lad]. (82) 


Ifa EN, we set D°, f := f(™ the ordinary X -valued derivative (defined similar 
to numerical one, see [22], p. 83), and also set D®, f := f. 


y [12], (D%,f) (a) exists almost everywhere in x € [a,b] and D?f € 


ta (la fee 


bes ) <%, then by [12], D@, f € C ([a, b] , X) , hence || D%, f || € 


C ([a, 6). 


Definition 14 (/10]) Let [a,b] C R, X be a Banach space, a > 0, m := [a]. 
We assume that f° € Ly ([a,b],X), where f : [a,b] > X. We call the Caputo- 
Bochner right fractional derivative of order a: 


feDe 


T(m-a 


b 

(De_f) («) = ; | & 2)™9-1 £0") (2) dz, Vr€ [ad]. (33) 
We observe that (Df f) (x) = (-1)™ f™ (a), form €N, and (DP_f) (x) = 
f (2). 


By [10], (D¢_f) (z) exists almost everywhere on [a, b] and (D¢_f) € Ly ({a, 0], X). 
If P|, ((a,b),x) < OO, and a ¢# N, by [10], D@_ f € C({a,b],X), hence 
|| D&_fl] € C ([a, 4). 
We present the following X-valued fractional approximation result by neural 
networks. 


Theorem 15 Let a > 0, N = fa], a¢ N, f € CN ([a,0],X),0< 8 <1, 
x € [a,b], n €N:n'-8 > 2. Then 


i) 
shay? 16) : 
An (f.2) - > 4, ((-2)) (@) - F(@)| < 
ja 
on (on (DEA Be) fan + 41 (Deeb Be) }) 
gd (2) TP (a +1) no8 
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— fy, (ni-8 — 
( die 2) (ios fils, aaah 2 = a)” + ||DE. floc [xb] (2 -»)} 


(34) 
it) if f (x) =0, for j =1,...,N —1, we have 
20 
|An (f, 2) — f (x)|| < gd(Q\)T (a+ 1) 


{eiPich a SEr al 


noe 


_ 1-B _9 
( ae 2) (io: Flleo.taray @ — 2% + IDS floc te, o-a)}, 


(35) 
iit) 9 
|An (f, 2) -— f @)|| < gd (2d) 
N-1 7 
Ff @)I| pf Pt) VN 
] j! a 2 
j=l 
i (1 (DEF a) faa) + 2 (Disa) oo) | 
T(a+1) noe 
1—f, (n}-8§ -2 
(AAA) (102 Anya @= 2) +1DElajon O20") th, 
(36) 
Va € |a,d], 
and 
iv) oe 
Auf ~ flee < Say 
N-1 
ia pf Lo faint *=2) 
3 atl a)’ 2 - 
j=l 
[lage eet ment ane Oh en): 
Plat 1) no8 T 
10 
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ie 1-B_ 92 a 
( fale Ye “ (ss | PS fll jaa) + SP \22eFlacen) bb 
x€ [a,b] _ sle8l 


(37) 
Above, when N = 1 the sum eee = 0. 


As we see here we obtain X -valued fractionally type pointwise and uniform 
convergence with rates of A, > I the unit operator, as n — co. 


Proof. It is very lengthy, as similar to [13], pp. 305-316, is omitted, see also 
[14]. m 
Next we apply Theorem 15 for N = 1. 


Theorem 16 Let 0<a,6 <1, f €C'((a,b],X), 2 € [a,b], nEN: n'-% > 2. 


Then 
i) 
[An (f,2) — f(@)Il S 
on (on (DEA de) fan) + 41 (Deeb Fe) a) 
gd (2X) T (a +1) no 


1= eae? 
( file ) (fle taug (@ 0 + ID% Slay O- 0); | 


(38) 


2a 


( sup W (D2f, a) Ia x] BUD: it (Dif, 7) fe ‘) 
x€ [a,b] , | 


x€ [a,b] 


nob 


Wie ER 
ee 
| 
> 

— 
Nye 
D 
| 
No 
“—" 
pee 


b a)* ( sup De fll. [a,a] + sup (22a 
x€ [a,b] at x€ [a,b] 
(39) 


When a = 5 we derive 


Corollary 17 Let 0 < 6 <1, f € C!([a,b],X), x € [a,b], nEN: nt-8 > 2. 
Then 
i) 
|An (f,2) — f (x)I| S 


11 
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1 1 
Dep ) (D2, 1 ) 
A/a («1 ( af nB [a,x] er f nP [xb] 


gd (2X) n2 ie 
(= A*=3) (ot d_, va feb, O=)} 
(40) 
and 
ii) 


A/T 
|Anf — File < gd (2X) 


1 1 
( sup Ww (DE we) ie sup wy (Diet a), , 


x€ [a,b] rs 


B 


| < OO. 
oo, [x,b] 


(41) 


(=4 ae | sup |>2zl), + sup | Des 


x€ [a,b] [2,2] x€[a,b] 


We finish with 


Remark 18 Some convergence analysis follows: 
Let0<6B <1, fe C!({a,b],X), x € [a,b], nC N:n!-8 > 2. We elaborate 
on (41). Assume that 


1 1 K 
WY te, =) < aes (42) 
mF taal n 
and 
5 1 Ko 
Wi | Dirtcag). as (43) 
a teh n 


Va € [a,b], Vn EN, where ki, Ko > 0. 
Then it holds 


1 1 
sup Ww} (D2 F, a) + sup wy (Def, a) jl 


x€la [a,a] «Ela 
€[a,b] € [a,b] 2 
B oS 
n2 
(Ki+kKo2) (K 
n 1+ Ka) K 
P = 3B ~ 3B) (44) 
N2 n 2 n2 
where K := Kk, + Ky >0. 
12 
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The other summand of the right hand side of (41), for large enough n, con- 
—f,(ni-8— 
verges to zero at the speed eine) 


Then, for large enough n € N, by (41) and (44) and the last comment, we 


obtain that 
L 1 =f, (8 -2 
||Anf — flleo < Manx ( = ( ee), tas) 
n2 


where M > 0. 
If 5 > 
n 2 
|Anf — fl, in (45) converges to zero faster than in Theorem 10. This because 
the differentiability of f. 


1—f, (n° —2) 
2 


1—f,(n*~8 —2) 
2 


, then 7 > , and consequently 
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July 30, 2023 


In this paper, we consider the problem of constructing new optimal explicit 
and implicit Adams-type difference formulas for finding an approximate solution 
to the Cauchy problem for an ordinary differential equation in a Hilbert space. 
In this work, I minimize the norm of the error functional of the difference formula 
with respect to the coefficients, we obtain a system of linear algebraic equations 
for the coefficients of the difference formulas. This system of equations is reduced 
to a system of equations in convolution and the system of equations is completely 
solved using a discrete analog of a differential operator d?/dx? — 1. Here we 
present an algorithm for constructing optimal explicit and implicit difference 
formulas in a specific Hilbert space. In addition, comparing the Euler method 
with optimal explicit and implicit difference formulas, numerical experiments are 
given. Experiments show that the optimal formulas give a good approximation 
compared to the Euler method. 

Keywords: Hilbert space; initial-value problem; multistep method; the 
error functional; optimal difference formula. 


1 Introduction 


It is known that the solutions of many practical problems lead to solutions of 
differential equations or their systems. Although differential equations have so 
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many applications and only a small number of them can be solved exactly using 
elementary functions and their combinations. Even in the analytical analysis 
of differential equations, their application can be inconvenient due to the com- 
plexity of the obtained solution. If it is very difficult to obtain or impossible to 
find an analytic solution to a differential equation, one can find an approximate 
solution. 

In the present paper we consider the problem of approximate solution to the 
first order linear ordinary differential equation 


y' = f(z,y), LE (0, 1] (1) 


with the initial condition 

y(0) = yo. (2) 
We assume that f(x,y) is a suitable function and the differential equation (1) 
with the initial condition (2) has a unique solution on the interval [0, 1]. 

For approximate solution of problem (1)-(2) we divide the interval [0, 1] into 
N pieces of the length h = a and find approximate values y,, of the function 
y(x) for n = 0,1,...,N at nodes x, = nh. 

A classic method of approximate solution of the initial-value problem (1)- 
(2) is the Euler method. Using this method, the approximate solution of the 
differential equation is calculated as follows: to find an approximate value Yn+1 
of the function at the node x,,41, it is used the approximate value y,, at the 
node 2p: 

Yn+1 = Yn + hyn; (3) 
where y!, = f(@n, Yn), 80 that yn+1 is a linear combination of the values of the 
unknown function y(«) and its first-order derivative at the node xp. 

Everyone are known that there are many methods for solving the initial-value 
problem for ordinary differential equation (1). For example, the initial-value 
problem can be solved using the Euler, Runge-Kutta, Adams-Bashforth and 
Adams-Moulton formulas of varying degrees [1]. In [2] by Ahmad Fadly Nurul- 
lah Rasedee, et al., research they discussed the order and stepsize strategies of 
the variable order stepsize algorithm. The stability and convergence estimations 
of the method are also established. In the work [3] by Adekoya Odunayo M. 
and Z.O.Ogunwobi, it was shown that the Adam-Bashforth-Moulton method 
is better than the Milne Simpson method in solving a second-order differential 
equation. Some studies have raised the question of whether Nordsieck’s tech- 
nique for changing the step size in the Adams-Bashforth method is equivalent 
to the explicit continuous Adams-Bashforth method. And in N.S.Hoang and 
R.B.Sidje’s work [4] they provided a complete proof that the two approaches 
are indeed equivalent. In the works [5] and [6] there were shown the potential 
superiority of semi-explicit and semi-implicit methods over conventional linear 
multi-step algorithms. 

However, it is very important to choose the right one among these formulas 
to solve the Initial-value problem and it is not always possible to do this. Also, 
in this work, in contrast to the above-mentioned works, exact estimates of the 
error of the formula is obtained. 
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Our aim, in this paper, is to construct new difference formulas that are exact 
for e~* and optimal in the Hilbert space Wl (0, 1). Also these formulas can 
be used to solve certain classes of problems with great accuracy. 

The rest of the work is organized as follows. In the first paragraph, an 
algorithm for constructing an explicit difference formula in the space is given. 
The above algorithm is used to obtain an analytical formula for the optimal 
coefficients of an explicit difference formula. In the second section, the same 
algorithm is used to obtain an analytical formula for the optimal coefficients of 
the implicit difference formula. In the third and fourth sections, respectively, 
exact formulas are given for the square of the norm of the error functionals of 
explicit and implicit difference formulas. Numerical experiments are presented 
at the end of the work. 


2 Optimal explicit difference formulas of Adams- 
Bashforth type in the Hilbert space we (0, 1) 


We consider a difference formula of the following form for the approximate 
solution of the problem (1)-(2) [7, 8] 


k 


k-1 
>> CiA] 9 [61-2 >- Ci [Bl ¢’ [6] = 0, (1) 
B=0 B=0 


where h = 3, N is a natural number, C[S] and C;[§] are the coefficients, 


functions y belong to the Hilbert space wl (0, 1). The space we 0, 1) is 
defined as follows 


wl 0, 1) = {y: [0,1] — Rly’ is abs.contunuous, y” € L2(0,1)} 


equipped with the norm [9, 10] 


iW 2={ f (e+e) ah”. 0) 
0 


The following difference between the sums given in the formula (1) is called the 
error of the formula (1) [11] 


k 


k-1 
(4,0) = 5) ClBly (hB) — b> Ci[B]y! (h8). 
B=0 B=0 


To this error corresponds the error functional [12] 


k k-1 


ex) = S> ClB}s(a — hB) +h S> C1[B] 5" (w — hB), (3) 


B=0 B=0 
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where 6(a) is Dirac’s delta-function. We note that (@, y) is the value of the error 
functional @ at a function y and it is defined as [13, 14] 


(9) = f Ua\ola)de. 


It should be also noted that since the error functional @ is defined on the space 
wl 0, 1) it satisfies the following conditions 
(€,1) =0, (€,e°7) =0. 


These give us the following equations with respect to coefficients C[S] and C,[(]: 


k 
5" Clp] = 0, (4) 
B=0 
k k-1 
» Clple—"? + p> C,[B]e-"? = 0. (5) 


Based on the Cauchy-Schwartz inequality for the absolute value of the error 
of the formula (1) we have the estimation 


Ie, e)| < lhelW3?? 1-1?" 
Hence, the absolute error of the difference formula (1) in the space wey is 
estimated by the norm of the error functional @ on the conjugate space wer, 
From this we get the following/15]. 
Problem 1. Calculate the norm etweer* | of the error functional @. 
From the formula (3) one can see that the norm ewer» || depends on the 
coefficients C[3] and C1[6]. : 
Problem 2. Find such coefficients C[6] = C [6] that satisfy the equality 


we = int sup EO 


271 
CLA) pie 40 ele” | 
In this case Cy [3] are called the optimal coefficients and the corresponding 
difference formula (1) is called the optimal difference formula. 

A function w satisfying the following equation is called the extremal function 
of the difference formula (1) [13] 
2,1)* 2,1 
(C,abe) = [ela - Ibe W2?”? I. (6) 


Since the space wl (0, 1) is a Hilbert space, then from the Riesz theorem on 
the general form of a linear continuous functional on a Hilbert space there is a 
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function We (which is the extremal function) that satisfies the following equation 
[16, 17] 
(ZL, y) = (Y, bowen (7) 
: (2,1)*)) (2,1) 
and the equality ||¢|W5 Il = IlPe|W3””|| holds, here (y, We) ,,2.0 
2 
product in the space we (0, 1) and is defined as follows [18] 


is the inner 


Theorem 2.1 The solution of equation (7) has the form 
ea) = U(x) * Go(x) + de~* + po (8) 


and it is an extremal function for the difference formula (1), where Go(x) = 
sen(s) (=- — a), d and po are real numbers. 
According to the above mentioned Riesz’s theorem, the following equalities is 
fulfilled Sie ae ~ 

Jes"? = (6, abe) = eg [el 2” I. 


By direct calculation from the last equality for the norm of the error functional 
for the difference formula (1) we have the following result [18]. 


Theorem 2.2 For the norm of the error functional of the difference formula 
(1) we have the following expression 


k-1 k 
lws?* ||? = Sy chic B)G2(hy—hB)—2h S~> Cry] S~ CII) (hy—-hB)— 
7y=0 B=0 y=0 B=0 
k-1k-1 
“WS TS 2 CilyCi[B]GS (hy — hB), (9) 
y=0 6=0 


where Gi(e) = 842 (Ste _ 1) and Gf(e) = 82 (==*). 


It is known that stability in the Dahlquist sense, just like strong stability, 
is determined only by the coefficients C [3], 8 = 0,k. For this reason, our search 
for the optimal formula is only related to finding C; [6]. Therefore, in this 
subsection we consider difference formulas of the Adams-Bashforth type, i.e. 
Clk] = —C[k—1] = 1 and C[k—i] = 0, i = 2,k, [19, 20]. Then is easy to 
check, that the coefficients satisfy the condition (4). 

In this work, we find the minimum of the norm (9) by the coefficients C [6] 


under the condition (5) in the space Wl (0, 1) [21]. Then using Lagrange 
method of undetermined multipliers we get the following system of linear equa- 
tions with respect to the coefficients C1[6]: 


k 
AS eh ]Gq(hB — hy) + dew"? =—S° Ch] G5(hB—hy), (10) 


y=0 
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B — 0, k— 1, 
k-1 k 
hS Cre =. Oe: ™. (11) 
y=0 y=0 


It is easy to prove that the solution of this system gives the minimum value to the 
expression (9) under the condition (5). Here d is an unknown constant, C4 [6] 
are optimal coefficient. Given that C[k] = 1, C[k-—1] = -1, C[k-— i] = 0, 
i = 2,k the system (10),(11) is reduced to the form, 


k-1 
hS” C1 [yo] G3 (hB — hy) + de"? = f [6], B=0,k-1 (12) 
y=0 
k-1 | 
Ay One eg (13) 
y=0 
where 
1—e hB—hk —hB+hk—h 
AS er, (14) 
g= eT hkth _ eT hk. (15) 


Assuming that C1 [6] = 0, for 6 <0 and 8 > k—1, we rewrite the system (12), 
(13) in the convolution form 


hC1 [6] #4 (hB) + de“? = f(A] for 8=DF-1, ag 
hy oie He 
We denote first equation of the system (16) by Ucep 
Vcr 8] = Cr [6] * G3 (hf) + de~™’. (17) 
(12) implies that 
Veep [8] = f [6] for 6 =0,k —1. (18) 


Now calculating the convolution we have 


k-1 
Uerp [8] = C1 [6] * Gy (hB) + de"? = hy- C1 [7] GY (AB — hy) + dew". 
y=0 


For 6 < 0 we get 


k-1 
_ o sgn(hB — hy) (ebb-hy — e~ hb thy oe: 
Ueap [3] — h S- C1 2 2 T de 
y=0 
Py eee hy C7 nb k-1 | ‘ ; eh 
ee Th hp _ Lp hb i 
Py pee [ye I+ i pa [y] ec”? +de Sete (d +b) 
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For 8>k—-1 
eh . 
Uexp [8] = eee P(d—b). 
Then dt =d+b and d~ =d~—b the function Uexy [8] becomes 
oe gteMdt = for B>k-1, 


Veep (BJ =* f [8] for B=0,k—I, (19) 
eegted — for B <0. 


We use to find the unknowns dt and d~ from the discrete analogue of the 


differential operator a — + which is given below [22] 


1 —2e for |B| = 1; 
D, [6] = \ 21 +e") for @=0, (20) 
1 0 for |p| > 2. 


The unknowns dt and d~ are determined from the conditions 
C1 [8] = h-! Dy [6] * Veep [8] = 0 for B<OandB>k-1. — (21) 
Calculate the convolution 


h~* Dy [8] * Vecp [6] 


ee k-1 
=h} » D, [6 + ¥] Vexp [—7] + h7* a D1 [6 — 7] Vear [11 
y=1 me 


+h" S* Dy (8 —k=y +1] Veap [k+7- 1). 
y=1 
From (19) with 8 =k and 6 = —1, we have 


{ h-1 Dy [0] Venp [—1] + h-1Di [1] Veep [-2] + h-1 D1 [-1] Ucap [0] = 0, 
h-1Dy [0] Ueap [k] + A7!Dy [1] Ucap [& — 1] + R-2Dy [-1] Uenp [& + 1] = 0. 


Hence, due to (21), we get 


2(1+ 7? Lea 
2(1+e7" Ze Rot 


From the first equation d* is equal to the following 


a4 eh ze 78g 4 ed) — 2e" f[0] = 0 


e hkd-| — 2e" [Fehhthg + e hk-Rd-] — 2e" fihk — h] = 0. 


ite elk _ ehk—-h 
4 

From the second equation d~ is equal to the following 

hk _ 3¢hk—-h 4 9¢hk—2h 


4 


ee 
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so 
sins deta. 2 ehk _ Qehk—h 4 phk—2h ere dg = a5 = ehk—h _ ehk—2h 
2 4 2 4 
Now we calculate the optimal coefficients an [2] 
Ci [6] = h7*Dy [6] * Vexp [6] Sh > dD, [8 = 7] Vexp [y] , 8=0,k-1 
y=—00 
Let 6 = k—1, then 
Cilk—-1=h* D> Di [k-1- 4] Venp |] 
y=—00 


= h~'{D, [0] Vere (hl Di) ee 2) Pi [HT] Vege [et 


hot = eh —] 
; eh 4 eh et = Se 


thus, C1 [k — 1] = “52 for B=k-1. 
Compute Ci [0] 


Co 


C10] =h7? S> Dy [a] Veep br 


= io {D) [0] Vexp [0] ly D, (1] Vexp [-1] + Dd, [-1] Veep [1]} 


hoi 
a0 = cihy : {(1 ern) (e hk - elk—h = e kth 4 lth) 


en h( en hk 4 en hk Bi ghee ehh) 


ho} 
2(1— e?") 


h 7 
i 
Nile hk+h elk 2h 


ae hk+2h , ohk—hy\ 
2(1 — e?/) te Te dy 


e€ -0=0, 
hence, Ci [0] = 0 for 6 =0. 
Now calculate CG (G] for B=1,k-—2 


Co 


C16] = ho 2 Dy [7] Vern bn) 


y=- 00 


cai ae {Di (0] Vexp [6] + dD, (1) Vexp [3 ~~ 1 + D, [-1] Vexp [B + 1}} 


= 5 a -{(1+ e2h)(1 — eh) (e~hk+hB _ Pea 
- 5 a -{e"(1—e")(e hk+hB—h _ ohk aBy) 
2(1 — e? 
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hot ho} 
Tra fe” (1 — eb) (em hk +hB+h _ geen any _ A 0, 
—e 


thereby, Ch [8] = 0 for B=1,k — 2. 
Finally, we have proved the following theorem. 


Theorem 2.3 In the Hilbert space WY, 1) there is a unique optimal ex- 
plicit difference formula of the Adams-Bashforth type whose coefficients are de- 
termined by following expressions 


1 for B=k, 
C{[é)=< -1 for B=k-1, (22) 
0 for 6=0,k-2, 
eh—1 
2 = heh for B=k—l, 93 
C118) a for 6=0,k-2. ee) 
Thus, the optimal explicit difference formula in we D0, 1) has the form 
em —1, 
Pn+k = Pn+k—-1 + oh Pntk-1) (24) 


where n = 0,1,..,N—k, k>1. 


3 Optimal implicit difference formulas of Adams- 
Moulton type in the Hilbert space wl (0, 1) 


Consider an implicit difference formula of the form 


k k 
S> C[Blel3] — h $5 Ci[B]e'[8] & 0 (1) 
B=0 B=0 
with the error function 
k k 
ex) = S> Clp}s(a — hB) +h S> C1[B] 6" (w — hB) (2) 
B=0 B=0 


in the space we Yo, 1). 

In this section, we also consider the case C[k] = —C[k—1] = 1, and C[k—i] = 0, 
i = 2,k, i.e. Adams-Moulton type formula. Minimizing the norm of the error 
functional (2) of an implicit difference formula of the form (1) with respect to 


the coefficients C;[3], 8 = 0,k in the space wl (0, 1) we obtain a system of 
linear algebraic equations 


hyo Cr (y] Gy(hG — hy) +de-" = f [8], 6 =0,k 
hy _g Ci lle" =9. 
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O° 
Here C[6] are unknowns coefficients of the implicit difference formulas (1), 
8 =0,k and d is an unknown constant, 


f [8] = Go(hB — hk + h) — Go(hB — hk) 


1 (1 —e") (e“hk+hB — ehk-hB-h) | P30 = 
4 ’ =, My 
gare te ee", (4) 
Assuming, in general, that 
Ci[6] =0 , for B <0 and B > k, (5) 


rewrite the system in the convolution form 


AC: [S| * G5 (h8) + de“? = f [8], 8 =O.F, 
hye: err =o: 


Denote by Uinp[8] = C1 [3] * GY (hB) + de". Shows that 


Vimp|5] = f[5] for 8 =0,k (6) 
Now we find Ujmp[G] for 6 <0 and 6 > k. Let 6 < 0, then 


k 
2 sgn (hB— hy) (ebB-hy — e hb thy =i 
C1 [y] ( 5 ( 5 + de“? 


eB E ° —hy eh ° Ay iB 
pee sacl oF A pra + de ; 


Here d* is defined by the equality 


Similarly, for 6 > k we have 


k 
° sgn (hbB—h ehB-hy _ e~hBthy a 
inp [8] = b> Cs] SE 2( 5 ) +00 
y=0 
cB ip Se ee h h 
= = —hBp 
Sai Gulls Tee een rs 


10 
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Here d~ is defined by the equality 


e7hB So I h 
— bh = B 
d= ji hS” Cu [ye + de t (8) 
y=0 
(7) and (8) immediately imply that 
d+ +d 
d= ee (9) 
So Uimp|] for any 6 € Z is defined by the formula 
ze —hB gt k 
rgte for B>k, 
Uimp [6] an Fle] for B = 0, k, (10) 
<gte dq for B <0. 
If we operate operator (20) on expression Ujmp[8], we get 
C1[6] = A-* Dy [6] * Vimp[5] , B € Z. (11) 


Assuming that [6] = 0 for GB < 0 and 6 > k, we get a system of linear 
equations for finding the unknowns d* and d~ in the formula (10). Indeed, 
calculating the convolution, we have 


Co 


h-* Dy [8] * Vimp [8] = h S- D, [8 — y| Vine [7] 


yH-00 


=h* $7 Dy [6 + yUimp [-7 


y=1 


+h" S$ Dy [8 —k— Vip [k +71. 


y=1 


k 
+h*S° Dy [8 -Uimp 1] 
y=0 


B— | Vimy |] 


k 
+h*S Di [8 -YUimp 
y=0 


(12) 


Equating the expression (12) to zero with @ = —1, 6 = k+1and using the 


formulas (10), (20) we get 


h-!D, [0] Uimp [—1] + h-!D, [1] Uimp [—2] + h-!D, [-1] Uimp [0] = 0, 
h-!D, [0] Uimp [k + 1] + h-!D, [1] Uimp [k] + h-1!D, [—1] Uimp [k + 2] = 0 


11 
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or 


2 (1+ 7") [—fe-"g + edt] — 2e" [—4e-7"g + e?"d*] — 2e" f[0] = 0, 
2(1+ 2) [ighkthg 4 ehk—hg—] — geh [Lehk+2hg 4 @—hk—-2hg—] _ deh F[Ak] = 0. 


By virtue of the formulas (3) and (4), finally, we find 


dt (e"* _ ene) , (13) 


1 
a 
1 
woe 
4 


(enk-© _ ek) : (14) 


Then from (9) we find that d = 0. 
As a result, we rewrite Ujm,[S] through the (13) and (14) as follows 


g4 aes (chs ehk—h) for B> By 
Uimp [2] = f [6] . for B = 0, k, (15) 
e *9 Ee = Ces _ ehh) for B<0. 


Now we turn to calculating the optimal coefficients of implicit difference formulas 
C4 (6) , 8 =0,k according to the formula (11) 


Co 


Clk] =f? > Dilk— Wimp = 


y=-00 


= h~* {D1[0]Uimp[&] + Di[L]Uimp[& — 1] + Di[—1]Uimp[k + 1]} = 


hit et —] 


= a) 2h 4 h 9) = . 
2(1 — eh) coe ate) h(eh +1) 
So Cilk] = ;oa45- 
Calculate the next optimal coefficient 
Cifk-Y=h* SO Dilk-y- imply] = 
y=—0o 


= h-* {D1[0]Uimplk — 1] + Di(\Uimplk — 2] + Di[-Uimplk]} = 


ho} e” —1 
_ _2 2h 4 h 9) = 3 
2 (1 — e2h) ee eer) h(eh +1) 
Thus Ci [k - 1] = ;S545. 
Go to computed C,(6] when 8 =1,k—2 
Ci[6] = h™ x Di[8 — y|Uimp ly] 
y=—00 


12 
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= h7* {D,[0]Uimp[8] + Di [UU imp[8 — 1] + Di[-1Uimp[6 + 1} 


=; ae, ce 2h) (en hk+hs _ gth-h6—h _ g-hk+hB+h 4 ehh—hay) 


ea : 
“3a em te (eRe gi UP eg aire a enh here) 


h-> h (,—-hkt+hB+h _ ,hk—hB—2h Akt+hB+2h , ~hk—-hB—h 
Sasa (e —e —e +e )} 
h-1 
S=0S0, 
2(1 — &??) 
Thereby, C'1[8] =0, for 8 =T,k—2. 
Then calculate Ci [0] 


C1[0] = 27? S> Dy [Vip ll 


= h~* {D1 [0|Uimp[0] + Di [1] Uimp[—1] + Di[-YUimpl1]} 


= ho {(1 + e2#) (ennk — hth _ g-hkth 4 ehky) 


2 (1 — e?") 
a h hk hk—! hkt+h _ hk 
a1 emmy 1° ( e + € +e —e )} 
ho" h(.—hkth — ,hk—2h Ak+2h , ,hk—} ee 
“aa ay te (e SE —E +e gaan =o 


hence C'(0] = 0. 
Finally, we have proved the following. 


Theorem 3.1 In the Hilbert space wl (0, 1), there exists a unique optimal 
implicit difference formula, of Adams-Moulton type, whose coefficients are de- 
termined by formulas 


Cia]=4 -1 for B=k-1, (16) 


Cil6) =< ehat for B=k-1, (17) 


Consequently, the optimal implicit difference formula in we, 1) has the 
form 
hoy 
Pntk = Yatk-1+ = (rok + Pnok—1) 
eh +1 n+k n+k—-1]> 


where n = 0,1,...,.N—k, k>1. 


(18) 


13 
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4 Norm of the error functional of the optimal 
explicit difference formula 


The square of the norm of an explicit Adams-Bashforth type difference for- 
mula is expressed by the equality 


0 B=0 
k-1 k k-1k-1 
—2h Y7 Crll > Clas by - B)- DTD Ciblcislez iy- 6]. @) 
=0 B=0 y=0 B=0 


In this section, we deal with the calculation of the squared norm (1) in the space 


wl (0, 1). For this we use the coefficients C[G] and C46), which is detected 
in the formulas (22) and (23). 
Then we calculate (1) in sequence as follows. 


ew", i = Chl {Go ly—-k] -Goly—-k+1} 


k-1 
—2hS° Ci {Gb ly — kh) — Gh [y-—k +1} 
y=0 
h2 eid = - " k 
“PTD Sabb e+ 
Xe" —1 eh — 1) 
= Ge [0]-G2 [1]—Go [-1]+@2 fo] 7" 9 ces 4] - 4 oy} St 0 
_ 2(e" — 1) 4, 4, 2(e"— 1) sgn(h) fe +e" 
= —2G2 [1] + oe [1] = i 5 if 
h _ oh h_ 2h _ 9h 2h _ 
9 5g(h) Cen 8 le 2e"+1 e ne 
2 2 eh Qeh 2eh 
(e” — 1) (3e" — 1) 
=h Qe2h ; 


As a result, we get the following outcome. 


Theorem 4.1 The square of the norm of the optimal error functional of an 
explicit difference formula of the form (1) in the quotient space we 0, 1) is 
expressed as formula 
e” — 1) (3e" — 1) 

Qe2h . 


6 2 
e|we*0,1) ePnciik 


14 
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5 Norm of the error functional of the implicit 
optimal difference formula 


In this case, the square of the norm of the error functional of an implicit 
Adams-Moulton type difference formula of the form (1) is expressed by the 


equality 
lel" 0.2) | =o ehictelea by - ol - 
y=0 B=0 
k k 
—2h > Cily Isc 1G ly¥- 6] - eee ]C1[6)G@s [y — 6]. (1) 
y=0 B=0 y=0 B=0 


Here we use the optimal coefficients of an implicit difference formula of the form 
(1), which is detected in the formulas (16) and (17). 
Then, we calculate (1) as follows 


léw2?"@.a|f -deh ] {G2 ly — k] - G2 [y—k +1]} 


—2h > Cilyl {Gs ly — k] - Gy ly —k + 1} 


eh — ° 
— ay  Cib{GS by- H+ lyk +1} 


eee 
= G2 [0]—Ge [1]—G2 [-1]+G2 jE tt 0] — G [1] + Gy [-1] — Gs [0]} 
Me) (efi0) CF) + ef -11+.6% 0) 
= -2G, [1] + Ke ast ee G3 (I 
7 ie) . sont) ( : sont) ee s) 
See 
eels 2(e*—1)*(e*-1)  (e®- 1)? (e* -1) 
Qeh 2eh (eh + 1) 2eh (eh + 1) 
nrg (Seo) an BD 


Consequently, we get the following result. 


15 
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Theorem 5.1 Among all implicit difference formulas of the form (1) in the 


Hilbert space Wl (0, 1), there is a unique implicit optimal difference formula 
square the norms of the error functional of which is determined by the equality 


. 2 2(e" —1) 
(2,1) | se a 
ews (0,1) || =2- So. 


6 Numerical results 


In this section, we give some numerical results in order to show tables and 
graphs of solutions and errors of our optimal explicit difference formulas (24) and 
optimal implicit difference formulas (18), with coefficients given correspondingly 
in Theorem 2.3 and Theorem 3.1. We show the results of the created formulas 
in some examples in the form of tables and graphs. Here, of course, the results 
presented in the table are then shown in the graph. 

Example: y'=xsin(-3x)-2, N = 10, h = 0.1, y_@=1; exact solution: 1/3xcos(-3x)-1/3cos(-3x)-2x+4/3 


N=10 
y_@=1 


Solution of the Optimal exp.diff | Error of the Optimal exp.dif 
Method i] Method . formula f.formula 


| 0.8 | -@.217507085630584 | -@.843759685110343 
oe toon nn nano a2 nn == 2 === pone naan n 2-2-2 === == 
0.9 | -@.436530928599431 | -1.097796739554436 
$----- $oonn------------ === $----------------------- 
1.0 | -0.666666666666667 | -1.33626092877548 
oo $o------------------- $-----------------------4--------------------- 


Graph of approximate and exact solutions for ODEs The difference between exact and approximate solutions 


-@- Graph of the approximate solution of the Euler method 
~®- Graph of the approximate solution of the Optimal exp.diff formula 
— Graph of the exact solution 


— The error of the Euler method 
0.6 | — The error of the Optimal exp.diffformula 


yt) 
ly(t)-ap_sol] 


0.0 02 Oa 06 08 10 00 02 oa 06 og 


Figure 2: 
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Example: y'=xsin(-3x)-2, N = 10, h = @.1, y_@=@; exact solution: 1/3xcos(-3x)-1/3cos(-3x)-2x+4/3 


N=10 
y_0=0 
tonne $occcnnnn nn nn nnn ---- $2222 222-222-2222 ------- $i nnn onan nanan nnn 22-3 $2 2222222222222 --------------------- $ocnnnn nana nnn - 222+ +--+ -------- + 
| t | Exact solution Solution of the Euler | Error of the Euler | Solution of the Optimal exp.diff. | Error of the Optimal exp.dif | 
| | Method | Method | formula f.formula I 
tonne $onnnnnn-- 22-2 ------ poeeisesesccesesescccuse + + 
| 0.0 | 0.8 0.8 i} 
$----- $------------------- eecSb bese teckesceeesisS + + 
| 0.1 | 8.177582570455131 0.2 i] 
to---- $oononn 2-2-2 -------- $2 2222222222 ------------ + * 
| 0.2 | ©.318937005892713 @.35751574640716 | | 
+ 
| 0.3 | 8.433883226340232 @.48432171812668 I 
too--- es $onon nano onan nn --------- + + 
| 0.4 | 0.529205824465697 .588522961386072 i} i} 
oo toece ene n een e enn n ene es + + 
| 0.5 | 8.609635519478213 .675744617789162 I 
tonnes $onnnnn------------- to nnn anno naan nanan nnn == + + 
| 8.6 | 0.67850887558362 0.749931212084026 I 
oo $onnn nnn n nn 2-2 - === tana n anna nanan anne nen n 8 + + 
| 0.7 | 8.738212180552286 @.81388417102237 i} 
tonne trccc ccc c cence nen tr nncn nnn n nnn n nnn n nena + + 
| 0.8 | 0.798480484888187 .869623707664033 | @.079143222775846 | 0.827556373584513 @.037075888696326 | 
os Wazane-andavauacnsae eee ere ser ee ereeerrer Ge esessesssesssssseles fesse estes eeascenesseeabcccacnase PeSce ce aceuchascheneGsasaoeees + 
| 0.9 | 0.836599489647578 0.918632824473592 | @.082033414826014 | 0.874194714538262 i} @.037595304898684 i} 
tonne to cce ccc c cence een n ee to nn ccc n nnn n ncn n nnn e nee to nc nnn n nance nnn e anne pone nnn n nnn nnn nnn nnn nnn tone nnn n nnn n nnn n nnn n nnn n nnn + 
| 1.0 | 0.877541649186374 0. 962022162692381 | @.084480513586007 | 0.915485129084372 | 8.037943479977998 | 
$----- pecaeseteseewceseses seeceSesescscsesaasansses $aseseseaasecasseceses Pherae aereemeneeereenaenenenecauecct Pe + 


ey Graph of approximate and exact solutions for ODEs The difference between exact and approximate solutions 
=e Graph ofthe approximate solution ofthe Euler method 3 cane | — The eror ofthe Euler methoa 
~®- Graph of the approximate solution of the Optimal exp.diff formula» — The error of the Optimal exp.diffformula 
0.8 |— Graph of the exact solution a | 
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= F004 
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a 002 
0.0 0.00 
0.0 02 04 06 08 10 0.0 02 04 0.6 08 10 


Figure 4: 


The tables in Figures 1, 3, and 5 show the exact and approximate solutions 
and the differences between the exact and approximate solutions. 

According to the tables in Figures 1 and 3 on the left side of these Figures 
2 and 4 are graphs of approximate and exact solutions, and on the right side of 
these Figures 2 and 4 graphs of the difference between the actual and approxi- 
mate solutions are shown. As can be seen from the results presented above, in a 
certain sense, the optimal explicit formula gives better results than the classical 
Euler formula. 

In accordance with the table, shown in Figure 5, on the left side of these 
Figure 6, graphs of approximate and exact solutions are shown, and on the 
right side of these Figure 6, graphs of the difference between the authentic and 
approximate solutions. As can be seen from the results presented above, in a 
certain sense, optimal explicit and implicit difference formulas give better results 
than the classical Euler formula. 

It should also be noted that with the help of newly constructed difference 
schemes, it is possible to obtain approximate solutions with good accuracy. 
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Example: y'=y-x*2+1, N = 10, h = 6.1, y_@=0.5; exact solution: y(x)=(x+1)*2-0.5e*(x) 


N=10 
y_0=0.5 
toons tonne nena nnn ---- $oooon- 2222-2 ------------ toon n noon - 2222-2 ------- os $2222 22222222222 2-2-2 ----------- + 
| t | Exact solution | Solution of the Euler Error of the Euler M | Solution of the Optimal imp.diff. | Error of the Optimal imp.diff | 
| | | Method ethod | formula - formula I 
+ + + 
| | | 
+ + + 
| | | 
+ + + 
| | | 
+ + + 
| | i 
+ + + 
| | | 
+ + + 
| | | 
+ + + 
| | | 
+ + + 
| | | 
+ + + 
| | | 
+ + + 
| | | 
+ + + 
11.0 | 2.6408590858 | 2.5437545239 @.0971045618 i 2.6367964373 9. 0040626485 I 
+-----: Geetececstesesecs poneeeneesseseseeaeeee =e eee Jace ease eeeeteceseseceses pascecesesescacssascnasseaqcnas= + 
Figure 5: 
Graph of approximate and exact solutions for ODEs The difference between exact and approximate solutions 
©» Graph of the approximate solution of the Euler method 010 The error ofthe Euler method 
2.5 1 —@. Graph of the approximate solution of the Optimal imp.diff.formula ne — The error of the Optimal imp. diff formula 
— Graph of the exact solution g 0.08 
20 
50.06 
= ui 
Sis ba 
go 04 
= 0.02 
os 0.00 
0.0 02 04 06 os 10 0.0 02 04 06 os 10 


Figure 6: 


Also, with the help of these methods, it is possible to solve problems in various 
fields of mechanics. The cited numerical results were obtained using the Python 
programming language. 


7 Conclusion 


In conclusion, In this paper, new Adams-type optimal difference formulas are 
constructed and exact expressions for the exact estimation of their error are 
obtained. Moreover, we have shown that the results obtained by the optimal 
explicit difference formulas constructed in the wl (0,1) Hilbert space are 
better than the results obtained by the Euler formula. In addition, the optimal 
implicit formula is more accurate than the optimal explicit formula and the 
effectiveness of the new optimal difference formulas was shown in the numerical 
results. 
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Direct approach to the stability of various functional 
equations in Felbin’s type non-archimedean fuzzy normed 
spaces 


JOHN MICHAEL RASSIAS, SHALU SHARMA, JYOTSANA JAKHAR AND 
JAGJEET JAKHAR 


ABSTRACT. Using the direct approach, the authors find the Ulam 
stability of the septic functional equation and octic functional equa- 
tion in Felbin’s type non-Archimedean fuzzy normed space. 


1. INTRODUCTION AND PRELIMINARIES 


The emergence of functional equations coincided with the modern 
formulation of the function concept. The first publications regarding 
functional equations were authored by D’Alembert [1] during the pe- 
riod between 1747 and 1750. Due to their apparent simplicity and 
harmonic characteristics, functional equations have captured the in- 
terest of numerous renowned mathematicians. Notable figures such as 
Rassias [5], Aoki [4], Gavruta [6] and Jakhar [11, 12] have all engaged 
with this area of study. 

The foundational concept of Hyers-Ulam stability for functional equa- 
tions traces back to a renowned problem centered on group homomor- 
phisms( “Let G be a group and G’ be a metric group with metric d(.,.). 
Given € > 0 does there exists a 6 > 0 such that if a function f : G — G’ 
satisfies the inequality d( f(y), f(x) f(y)) < 6 for all x,y € G, then 
there exists homomorphism H : G > G" with d(f(x), H(x)) < e€ for 
all x € G?”), successfully addressed by Ulam [2] and Hyers [3]. Over 
the past decades, a substantial volume of literature has been devoted 
to addressing the stability problem in the context of functional equa- 
tions, with significant focus on crucial issues within this domain (see 
(7, 8, 9, 10, 11, 12]). Consequently, numerous effective techniques have 
been detailed in various papers (such as {10, 18-24, 27]), encompassing 
approaches like the direct method, fixed point method. Notably, the 
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direct method consistently emerges as the primary investigative tool 
for exploring functional equations of diverse kinds. 

The idea of fuzzy criteria on a set of data is used in the field of 
fuzzy functional analysis. In 1984, Katsaras [13] was the first to sug- 
gest this concept while researching fuzzy topological vector spaces, his 
groundbreaking work [14, 15, 16] being a motivating factor for many 
mathematicians. The authors Cheng & Mordsen [19] introduced an 
alternative form of fuzzy norm for linear spaces utilizing a distinct 
technique . In a related context, Michalek and Kramosil [20] further 
investigated the associated fuzzy metric in 1994 . The concept of a 
fuzzy real number’s criterion, as articulated by Gahler and Gahler [21], 
quantifies the discrepancy between its negative and positive compo- 
nents. 

Interestingly, Samantha and Bag [22] identified an enigmatic crite- 
rion that diverged somewhat from Mordsen & Cheng’s established cri- 
terion. They subsequently demonstrated an applicable decomposition 
theorem for this distinctive criterion. This concept has found utility in 
the advancement and execution of fuzzy functional analysis, leading to 
an array of publications from diverse researchers. 

Of particular significance is the work conducted by Xiao and Zhu[26] 
in this domain . They explored into various aspects of fuzzy norm lin- 
ear spaces, encompassing the consideration of Felbin-type fuzzy norms 
in their generalized manifestation. Bag and Samantha, in their contri- 
bution [27], presented a minor alteration to Felbin’s concept of a fuzzy 
standardized linear space. 

The functional equation 


g(u + 4v) — 7g(u + 3v) + 21g(u + 2v) — 35g(ut v) — 21g(u — v) 
+79(u — 2v) — g(u— 3v) + 35g(u) = 5040g9(v) 
is known as septic functional equation since cu’ is the solution. 
Similarly, the functional equation 
g(u+ 4v) — 8g(u t+ 3v) + 289(u + 2v) — 56g(u + v) 
—56g(u — v) + 289(u — 2v) — 8g(u — 3v) + g(u — 4v) 
+70g(u) = 403209(v) 
is known as octic functional equation since cu® is the solution. Each 
solution to a octic functional equation in particular is referred to as a 
octic mapping. 
Now, the authors will address the definitions, notations, and funda- 


mental characteristics of a non-Archimedean fuzzy normed linear space 
in the Felbin’s type framework. 
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Definition 1.1. [26] A function a : R — [0,1] is termed a fuzzy real 
number if its a-level set is represented as [a], = {s : o(s) > a} and 
function satisfies two conditions: 


(1) there exist 59 € R such as o(s9) = 1. 
(2) [ola = [04,02] for each a € (0, 1] 


where —oo < [a4] < [a2] < +o. 


F denotes the set of all fuzzy real numbers. 


Definition 1.2. [19] Let o,¢ € F and [oJa = [13, ma], [sla = [l2, m2], 
a € (0,1). Then [5 ola = [lt + 2,m) + m?]. 


Definition 1.3. [17] A partial order denoted by ”<” is established 
within the set F as follows: For any o and ¢ in F¥, 0 x ¢ holds if 
and only if, for all a € (0,1), it satisfies 0) < ¢) and o2 < ¢2, where 
[ola = [o1,07] and [cla = [sa,¢62]. Furthermore, a stricter inequality, 


denoted by “ < ”, is defined within F: o < ¢ if and only if, for all 
a € (0, 1], the conditions 0} < <j and o2 < <2 are satisfied. 


Definition 1.4. [17] Consider a vector space U over R and ||.|| : U > 
R*(1)(set of all upper semi continuous normal convex fuzzy real num- 
bers) and let the mappings £,R : [0,1] x [0,1] — [0,1] be symmet- 
ric, non-decreasing in both arguments and satisfy £(0,0) = 0 and 
R(1,1) =0. Write 


[lela = [ull Helle] Vo wet & O<asl 


and suppose for all u € U,u # 0, there exists ag € (0, 1] independent 
of u such that for all a < ag 
(I) ||ul|z <0, 
(II) |lul|¢ > 0. The quadruple (U, ||.||, 2,2) is called a fuzzy normed 
linear space and |].|| is a fuzzy norm if 

(Eye | eel | aS gh SS) 

(2) |jrul| = |r|jul] VouweU,r eR. 

(3) For all u,v EU 

(a) whenever 


PS|lullg<llull and p+q<|lut+olli, 
[lu + ull + a) = L£([lull(p), (loll(@): 


(b) whenever 


p>|lullt.@> lll, and p+q> jut, 
Ilu+ull(p+q) <U(|ul|(P), |Jul|(@))- 
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Fuzzy norm on a linear space is defined in [17] as stated by C. Felbin. 
Now, as stated in [17], we define the fuzzy norm of modified Felbin’s 
type on a linear space. 


Definition 1.5. [17] Consider a linear space U over R. Let 
|| ||: U + F* be a mapping satisfying 

(1) [feel | 0. ae 0: 

(2) |jrul] = |r|lful] VouweU,r eR. 

(3) |Ju+ul] X |vl| @ |lu]| Vv, u € U, and 

ti: 0 => |lu||(s) = 0. Vos SO: 
Then (U,|| ||) is known as fuzzy normed linear space and |] _ || is 

known as fuzzy norm on U. 


Definition 1.6. [12] Suppose K be a field. An absolute value on K is 
classified as non-Archimedean field if it satisfies the following conditions 
for any elements a and 0 in K: 

(Ch) ta 0 and" la) =O - a0. 
(2) |a+| < max{|al, |b] }. 
(3) Jab] = |al]d). 
(4) There exists a9 € K such that |ao| 4 0,1. 


The main objective of this study is to establish the generalized Hyers- 
Ulam stability for septic and octic functional equations within a mod- 
ified Felbin-type fuzzy normed linear space. The article is organized 
into three sections. In section 2, we examine the stability analysis of 
the septic functional equation within a non-Archimedean fuzzy normed 
linear space of the Felbin type. Moving on to section 3, our focus shifts 
to the generalized Hyers-Ulam stability of the octic functional equa- 
tion. This investigation takes place within a non-Archimedean fuzzy 
normed linear space of the Felbin type. 


2. STABILITY OF SEPTIC FUNCTIONAL EQUATION 


The stability problems of various septic functional equations in sev- 
eral spaces such as intuitionistic fuzzy normed spaces, random normed 
spaces, non-Archimedean spaces, Banach spaces, orthogonal spaces and 
many other spaces have been broadly investigated by a number of math- 
ematicians. Motivated by the approach of research by various mathe- 
maticians, an effort has been made in this paper to obtain the stability 
of the following functional equations. 


g(u + 4v) — 7g(u + 38v) + 21g(u + 2v) — 35g(u+ v) — 21g(u — v) 
+79(u — 2v) — g(u— 3v) + 35g(u) = 5040g(v). (2:1) 
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To simplify notation, let us introduce the “difference operator ” denoted 
by Zig 
Agg(u,v) = g(ut+4v) — 7g(ut 3v) + 21g(u + 2v) — 35g(u + v) 
21g(u— v) + 7g(u — 2v) — g(u — 3v) + 359(u) 
— 5040g(v). 


Theorem 2.1. Suppose that U is a linear space and (W,||.||~) is a 
fuzzy normed space. Consider wy :U? + W be a mapping such that 


gna, Qn ~1 Qn 2” ~2 
son WMI? 4, Wha, 2") II5 


noo [27 noo |27| 


=i(), (2.2) 


for allu,v €U anda € (0, 1]. Let (V, ||.||) ts @ non-Archimedean fuzzy 
Banach space. If the mapping g: U + V is such that 


|Asg(u, v)|] X IoC, oI” (2.3) 


for allu,v € U, then there exists one and only one septic mapping 
S:U>YV fulfilling the given condition 
1 H(2u) 
——T ee (2.4) 


D7tk 


where 


(tu) = ||| pggg| (Iv. 62%IlI” o lo(o2%u, -0.24u)IF) 
© | pag| (lls. 42h IF © [164.2% 4.240) |) 


i 


id aol (IH 3.2*u)||~ & ||p(3.2"u, -3.2*u)| 
3 
(Il I~ & [qp(2.2%u, -2.2%u)II") 


) 
rm (0, 2.2" u) 


373 


© |p] (lo.2)I" o [lsu 24) 


7 
Jeatu, ell” @ | F[o3.2%u, 2) 


| 
! 
—_ 
Nl RP NIE 


[|2(2.2* 1, 2* eu) ||~ @ 21. ||qo(2*u, 2x) ||~ 


I[9(0, 2.2°u)||~ & 28.||h(0, 2°u)||~ ® 


Fallvo.oir |. 


Proof. Taking u = 0 = v in (2.3), we obtain 


lo(o)|) =< OO 


2.5 
[5040] 9) 
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Taking (u,v) = (0,u) in (2.3), the authors get 
\|g(4u) — 7g(3u) + 21g(2u) — 5075g(u) + 359(0) — 21g(—w) 
+79(—2u) — g(—3u)|] X |[o(0, w) II”. (2.6) 
Putting (u,v) = (u, —w) in (2.3), we get 
\|g(—3u) — 7g(—2u) — 5019g(—u) — 35g(0) + 35g(u) — 21g(2u) 
+79(3u) — g(4u)|] 3 [lb(u, —w) II”. (2.7) 
By (2.6) and (2.7), we obtain 


1 
lo(~) — ol $ aay 


Putting (u,v) = (4u, uw) in (2.3), we get 


\|g(8u) — 7g(7u) + 21g9(6u) — 35g(5u) + 35g(4u) — 219(3u) 
+7g(2u) — 5041g9(u)|] S || (du, u)| |”. (2.9) 


Taking (u,v) = (0, 2u) in (2.3), the authors get 
\|g(8u) — 7g(6u) + 21g(4u) — 5075g(2u) + 35g(0) — 21g(—2u) 
+79(—4u) — g(—6u)|| X |b, 2u) ||”. (2.10) 
By (2.9) and (2.10), we obtain 
\|79(7u) — 28g(6u) + 35g(5u) — 14g(4u) + 21g(3u) 
—50829(2u) + 5041g(u) + 359(0) — 21g(—2u) 
+7g(—4u) — g(—6u)|| = (dau, w)||~ © |[Y (0, 2u)||").(2.11) 
Now, using (2.5), (2.8) and (2.11), we conclude 
\|79(7u) — 27g(6u) + 35g9(5u) — 21g(4u) + 219(3u) — 5061g(2u) 


Tenag ll400, wl @ IoC, -wIIM). (2.8) 


1 - . 

+5041g(u)|| < Jao !(0 eI ® ||v(6u, —6u) ||”) 
1 é . ; 
Frag VAM 44) © ||b(4u, —4u)||~) @ pan (00, , 2u)|| 


se —2u)|I") ® |[o(4u, u)||™ & [!b(, 2u) |] 


ea qllvO.oll (2.12) 


Putting (u,v) = (3u, u) in (2.3), we get 
\|g(7u) — 7g(6u) + 21g(5u) — 35g(4u) + 35g(3u) — 21g(2u) 
—5033g9(u) — 9(0)|| X [[e(Su, w) ||”. (2.13) 
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From (2.5), we obtain 
\|g(7u) — 7g(6u) + 21g9(5u) — a + 35g(3u) — 21g(2u) 


—50339(u)|] 3 [!b(3u, wl” 6 ET  |IY(0, O)|I”- (2.14) 


=o 
From (2.12) and (2.14), we obtain 
||11g(6u) — ae + 112g(4u) — 1129(3u) — 2457g9(2u) 


+20136g(u)|| < ({]4(0, 6) |/~ & |[b(6u, —6u)||™) 


rT 


1 ae eg ~ 
aan CO, dell” @ [b(4u, —4u)||~) © ag lv 2u)|| 


~” 11440) 
1 7 
Bl |p(Qu, —2u)||~) glu au, u)||~ ® 5 lly (Su, w)|I* 


syll(O. 001 (2.15) 
Putting (u,v) = (2u, u) in (2.3), we obtain 

\|g(6u) — 7g(5u) + 21g(4u) — 35g(3u) + 35g(2u) — 5061g(u) 

—g(—u) + 79(0)|| X |[b2u, u)II”. (2.16) 
Now, by using (2.5), (2.8) and (2.16), we get 

\|g(6u) — 7g(5u) + 21g(4u) — 35g(3u) + 35g(2u) — 5060g(x)]| 


S |b(2u, II 6 ET YO, Wl @ vu, —w)II7) 


1 
251 (0,2u)|[” @ 


5040] 


Ory. (2.17) 


From (2.15)and (2.17), the authors obtain 


ee — 119g(4u) + 273g9(3u) — 2842g(2u) + 75796g9(u)|| 


i 


zs mony lh(0.8 u)||~ ® ||b(6u, —6u)||~) © aay lO, 4u)||~ 


®||p(4u, —4u)||") © 


11 
5040 


6 
&|5/d(3u, u)||~ & 11]/b(2u, w)II~ ® 


pay lO. 20) @ fu, —209 (>) 


(1100, w) I” & [o(u, —u)|/™) ® alee 


1 
pro 2u)||~ 


® aa lv(0. O)|". (2.18) 
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Putting (u,v) = (u, u) in (2.3), we get 


\|g(5u) — 7g(4u) + 21g(38u) — 35g(2u) — g(—2u) — 5005g9(u) 
+79(—u) — 219(0)|| X ||¥(u, w)II”- (2.19) 


With the help of (2.5), (2.8) and (2.19), we get 


g(5u) — 7g(4u) + 21g(3u) — 34g(2u) — 50129(u)|| S |b(u, u)II~ 


3 1 e 
Uva ud” & gap (II6CO,2u)II” & [Pbu, ~20) I~) 


® aap lv »uy||~ ® [Jb(u, —uw)[I*) © 


pall"). 220) 


Now, from (2.18) and (2.20), we conclude 


\|28g(4u) — 1689(3u) — 213289(2u) + 181048g(u)|| 


< Tapa llhM0.6IlI” # 1o(6u, 64) I) & TT (N00. 44) 
lf(4u, Au) ") © 55 U1, 20) F*  []HQu, —2u)|1") 

e asm MC a> © [P(e I") @ Slee, | 
@£|lw(Bu,u)||~ © 11]|(2u, w)||~ © 21) hb(e, x) 

Sho, 2u)|I” © AIH (0, 01” (2.21) 


Now, by using (2.5), (2.6) and (2.8), we obtain 


I|g(4u) — 6g(3u) + 14g(2u) — 5054g(u)|] X S (I]y(0, 8u) II" 


|< — 
= 15040] 


@|b(su, —3u)||~) © ({(0, 2u)||~ ® [!b(2u, —2u) ||) 


7H 
. pan ,u)|I” ® [Ib(w, —u)|I”) & [/Y(0, «II 


Ol. (2.22) 


Now, by (2.21) and (2.22), the authors conclude that 


I|g(2u) — 27g(u)|| < H(u) (2.23) 
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where 
A = u : 0,6 re 6 6 - 
(u) = 3590 T0030 (lI! , 6u)||~ ® ||¢(6u, —6u)||~) 
1 A es 1 ” 
O77 (HO, 44) ® ||W(4u, —4u)||~) © Tg9 IY 00, 8x) 
13 
@||v(3u, —3u)||~) © 53 IY (0, 2) | ® ||W(2u, —2u)||~) 
373 1 
@ Fr 59 (I (0, w)II” ® ||W(u, —u)||~) ® ally 4u, u) II” 
it 1 
@ 5b (3u, w)||~ ® 11||(2u, u)||~ @ |[P(u, u)||~ gv (0, 2u) ||" 
_ 217 7 
©28||P(0, w)||~ & 75 | (0, O)I 


Hence from (2.23), we get 

IIg(2u) — 2%g(u)lla < Ha(u), (2.24) 
and 

IIg(2u) — 2"g(u)|la < Ho(u), (2.25) 


where for a € (0, 1], then 


_ 1 1 In 2 ine 
Fi, (u) = 9520 70080 || I47(0; 64) Ta D [|o(6u, 6u)||a ) 
1 1l~w 1l~ if 1l~w 
Org IYO, 4u) la QD I|(4u, —4u)|\|a ) QD {9 IYO 8e) Ila 
13 
O||b(3u, —3u)||Z~) ® 5gg Hllv(0, 2e) lam © ||b(2u, —2u)||0~) 
ate ie ioncnd nw 
B Fro (IYO. lla B llYCu, —w)lla) ® sllv(4u, w)lla 
7 
&5|/Y(3u, w) [|e @ 11||y(2u, w)||o ® [lb(u, u) Ilo ® sll. 2u) la 
217 
©28]|v(0, u)||o~ @ SA |I0(0, Oe (2.26) 


720 
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and 
_ 1 1 55 2 se 

Hou) = 5255 | aaaqp ll, Gupll2* © llW(Gu, —6u) 2°) 

1 1 
aap (ll(0, du) [2~  [fh(4us, 40) 2°) © (110, 3u)|I2> 

13 

(Bu, Bu) 2°) © sae (IIVO,2u)IZ © [IY2u, -2u) 12°) 

373 1 
Bx m5 (VO, lla” ® ||v(u, —u)||2°) ® liebe, w) [om 

7 1 
© 5 [hd (Bu, u) [|Z © 11]f (Qu, w) |Z © [Pb(w, up| 2° © 51100, 20) [2 

Bigpnpe ned 5s 

28||(0,w)I2” @ =H, ]. (2.27) 


From (2.25), we conclude 


92) Ai, (u) 
q 27) 


Replacing u by 2”u in (2.28) and dividing both side by 27", we obtain 


| | g(2rtru) — g(2"u) 


— gular < (2.28) 


: Ay (2?u) 


\s = [27+1)| 


97(n+1) Qin 


(2.29) 


for all non-negative integers n. Hence the sequence { 4 gay is Cauchy. 


Every Cauchy sequence is convergent in Y, since Y is complete. So, 
the authors construct a mapping S': U — V such that 


S(u) jim, om (2.30) 
L.€., 
2 - 

im |/22™ _ gry|| =o. (2.31) 

n—-00 Qin 
Now for each non-negative integer n, the authors explore 

g(2"u) | (gu) _ g@tu)\ ||" 
Qin a gu) 3 = > 97(n+1) a Qin _ 
g(2k*tu) — g(2ku) ||" 
< max {| oy om :0<k<n 
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Similarly, the authors can show that 


g(2"u) Psi H(2*u) 
ain — g(u) < 57 max fore (OSB <0 (2.33) 

Taking n — oo in (2.32) and (2.33), the authors see that inequality 
(2.4) holds. Next we prove that S : U — V is a cubic mapping. 
Replacing (u,v) by (2”u,2”v) and divide by |2’"| in (2.3), we get 


srallg(2"(u-+40)) — 79(2"(u-+ 80) + 21g(2"(u + 20)) 


—35(2"(u + v)) — 21g(2"(u — v)) + 7g(2”(u — 2v)) 
—g(2"(u — 3v)) + 359(2"u) — 5040g(2"v)|| 

52 Se" i 

= Qin 


(2.34) 


Taking n — oo in the above inequality, we get 
[| S(u + 4v) — 3S(u + 3v) + 21S(u + 2v) — 35S(u + v) — 215(u — v) 
+7S(u — 2v) — S(u — 3v) + 35S(u) — 5040.5(v)|| x 0 

this implies that 
S(u + 4v) — 3S(u + 3v) + 215(u + 2v) — 35S(u + v) — 21S(u — v) 
+7S(u —2v) — S(u— 3v) + 35S(u) — 5040S(v) = 0. 


Therefore, the mapping S : U — V is septic. Next we shall prove 
uniqueness of mapping S. Now, consider another septic mapping S’ : 
U — V which satisfies (2.1) and (2.4). For fix u € U, certainly 
S(2"u) = 2™S(u) and S’(2"u) = 2’"S"(u) for all n € N. Therefore, 


y EB 1 n T(gn 
|15(u) — $'(u)|] = Jim == |18(2"u) — $'(2"u)| 


1 
= lim s7I1S(2"u) — g(2"u) + g(2"u) — S"(2"u) | 


1 1 
= lim max 4 57 ||S2") — 9(2"u)||, sa llg(2”u) — $’(2"u)| 
paperenes Qin Qin 
Rae ii HQ "aii Bi a) 
See he ee gtk? ‘gtk 
=; 


Therefore, S(u) — S’(u) = 0. So, S(u) = S’(u) Hence, we deduced that 
S is unique mapping. 
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Corollary 2.2. Suppose that (U,||.||) 1s @ normed space, (W,||  ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a non-Archimedean complete 
fuzzy normed space. Let wo € W and p < 7 be non-negative real 
numbers, respectively. If the mapping g: U + V is such that 


|Asg(u, ev) S I(elP + [lel |? wll (2.35) 


for allu,v € U, then there exists one and only one septic mapping 
S:U >V fulfilling the given condition 


tellPwoll~ f|_1_| (]50773) ., 622 | | 13 
S(u) - = : ° 
||S(u) — g(u)|| = of 9520|\} 840 96 60 

l4iP| | 16 | (4+) [703 +1) 

480| ~ 13360 oe i 2 


> [11+ 1)1)| 


Corollary 2.3. Suppose that (U,||.||) is @ normed space, (W,||  ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a non-Archimedean complete 
fuzzy normed space. Let wo € W and p,q < 7 be non-negative real 
numbers, respectively. If the mapping g: U + V is such that 


|Asg(u, el S [Col Plell)woll™ 


for allu,v € U, then there exists one and only one septic mapping 
S:U >YV fulfilling the given condition 


[lelPttewoll~ [| 1 | (52920), )13j2iPra) | |3iets 
Ss < p D 
|S(u) — g(u)|| = a7 2520|\} 2520 288 180 

jira) igre). JP]. 703?) 

1440 | ~ | 10080 2 2 


© [11(2p!)]. 


Corollary 2.4. Suppose that (U,||.||) 7s @ normed space, (W,||  ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a non-Archimedean complete 
fuzzy normed space. Let w € W andA\=s+r < 7 be non-negative 
real numbers, respectively. If the mapping g: U > V is such that 


[|Asg(ess oy |] SIEM en Teal |” + (fea PP" + [el|P)Jwoll™ (2.36) 
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for allu,v € U, then there exists one and only one septic mapping 
S:U V fulfilling the given condition 


| ull*woll™ f|_4_|(|8733} ., [4912 | 187 
S(u) — x 3 
|S(u) — g(u)|| 3 97 2520|\} 630 72 45 
4"). | 16]. | 703!" +131" + 1) 
380] |2520] 2 
Al" + |4[>+1 
es Aero mda +2411) 


2 


Theorem 2.5. Suppose that U is a linear space and (W,||.||~) is a 
fuzzy normed space. Consider wy : U2 + W be a mapping such that 


~1 ~2 


= Jim 2) 


lim |27| 
N—- Oo 


n—-> co 


U Uv 


U UV 


(e7 a 


for allu € U anda € (0,1). Let (V,||.||) ts @ non-Archimedean fuzzy 
Banach space. If the mapping g: U + V is such that 


|Asg(u, v)|] X [eu oI” (2.38) 


for allu,v € U, then there exists one and only one septic mapping 
S:U-V fulfilling the given condition 


||S(w) — g(u)|| ~ oy max {pei (ss | JkKENU cor} (2.39) 
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where 


HGaa) 7 sa | sass (iiw(o anil" @ le (seer Set) I") 
sa] (Ile (0. gees JI" ll ee Se) I) 
@ ral (iv(* se) II" llores eI 
sag] (Il#( sess JI" @ 1 ( seen eae I”) 
© | Fm (Il (O sex)” @ lle seer. ges JI” 
sll (sess sees I © [Eile (sees) IP 
@ b(n ges IY © 20lle (Seer ge) IP 
Biko (0, get) Ir 2 28.10(0, IP 


217 . 
Fa 0.000 


Proof. From (2.24 


, the authors get 


) 
ow - 4(5) < Hy @ (2.40) 


for a € (0, 1]. Replacing u by + and multiplying both side by |2“| in 
(2.40), we get 


m™m,{ UY \ _ 57(n+41) u 
Pree) -2 (ae) s 


for all negative integer n. Hence the sequence g{2’"g(3t)} is Cauchy 
by (2.37) and (2.41). Every Cauchy sequence is convergent in Y, since 
Y is complete. So, the authors construct a mapping S : U - V such 
that 


1 


a 


S(u) = lim 24( =) 


n—-> co 


for all wc U. That is 
: Tn U _ _ Vn 
Jim 12" 9() - sll = 
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for all uw € U. Now, for each positive integer n, the authors have 


pe(&) - 29) |). - (ze a(t) -2%0(£)) 
cma) 42) 


1 
< pq max {Be |, (sex | oO ae 1s nh (2.42) 


Similarly , it can be shown from (2.25) 


U 
| 29( =| - a(u)) 
! arktiinn(_“_)-o<k 2.43 
Spy \Ha\| Sea OL hx (243) 


Taking n — oo in (2.42) and (2.43), the authors see that inequality 
(2.39) holds. The authors conclude that S(u) is a unique cubic mapping 
holding (2.39) using the same procedure as in the demonstration of 
theorem (2.1). 


1 


Qa a 


o<k<n} 


2 


Corollary 2.6. Suppose that (U,|].||) is a normed space, (W,|| ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a@ non-Archimedean complete 
fuzzy normed space. Let wo € W and p > 7 be non-negative real 
numbers, respectively. If the mapping g: U + V is such that 


Asg(u, vl] S [Cet]? + [el |?)woll (2.44) 


for allu,v € U, then there exists one and only one septic mapping 
S:U>YV fulfilling the given condition 


[| |Je}|PeolJ~ f] 1 50773 61|2|? 
Sti 2 ' 
Stu) — gull = \2°] 2520| \| 840 06 60 
. {ae e+ 1] (73) +1) 
480} |3360; | 2 ‘ 2 
6 112" +01) 
for allu € U. 


Corollary 2.7. Suppose that (U,||.||) 1s @ normed space, (W,||  ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a non-Archimedean complete 
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fuzzy normed space. Let wo € W and p,q > 7 be non-negative real 
numbers, respectively. If the mapping g: U + V is such that 

|Asg(u, o)|] S ICLolP ell) wol 


for allu,v € U, then there exists one and only one septic mapping 
S:U >V fulfilling the given condition 


I lelPttwoll~ [| 1 | (52920), )13j2Pra) | |3iets 
S(u) — < : : 
|S(u) — g(u)|| = a7 2520| \} 2520 288 180 
l4rte) jie | . |l4P| .. | 713!) 
1440|~ |10080} "| 2 |" | 2 


© [11(2p!)]. 


Corollary 2.8. Suppose that (U,||.||) 1s a normed space, (W,||  ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a@ non-Archimedean complete 
fuzzy normed space. Let w € W andX = s+r > 7 be non-negative 
real numbers, respectively. If the mapping g: U + V is such that 


|Avg(u, vl 3 [Lleol lel” + (lel + fell?” )Jevoll™ = (2.45) 


for allu,v € U, then there exists one and only one septic mapping 
S:U -V fulfilling the given condition 


[HlullAwoll™ fF] 1 | /|6733|  |49]2|*| | [3 
S(u) — = 3 3 
Stu) — g(w)ll_ = 2p 2520] \| 630 72 45 
4\\| | 16 |. | 703)" + [3/4 + 1) 
380| ~~ |2520] ~ 2 
Al" + |4)4+1 
| | Ml | | acy + 28+ 01) 
for allu € U. 
Counterexample 2.9. Consider a real Banach algebra (U, ||.||) and a 
non-Archimedean complete fuzzy norm space (U, || ||~) in which 
Ilull” 
mt, when |lul|’< t,t 40 
lull~@)= $1, when |ul|? =e =0 
0, otherwise. 
whose a-level set is defined as [|]u]|~Ja = []]ul]’, Hall"), Construct a 
mapping g: U > U such that g(u) = u™ + |Jul|’u0, where uo is a unit 


vector and 


[|Acg(u, v)[I* S |[(128] |u|" + 42560||o||")u0l |”, 
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then there does not exist a septic mapping S : U —> U fulfilling the 
given condition 


IS(u) — g(w)II~ 27M ul "uo. 


3. STABILITY OF OCTIC FUNCTIONAL EQUATION 


The stability problems of various octic functional equations in sev- 
eral spaces such as intuitionistic fuzzy normed spaces, random normed 
spaces, non-Archimedean spaces, Banach spaces, orthogonal spaces and 
many other spaces have been broadly investigated by a number of math- 
ematicians. Motivated by the approach of research by various mathe- 
maticians, an effort has been made in this paper to obtain the stability 
of the following functional equations. 


g(u+ 4v) — 8g(u t+ 3v) + 289(u + 2v) — 56g(u + v) 
—56g(u — v) + 289(u — 2v) — 8g(u — 3v) + g(u — 4v) 


+709(u) = 40320g(v). (3.1) 
To simplify notation, let us introduce the “difference operator ” denoted 
by Ag. 
A.g(u,v) = g(ut4v) — 8g9(u + 3v) + 28g(u + 2v) — 56g(u + v) 


56g(u — v) + 28g(u — 2v) — 89(u — 3v) + g(u — 4v) 
+ 70g(u) — 40320g(v). 


Theorem 3.1. Suppose that U is a linear space and (W,||.||~) is a 
fuzzy normed space. Consider wy :U? + W be a mapping such that 


gna. Or ~1 gry. 2” ~2 
Fn UCR 2rvMllet 4. (Pu, 2oyMle? _ 


n—0o |28% noo baer 


0, (3.2) 


for allu,v €U anda é€ (0, 1]. Let (V, ||.||) ts @ non-Archimedean fuzzy 
Banach space. If the mapping g: U + V is such that 


|Acg(u, vl] X [lb(e, oI” (3.3) 


for allu,v € U, then there exists one and only one octic mapping 
O:U > V fulfilling the given condition 


O(u) — g(w)II < jeax {7 ee woh (3.4) 
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where 
H(hu) = | ||| _](|jy(8.2*u, 8.2%u) ||” | (8.2"u, -8.2"u) ||> 
20160} | | 80640 : ais ; ; ; 
1 
Ge Ne Fu, 6.2" u)||~ Fu, —6.2"u)||~ 
aa) ( I(.2u, 6.2"u)||* & [](6.2%u, -6.2u)||*) 
® wal |9)(4.2*u, 4.2%) ||~ @ ||eb(4.2"u, -42*u)Il") 
960 
1 
© | 5|(lv@2's2%il* 9 [v2 -3.24)|l 
1 
eg : (Iv @.24u,2.24)IP © [w22u, 2.2%") 
480 
417 
Bp ( (Ihe 2a @ [fou —240)*) 
© |fy(4.%u,2u)||” o [8|.|]vB2Xu,2u)||~ © [28]. |]y(2.2*, 2%u)| > 
aD ky ~ 2Fu) ~ 
50), Bu) [85] 00,2 |™ & [= 000,01 
for allu € U. 
Proof. Taking u = 0 = v in (3.3), we have 
I9(0)|| < + |pH(0, ||”. (3.5) 


550 
Replacing (u,v) in (3.3) with (u,-v), we get 


l|g(u + 4v) — 8g(u + 3v) + 28g(u + 2v) — 56g(u t+ v) 
—56g(u — v) + 289(u — 2v) — 8g(u — 3v) + g(u — 4v) 
+709(u) — 40320g(—v)|| X ||v(u, -v) II". (3.6) 


By using (3.3) and (3.6), we get 


llg(u) — g(—u)I| S 


0330) wll” @[kb(u, lI") (8-7) 


Replacing (u,v) in (3.3) with (0,2u), the authors get 


\|g(8u) — 8g(6u) + 28g(4u) — 40376g(2u) + 70g(0) — 56g(—2u) 
+289(—4u) — 89(—6u) + g(—8u)|| X ||b(0, 2u)|I”. (3.8) 
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Now, by using (3.5), (3.7) and (3.8), we obtain 


|o(Su) ~ 89(6u) + 289(4u) — 20216y(2u)|] + EGG lle (Se,8u) 
fu, —8u)|I") © HGH (IhHCGu, 6u)|[~ & [ho(6u,—6u) >) 
Oy (des dul” © [PAu —4u |") (lve, 20) 
@|l2u,—2u)|I) @ a |hH(0. OI”. (3.9) 


sy 
Replacing (u,v) in (3.3) with (4u,u), we get 


\|g(8u) — 89(7u) + 289(6u) — 56g(5u) + 70g(4u) — 569(3u) 
+289(2u) — 403289(w) + 9(0)|| X ||w(4u, w)I I~. (3.10) 


By using (3.5), (3.9) and (3.10), we obtain 


8g9(7u) — 369(6u) + 56g(5u) — 42g(4u) + 56g(3u) — 20244g(2u) 


+403289(u)|| <_< (\lw(8u, 8u)|I~ & [|b (8u, -8u) ||~) 


1 
|80640] 


(|| (Gu, 6u)||~ @ |[y(Gu, —6u)||~) ® 


1 
a 


aay ly (0 ODI”: (3.11) 


1 
Taeagtlhh (ae del” 


([!b(2u, 2u) ||” @ |[y(2u, —2u)||™) 


~”110080] 
B|[p(4u, —4u)||~) 


DI lw(4 tas 


Replacing (u,v) in (3.3) with (3u,u), we get 


\|g(7u) — 8g(6u) + 28g(5u) — 56g(2u) — 40292g(u) 
+g(—u) — 89(0)|| X ||v(3u, w) ||. (3.12) 


Now, by using (3.5), (3.7) and (3.12), we obtain 
llg(7u) — 8g(6u) + te — 56g(4u) + 70g(3u) — 56g(2u) 
—402919(u)|] & oer (lle wll & [PoC wll”) @ [fu wl 


er lw(0,0)II”. (3.13) 
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By using (3.11) and (3.13), we get 


\|2g(6u) — ee + 299(4u) — 369(3u) — 14149(2u) 
+259049(u)|| <= | ——-(|ji(Su, 8u)|[~  |f(8u, ~8u) |”) 

a (IIW(6u, Gu) ||” © ller(Gu, ~6u) I~) © a (If (Aes, 4) ||~ 
a|e(4u, ~40)||~) @ iin 2u)||~ @ [f(2u, -20) I~) 

® sm u)||~ B [[o(u, —u) ||) @ [Ib (4u, w) ||” & 8]/h (Bu, w) ||” 
ex clv(0, 0)||~ (3.14) 


Replacing (u,v) in (3.3) with (2u,u), we get 
\|g(Gu) — 8g(5u) + 28g(4u) — 56g(3u) + 70g(2u) + g(—2u) 
—403769(u) — 8g(—u) + 289(0)|| |! (2u, w) ||”. (3.15) 
By using (3.5), (3.7) and (3.15), we obtain 
\|g(6u) — 8g(5u) + 28g(4u) — 56g(3u) + eco 40384g(u)|| 


1 x nm 
< FyllWCu,2w)ll* o [hWOu, -2lI) @ FU} (u, wl 


@|lo(u, —u)|I~) @ |[Y(2u, u)||~ © sige 0)". (3.16) 


Now, from (3.14) and (3.16), we obtain 
\|4g(5u) — 279(4u) + 769(3u) — 1556g(2u) + 106672g(u)|| 


< | agp lll (Bu Su) I © [l(8u, -80) I~) 

(| IW(6u, 6u)|I~ & [fb (Gu, —6u)ll~) @ a (Ihh(4u, 4) 
al le(4u, ~40) ||") © (UIY(2u, 2a)” © [fH(2u, —20) 11°) 

Oo (lle(us wll” & Ibu, II”) @ [Pou wll” @ 8lle8u, 
28] Y(2u,u)l|” © Aoc|l(0, 0)I” (3.17) 


Replacing (u,v) in (3.3) with (u,u), we get 
\|g(5u) — 8g(4u) + 28g(3u) + g(—3u) — 569(2u) — 8g(—2u) 
—402509(u) + 289(—u) — 569(0)|| X |] (u, w) ||”. (3.18) 
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With the help of (3.5), (3.7) and (3.18), we get 
\|g(5u) — 89(4u) + 29g(3u) — 64g(2u) — 40222g(u)]|| 


x aap. 3u)lI” ® ||W(3u, —3u)||~) Hap lla 2 20) I" 
1 


@|y(2u, —2u)||~) & p(w, wll” @ [lou —w) II”) 
1 
@lly(u, wl” B solv, OI”. (3.19) 
By using (3.19) and (3.17), we get 
\|g(4u) — 8g(3u) — 260g(2u) + 535129(u)|| 
1 HE 
Saag lly (Su, 8u)I|™ @ [|e(8u, —8z)||™) 


= cae 
~ 70 | 80640 
1 1 


Ot (ll (6u, 6u) |” & [f(Gu, —6u)|>) @ > (|hh(4u, 40) > 
1 
al} (au, —4u)||>) @ 2 (l6(3u, 3u)] | & [Pb(u, 3) 
137 7 ua 
@FeT (hb(2u, 2u)|[” © |fbu, -2u)[>) 
1793 % e a 4s 
22> (jy (u,up|[” © [fC —u) |") © [f(a ||” © 8], u)| 
1573 
2s||H2u,u)l|” o6| Hulls PrIlv,01I"]. B20 


Replacing (u,v) in (3.3) with (0,u), we get 
\|g(4u) + g(—4u) — 8g9(3u) — 8g(—3u) + 289(2u) + 28g(—2u) 
—403769(u) — 56g(—u) + 70g(0)|| X |]H(0, u)|I~. (3.21) 

Using (3.5), (3.7) and (3.21), we obtain 

1 


glu) — Bo (du) + 289(2u) ~ 202164(u)| = 5] (lho, Au) 
al (du, —4u) I”) © <-([le(Bu, 8x) & []>(Bu, -30)]”) 
ayia (2es Zu” @ [bu Zu] I) © Z- (Uo Css)” 
alle(a, —wlI-) © WO,wIl” & 7lh6(0, 017]. (3.22) 
By (3.20) and (3.22), the authors conclude that 
lo(2u) ~ 2%9(u)|| = H(w) (3.23) 
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where, 


1 
Hu) = |apreo | 
1 » ~ 
® |an (\\eb(6u, 6u)||~ & | [o(6u, —6e)||~) 
Ye 


960 


1 
80640 


luis, supIP © ||y(8u, —8u)||~) 


“—— 


[b(4u, 4u) || @ |] (du, —4u)||*) 


1 
TB | lou, 8u)|I” @ |fb(3u, —3u)|I”) 
139 
480 
417 
560 | lotus WII” @ [o(u, WII") @ [b(4u, w)II" 

B® [8|-[[H(Su, w) ||” & [28]. ]/HQu, w)|/* & [56].[/b(u, w) II” 


851 ~, 
679/200, ODI 


([]o(2u, 2u)||~ & |[o(2u, —2u)||~) 


® |35].[(0, w)||~ ® 


Hence from (3.23), we have 


IIg(2u) — 2°g(u)lla < Hi(u), (3.24) 


and 


I|g(2u) — 2°g(u)|[Q < Ho(u), (3.25) 


341 RASSIAS et al 320-352 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


23 


where for a € (0, 1] 


-_ 1 1 qs = lw 
nw) = [srr |apgap|(lle(Su Bee” © llo(Gu, Be) E>) 
! 1~ 2 
WY 10080 (\|w(6u, 6u)|[o ® I|(6u, —6u)||q ) 
7 I~ ee 
we 960 (| w(4u, 4u)||o ® Ilo (4u, —4u)||c ) 
1 
® [zs |(Ilv Bu, 3u)[le~ & [lb Bu, —3u)|lo~) 
139 din ta 
B | Faq|(P(2u 2uplla” @ [lb(2u, —2u) lla”) 
417 
® fra (llv(u wile” & [ww —w)lla”) @ [lo(4u, w) [lo 
® [8].|[Y(3u, w)|la~  [28]-|b(2u, u)|la~ © [56]. |lY(u, w) lla” 
851 
® [35].[b0, u)llo~ & EallY(O, O)lla~ (3.26) 
and 
es 1 a acs 
Hw) = [sarap | fgogag|(lle(8u SIE © [lo(Su, 8012) 
1 Qn oe 
WY 10080 (\|(6u, 6u)|[o ® ||(6u, —6u)||o ) 
7 Qn ote 
@ logo (4u dullla” @ Ilb(4u, —4u) lla”) 
it 
® |e] (lb Bu, 3u)|lo~ & [bBu, —3u)|[0°) 
139 ox, Qn 
® jap (leu 209 ® ||y(2u, —2u)||a~) 
417 
B fraa|(llv(u w)lla~ © |l(w, —w) Ia") @ [lep(4u, w) lo 
® |8).|/b(Bu, u)|[E~ [28]. ||a(2e, w)||Z~ & [56].|/H(u, w) [o> 
851 
® [35].[40, ula” & EallY(O, O)Ila J. (3.27) 
From (3.24), we conclude 
g(2u) ~ ¢ ilu) 
5 - stalker < A. (3.28) 
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By substituting 2”u for u in (3.28), then dividing both sides by 2°”, we 
get 


< Ay (2”u) 


g2"*u) — g(2"u) 
Spe 3.29 


Q8(nt+1) Bn 


for all non-negative integers n. Hence the sequence {ue is Cauchy 


by (3.2) and (3.29). Since Y is complete therefore, every Cauchy se- 
quence is convergent in Y. So, the authors define a mapping 
O:U > V such that 


O(u) Jim: 3n (3.30) 
L.€., 
|| g(2"u) = 
tim a O(u)|| = 0. (3.31) 
Now for each non-negative integer n, the authors have 
n 1 nol k+1 k 1 
g(2"u) g(2""iu) — g(2*u) 
98n a g(u) ¥ = d ( 98(n+1) 7 98n : 
g(2**4u) — g(2*u) ||" 
< max {| a8(nI) 98h Pe 


Similarly, the authors can show that 


n 2 k 
g(2”u) 1 H2(2*u) 
[Pape — 0 as 
Taking n — oo in (3.32) and (3.33), the authors see that inequality 


(3.4) holds. Next we prove that O : U — V is a octic mapping. 
Replacing (u,v) by (2”u,2"v) and divide by |2°"| in (3.3), we get 


0<k< nf. (3.33) 


1 
Jaen I92"Cu + 4u)) — 89(u + 3v) + 28g(u + 2u) — 56g(u + v) 
—569(u — v) + 28g(u — 2v) — 8g(u — 3v) + g(u — 4v) + 709(u) 
WP a 2°08 
~403209(v))| = [EY 


Taking n — oo in the above inequality, we get 
||O(u + 4v) — 80(u + 3v) + 280(u + 2v) — 560(u + v) — 560(u — v) 
+280(u — 2v) — 80(u — 3v) + O(u — 4v) + 700(u) — 403200(v)|| <0 
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this implies that 
O(u + 4u) — 80(u + 3u) + 280(u + 2v) — 560(u + v) — 560(u — v) 
+280(u — 2v) — 80(u — 3v) + O(u — 4v) + 700(u) — 403200(v) = 0. 


Therefore, the mapping O : U —> V is octic. Next we shall prove 
uniqueness of mapping O. Now, consider another octic mapping O’ : 
U — V which satisfies (3.1) and (3.4). For fix u € U, certainly 
O(2"u) = 28"O(u) and O'(2”u) = 28"O'(u) for all n € N. Therefore, 


/ s if n M(9n 
|]O(w) — O'(u) || = Jim == |]02"u) — 0'(2"w)| 


1 
= lim s7/O2"u) — g(2"u) + g(2"u) — 012") 


s 1 n n 1 n / n 
x lim max { lO uw) — 9(2"u)Il, ssrllg(2"w) — O'(2 wl} 


ee 1 (2 yu): A(2**"y) 
So ne { Bate { D841) { Bk? «Bk 


= 0. 


Therefore, O(u) — O’(u) = 0. So, O’(u) = O(u). Hence we deduced 
that O is unique mapping. 


Corollary 3.2. Suppose that (U,|].||) is a normed space, (W,|| ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a non-Archimedean complete 
fuzzy normed space. Let wo € W and p < 8 be non-negative real 
numbers. If the mapping g: U + V is such that 


|Aog(u, eI] S IC etl? + [Tee]? )wol ™ (3.34) 


for allu,v € U, then there exists one and only one octic mapping 
O:U > V fulfilling the given condition 


ihullwoll” f]_1_|/)8089| ,, [23912 |. |al3P 
O(u) — s " 
||O(u) — g(u)|| = 98 90160 | \| 560 120 15 

74)? |6|? S|? 

D 4h +1 
e 35201 © |S0160| © |’ + 
© [sir +y]epsie+))) 

for allu € U. 


Corollary 3.3. Suppose that (U,|].||) 7s a normed space, (W,|| ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a non-Archimedean complete 
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fuzzy normed space. Let wo € W and p,q < 8 be non-negative real 
numbers, respectively. If the mapping g: U + V is such that 
|Asg(u, v)|] S [Clot lel) wol|™ 


for allu,v € U, then there exists one and only one octic mapping 
O:U > V fulfilling the given condition 


lihell?*woll” f|_1_| /|2isee*#) . j2lelet#| . j1aiayere 
O(u) — x p 
O(u) — gl = 38 50160| \|"80640 |” | 10080 960 
Q\3|P+4 278|2|P+4 32192 
| | ® |e =| @|(4?)1 @ 1818") 


© [25((21)]. 


Corollary 3.4. Assume that (U,|].||) is a normed space, (W,||  ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a non-Archimedean complete 
fuzzy normed space. Let w € W and X= s+r < 8 be non-negative 
real numbers. If the mapping g: U + V is such that 


Aog(u, vl] S I feoll tell” + (lel P?" + [eel|?"") Jeol (3.35) 


for allu,v € U, then there exists one and only one octic mapping 
O:U > V fulfilling the given condition 


|| [22] |Pewo || \ \ 
= ad 1344 1 
||O(u) — g(u)|| x 38 50160 |13440|8|"| & |1680|6|*| 
7/4)|__ |8|3)|__ |139/2)°| _ | 58091 
160/~ | 5 || 130 || 280 
6 |(\4|" + |4|* + 1)] @ [8([3)" + [3 + | 
© |(l2\ + [2p ))] 
for allu € U. 


Theorem 3.5. Assume that U is a linear space and (W,||.||~) is a 
fuzzy normed space. Consider wy :U? + W be a function such that 


ai ~2 

uN _ tm poe illo( 2 
o(= =) =i 2°" o(s =) 

for allu,v €U anda € (0, 1]. Let (V, ||.||) ts @ non-Archimedean fuzzy 


N—- Oo 
Banach space. If the mapping g: U + V is such that 
|Acg(u, v)] X [le(u, 0) ||” (3.37) 


=0, (3.36) 


lin 2°" 
N—- Oo 


a Oe 
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for allu € U, then there exists one and only one octic mapping 
O:U > V fulfilling the given condition 


||O(u) — g(u)|| x seman { PMH (5 gap ke NULO} (3.38) 


—8u 
0 | o( sar a) 
6 —6 
~ (so =) ; 
4u —A4 i 
Y (a ’ sat) ) 
3u —3u\||~ 
(sa a) ) 
2u —2u\||~ 
|>(ae-ar2) | ) 
i —u 
lees) 
pisl|fe( seer sass | 


U 
© [56]. (a zat) 
851 = 
» [a hw(0. ol 


where 
= 1 Su 8u 
A{ —— = 

(#5) = lta tal 2) 

6u-—s- Bu is 

~ ros V\ oer? deri 
7 du du 

~ 1960 v Dk+1? Ok+1 
1 sus Bu 

= 15 Dk+1? Ok+1 
139 2u 2u 

= 480 a Dk+1? OR+1 
U U 
Dk+1? Ok+ 
U 

Me ¥( ser sa) 
U 

fan 28]. (gee sax)|) 


> (oat) 


for allu € U. 


) 


BR 


~ 


Proof. From (3.24), the authors get 


por-*(3) 


for a € (0, 1]. Replacing u by # and multiplying both side by |2°”| in 
(3.39), we get 


Tr U nr U mr 
| 98 a5) ree 9(5%)|| a ii (sa | (3.40) 


for all negative integer n. Hence the sequence g{2°"g(3z)} is Cauchy 
by (8.36) and (3.40). Every Cauchy sequence is convergent in Y since 


< in(5) (3.39) 


a 
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Y is complete. So, the authors construct a mapping O : U - V such 
that 


O(u) = lim 29( =| 


N—->Co 


for all wc U. That is 
U 


tim 12 ( 5 Ow=t 


for all u € U. Now, for each positive integer n, the authors have 


n-1 
mad © U U 
98 g — — g(u) S- Pea sea OPK — 
2 re a; 2 2 
1 
8(k+1 U sk ( U 
<sns{|(2"%4 (ge) -2%4() 


1 u 


Similarly , it can be shown from (3.25) 


29( =) - a(u)) 


1 u 


Taking n — oo in (3.41) and (3.42), the authors see that inequality 
(3.39) holds. The authors conclude that O(u) is a unique cubic map- 
ping holding (3.38) using same procedure as in the demonstration of 
theorem (3.1). 


1 1 


Qa 


o<k<n} 


Corollary 3.6. Assume that (U,|].||) is a normed space, (W,||  ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a non-Archimedean complete 
fuzzy normed space. Let wo € W and p > 8 be non-negative real 
numbers. If the mapping g: U + V is such that 


|Aog(u, v)|] S IC erl? + [Tee]? )wol™ (3.43) 


for all u,v € U, then there exists one and only one octic mapping 
O:U > V fulfilling the given condition 


|| [Jze}|Pevro}|~ 1 8089 139]2|? 4/3]? 
Olu) — < ‘ 
lO) — gu] 2) 20160|\| 560 120 15 
7|4|P |6|? [8|? 
D 4lP + 1 
Ce a x0160| © |!4"" + 


2 sis # )  [28([2"| + i) 
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for allu € U. 
Corollary 3.7. Suppose that (U,|].||) 1s a normed space, (W,|| ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a non-Archimedean complete 


fuzzy normed space. Let wo € W and p,q > 8 be non-negative real 
numbers, respectively. If the mapping g: U + V is such that 


|Asg(u, ev) S [Col Pile) wol 


for allu,v € U, then there exists one and only one octic mapping 
O:U > V fulfilling the given condition 


1 Jel | I~ 1 2|8|P+4 2|6|P+4 14]4|P+4 
O(u) — x p 
O(w) — g(@Il = 38 50160| \|"80640 |” | 16080 960 
Q\3|P+4 278|2|P+4 32192 
| li | | ® || @ I(l4")1 @ 18(13"D 


> [2acler)1)]. 


Corollary 3.8. Suppose that (U,||.||) is a@ normed space, (W,||  ||~) 
is a fuzzy normed space, and (V,|| ||) 7s a@ non-Archimedean complete 
fuzzy normed space. Let w € W and X= s+1r > 8 be non-negative 
real numbers. If the mapping g: U > V is such that 


|Acg(us v) |] S [I[lol lea” + (fol + [eel )Jwoll™ (8.44) 


for allu,v € U, then there exists one and only one octic mapping 
O:U > V fulfilling the given condition 


|| [24] Pwo | 1 \ d 
O(u) — a 134408 1680|6 
||O(u) — g(u)|| = ip 50160 | |8|"| | |6|"| 

7\4) i 8/3)? 139|2|*| _ |58091 

160 5 || 130 280 


® |(l4l" + [4[* + 1] @ [8((3)" + [3)* + 1) 


© (d+ RP +1)) 


for allu € U. 
Counterexample 3.9. Consider a real Banach algebra (U,||.||) and a 
non-Archimedean complete fuzzy norm space (U, || ||~) in which 
Hell" when |lul|® < t,t £0 
all) = 4 1, when |lul|? = t= 0 
0, otherwise. 
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whose a-level set is defined as []|u||~Ja = [|ul|®, ll). Construct a 
mapping g : U + U such that g(u) = u® + ||u||Suo, where ug is a unit 
vector and 


[|Aog(u, v) [I~ 3 |](256]|ul|* + 290816]|v||*)uol|~, 


then there does not exist an octic mapping O : U — U fulfilling the 
given condition 


Ou) = g@)|I~ 2" III |u||Puol I~. 
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Abstract 

Here we expose multivariate quantitative approximations of Banach 
space valued continuous multivariate functions on a box or RY, N EN, 
by the multivariate normalized, quasi-interpolation, Kantorovich type and 
quadrature type neural network operators. We treat also the case of ap- 
proximation by iterated operators of the last four types. These approx- 
imations are derived by establishing multidimensional Jackson type in- 
equalities involving the multivariate modulus of continuity of the engaged 
function or its high order Fréchet derivatives. Our multivariate operators 
are defined by using a multidimensional density function induced by a 
general sigmoid function. The approximations are pointwise and uniform. 
The related feed-forward neural network is with one hidden layer. 


2020 AMS Mathematics Subject Classification: 41A17, 41A25, 41A30, 
41A36. 

Keywords and Phrases: General sigmoid function, multivariate neural 
network approximation, quasi-interpolation operator, Kantorovich type oper- 
ator, quadrature type operator, multivariate modulus of continuity, abstract 
approximation, iterated approximation. 


1 Introduction 


The author in [2] and [3], see chapters 2-5, was the first to establish neural net- 
work approximations to continuous functions with rates by very specifically de- 
fined neural network operators of Cardaliagnet-Euvrard and ”Squashing” types, 
by employing the modulus of continuity of the engaged function or its high or- 
der derivative, and producing very tight Jackson type inequalities. He treats 
there both the univariate and multivariate cases. The defining these operators 
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*bell-shaped” and ”squashing” functions are assumed to be of compact sup- 
port. Also in [3] he gives the Nth order asymptotic expansion for the error of 
weak approximation of these two operators to a special natural class of smooth 
functions, see chapters 4-5 there. 

For this article the author is motivated by the article [13] of Z. Chen and F. 
Cao, also by [4], [5], [6], [7], [8], [9], [10], [11], [12], [15], [16]. 

The author here performs multivariate general sigmoid function based neural 
network approximations to continuous functions over boxes or over the whole 
RY, N EN. Also he does iterated approximation. All convergences here are 
with rates expressed via the multivariate modulus of continuity of the involved 
function or its high order Fréchet derivative and given by very tight multidi- 
mensional Jackson type inequalities. 

The author here comes up with the ”right” precisely defined multivariate 
normalized, quasi-interpolation neural network operators related to boxes or 
RN, as well as Kantorovich type and quadrature type related operators on R%. 
Our boxes are not necessarily symmetric to the origin. In preparation to prove 
our results we establish important properties of the basic multivariate density 
function induced by a general sigmoid function and defining our operators. 

Feed-forward neural networks (FNNs) with one hidden layer, the only type 
of networks we deal with in this article, are mathematically expressed as 


Np (x) = >_> co ((a5 +2) +8;), ceER’, sen, 
j=0 


where for 0 < j < n, 6; € R are the thresholds, a; € R®° are the connection 
weights, c; € R are the coefficients, (a;- x) is the inner product of a; and x, 
and o is the activation function of the network. In many fundamental network 
models, the activation function is a general sigmoid function. About neural 
networks read [17], [18], [19]. 


2 Basics 
Let h : R — [1,1] be a general sigmoid function, such that it is strictly 


increasing, h(0) = 0, h(—x) = —hA(x), h(+coo) = 1, h(—co) = -1. Also h 
is strictly convex over (—oo, 0] and striclty concave over [0,+00), with h?) € 


C (R). 
We consider the activation function 
1 
w(x) := 7 (A(@@+1)—k(@—1)), ceR, (1) 


As in [11], p. 285, we get that ¢ (—x) = 7 (x), thus is an even function. Since 
x+1>a-1, then h(x+1)>h(a—-1), and w(x) >0,allaeER. 
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We see that 


Let « > 1, we have that 


Ui (a) = F(R! (@ +1) —h (w—-1) <0, 


by h’ being strictly decreasing over [0, +00). 


Let now 0 < 2 < 1, then l—2 >Oand0<1-a<14za. 


It holds 


h! (a —1) =h' (1-2) >h' (x +1), so that again w’ (x) < 0. Consequently w is 


stritly decreasing on (0,+00). 
Clearly, w is strictly increasing on (—00,0), and wv’ (0) = 0. 


See that ; 
, lim (@) = 4 (h (+00) — h(+00)) = 0, 

and 1 
, lim (x) = 3 (h (00) — h(-o0)) = 0. 


That is the z-axis is the horizontal asymptote on w. 
Conclusion, 7 is a bell symmetric function with maximum 


We need 


Theorem 1 We have that 
S° v(@-i=1, VreER. 
Proof. As exactly the same as in [11], p. 286 is omitted. m= 


Theorem 2 It holds 2 
i wy (a) dx =1. 


Proof. Similar to [11], p. 287. It is omitted. m 
Thus w (x) is a density function on R. 
We give 


Theorem 3 Let 0<a<1, andn€N with n'~° > 2. It holds 


2 (1= A (we —2)) 


S- w(na—k)< 5 
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Notice that 


Proof. Let « > 1. That isO < «—1<a2+1. Applying the mean value 
theorem we get 


(2 F-2NQ= oY, (8) 


for some x-1<€<a@+1. 
Since h’ is strictly decreasing we obtain h’ (€) < h’ (a — 1) and 


/ 
-—1 
va) <2) vest (9) 
Therefore we have 
> (na — k) = s Wb (Ina — kl) < 
k =-cw k = —-C 
nz — k| > ni~° Ina — k| > ni~° 


The claim is proved. @ 
Denote by |-| the integral part of the number and by [-] the ceiling of the 


number. 
We further give 


Theorem 4 Let x € [a,b] CR andn EN so that [na] < |nb]|. It holds 


1 Ore! 
yr ab (na—k) | C1)’ 


k=[na] 


Va € [a,b]. (11) 


Proof. As similar to [11], p. 289 is omitted. m 


Remark 5 (/11], pp. 290-291) 


i) We have that 
[nb] 


jim Sov (ne—k) £1, (12) 


k=[na] 


for at least some x € [a,b]. 
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ii) For large enough n € N we always obtain [na] < [nb]. Alsoa < * <8, 
iff [na] <k < |nbJ. 
In general, by Theorem 1, it holds 


[nb| 


S- w(na—k) <1. (13) 
k=[na] 
We introduce 
N 
Z (21,..,0n) = Z(2):=][v(ai), 2 =(n1,...,2n)€ RN, NEN. (14) 
i=1 
It has the properties: 
(i) Z(z) > 0, VreRY, 
(ii) 
YS 2@-h= SS Ye 3 4G H isan ky) = (15) 
k=—0oo ky=—0co kg=—00 kn=—-co 


where k := (ky,...,kn) € ZY, V2 € RY, 


hence 
(iii) 
S> Z(ne—k) =1, (16) 
k=—0o 
VceR: nen, 
and 
(iv) 
f Ft ae=i, (17) 
RN 
that is Z is a multivariate density function. 
Here denote ||x||,, = max {|r| ,..., |zw|}, « € RY, also set 00 := (00,..., 00), 
00 := (—oo,..., 00) upon the multivariate context, and 


[na] := ([nar],..., [nan ]), 


[nb| := ([nb,],..., [nbn ]), 


where a := (a1,...,an), b:= (b1,..., bn). 
We obviously see that 


[nb] [nb] N 
ye Z (na —k) = 2 (Tins _ 2) = 


k=[na] k=[na] 


357 Anastassiou 353-377 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


[nb; | [nbn | N 
S- we S- (Ivins 7) 7 Il SS W (nai —ki)}. (19) 


ki=[nay| kn=[nan | w= i=l ki=[na;| 


For 0< 8<landn€N, a fixed x € RN, we have that 


[nb| 
S° Z(na-k) = 
k=[na] 
[nb] [nb] 
S- Z (nx — k) + S- Z (nx —k). (20) 
k = [na] = [na] 
Well = ae le lle ie 


In the last two sums the counting is over disjoint vector sets of k’s, because the 
condition ||* — «||| > <5 implies that there exists at least one 
where r € {1,..., N}. 

(v) As in [10], pp. 379-380, we derive that 


k 1 
aE Or| > aa 


[nb] he 1-6 _ 
S Ce pe ice 2). 0<6<1, (21) 
k = [na] 
le -2lloo > a8 


withn€N:n!8>2,26€ ge [a;, bi]. 
(vi) By Theorem 4 we get that 


iL 1 


0O< < ’ 
yl a Z(ne—k)  (H))® 


(22) 


vce (Thi laidil), nen, 
It is also clear that 


(vii) 


S- Z (na —k) < ; ; (23) 
k= —oo 
lo tls ae 
0<B<1,nEN:n' 8% s2,ceR. 
Furthermore it holds 


lim S$ Z(ne—-k) #1, (24) 
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Here (x, I-I.,) is a Banach space. 


Let f € c(t [ai, bs] ,X) ,@ = (a,...,2n) € TIN, [ai,bi], n € N such 
that [na;| < |nb;|, 7 =1,...,.N. 

We introduce and define the following multivariate linear normalized neural 
network operator (a := (#1,...,@N) € CLs [a;, bil): 


[nb] Z (nx —k 
An (f, 01, vy EN) ce An ee a): = ee na f(’ ) ( ) = 
> Z (nx — k) 
k=[na] 
nb nb nb N 
a ee pa eraeege S ead (= pve kw) (is w (nx; = ki) 
N nb; é 
ILA ( a Y (naj — ki) 


For large enough n € N we always obtain [na;|] < |nb;|, i = 1,...,N. Also 
a; < * < bj, iff [naj] < kj < [nbiJ, i=1,...,N. 
When geECc (mm 1 [Ges bil) we define the companion operator 


ri Ea 2 Z (na — k) 


Clearly An isa positive linear operator. We have that 
- N 
A, (1,2) =1, Vae (11 0] 
i=1 


Notice that An (f) € C (ie 1 [ai, bi] .X) and A, (g) € C Oe , (ai, il) 
Furthermore it holds 


oe [Eee YL, Z (nx — k) a4 (ils ) 
nr You ’ 


27 
a (nx _ k) ( ) 


An (fl, < 


VYare 5 ee [ai, by]. 
N 
Clearly |lfll,€ © (TI: (as, bi). 
So, we have that 


An (F.2)Ily S$ An (Ilflly 2) (28) 


vce TIN, la, b], VneN,vfec (Tt lai, bi] ,X 
Let ce X and gC (TTY 1 (Gi, b il), then gC (TY 1 [a:,bi],X). 
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Furthermore it holds 


An (cg, t) = cAn ,VaeE I a;, bj] . (29) 


Since A, (1) = 1, we get that 
An(c)=c, Vee xX. (30) 


We call An the companion operator of Ap. 
For convinience we call 
[nb] 


=e FG )z (nz — k) = 


k=[na] 


[nby | [nbe | [nbn | N 
sy De an OS sls) fom) (31) 


ky=[nai| ko=[nag| kn= [nan | 


Vue (Te ‘ [a:,bi]) : 


That is At (f,2) 
An (f,2) = sel ae 32 
: ‘ ee Z (nx = k) 
Vae (I. 1 [ai,il), neN. 
Hence 
As (f,2) — f (2) (Ee inay Z (na — k) 
An (fy) — f (a) = oe oe ) (33) 
k=(nay 2 (na — k) 
Consequently we derive 
I| An (f, 2) fll, : An (f, 2) fe) 3 2 k)|| , (34) 
n(f,2) —f (a < —_] ’ x nx — ; 
a (~ (1))” k=[na] 


Vue (ie : [a:,i]) ; 
We will estimate the right hand side of (34). 
For the last and others we need 


Definition 6 (/11], p. 274) Let M be a convex and compact subset of (RN, I-l,) ; 
pé€ [1,co], and (x I-I,) be a Banach space. Let f € C(M,X). We define the 


first modulus of continuity of f as 


wil(f,d)= sup If (x) - fF @)Il,, 0< 46 < diam(M). (35) 
zyEeM: 
Iz — yl, <4 
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If 5 > diam (M), then 


wi (f,d) = 41 (f,diam(M)). (36) 


Notice w; (f,6) is increasing in 6 > 0. For f € Cg (M,X) (continuous and 
bounded functions) w  (f,6) is defined similarly. 


Lemma 7 (/11/, p. 274) We have wi (f,6) > 0 as 6 | 0, iff f € C(M,X), 
where M is a convex compact subset of (RY, I-ll,) p€[l,oo]. 


Clearly we have also: f € Cy (R%,X) (uniformly continuous functions), 
iff w; (f,d) + 0 as 6 | 0, where w is defined similarly to (35). The space 
Cp (R%,X) denotes the continuous and bounded functions on RY. 

When f € Cp (RY, X) we define, 


By (f, 2) = Bn (f,21,+,2N) 2= ed (=) Z (na —k):= 


Sy YS (BB) (Loom), 0 


ky= oo ko= co kn= co 


néeN,VaeR, NEN, the multivariate quasi-interpolation neural network 
operator. 

Also for f € Cg (RY x ) we define the multivariate Kantorovich type neural 
network operator 


Ca (f, 2) = Ch (f, 01, ..,0N) = S- (wf f i) Z (nx —k) = 


k=—0o 


a as hat Rac ky tl 


Ss, 22 ( me A a) F(t outy) th) 
(Toi = ‘)] (38) 


i=1 
néeN, VreR. 

Again for f € Cg (RY x ) , N EN, we define the multivariate neural net- 
work operator of quadrature type D,, (f,x), n € N, as follows. 

Let 0 = (01,...,An) € Se r= ay tn) Se Ze Wp Sty 55, 2 0; Such 


0 01 62 
that SS w,p= > Dd .. ree ep =i ke ZY and 
r=0 r1=0 rg=0 rn=0 


Z kor 
Sn (f) = Snjersbay.skw (fF) = > wef (- 25 =) 7 
r=0 
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01 02 


Ps a he T2 kn TN 
T1jsT2.eP t geesy 3 39 
ye os iiss wf (24 n nOo xy ( ) 
r1=0 r2=0 rn=0 
where § = ($2, fs BE). 
We set 
Dn (f,@) = Dn (f, 1, -.,0N) = S- Onk (f) Z (naz — k) = (40) 
k=—0o 
co ee) ee) N 
Se ys se S- Oe Wien ny (f) (loins “ s)) ; 
ky=—co kg=—0co kn=—co i=1 
VareR. 


In this article we study the approximation properties of A,,B,,Cy,, Dn 
neural network operators and as well of their iterates. That is, the quantitative 
pointwise and uniform convergence of these operators to the unit operator I. 


3 Multivariate general sigmoid Neural Network 
Approximations 


Here we present several vectorial neural network approximations to Banach 
space valued functions given with rates. 
We give 


Theorem 8 Let f € Oi 1 [a,b], X), 0<6B<1,27eE (is [ai,i]) , 
N,n€N with n'-8 > 2. Then 


i 
| An (f, 2) — f (z)|l, < 
oe |! (4p) +0-AGt 2) [IL] ae. aD 
and 
2) 


An (A) - Fl <n). (42) 


Ill, 
We notice that lim An (f) = f, pointwise and uniformly. 
n—- oo 


Above w, is with respect to p = co and the speed of convergnece is 
max (4, (1 —h ae _ 2))) : 
Proof. As similar to [12] is omitted. m 


We make 


10 
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Remark 9 (/11/, pp. 263-266) Let (RY, I-llp) N EN; where ||-||,, is the Lp- 


norm, 1<p<oo. R is a Banach space, and (RN)? denotes the j-fold product 


space RN x...x RN endowed with the max-norm ||| (qxyi = max ||z||,,, where 
ISASj é 


Li= (x1,...,2;) € (Re) 

Let (x, I-I,) be a general Banach space. Then the space L; := L; (RY)? :X) 
of all j-multilinear continuous maps g : (RY)? 3 X,j=1,...,m, is a Banach 
space with norm 


lg @)IL, 


Igh:=Ilgllz, = sup (lg (@)|L, = sup (43) 


Well (anys =1 


Let M be a non-empty convex and compact subset of R® and xo € M is fixed. 

Let O be an open subset of RN :M CO. Let f :O — X be a continuous 
function, whose Fréchet derivatives (see [20]) f :O > L; = L; ((RY)’ :X) 
exist and are continuous for 1 <j <m,meEN.. 

Call (% — x)’ := (a — x9, ...,@ — Xo) € (RY)?’, ceM. 

We will work with f\a- 

Then, by Taylor’s formula ([13]), ([20], p. 124), we get 


m (j) _ ; 
f(x)= S- p a to)” + Rn(a,%0), alla e M, (44) 
j=0 : 


where the remainder is the Riemann integral 


Rm (X, 0) = | ae (ro (ao + u(a — 20)) — For (x0)) (x — x0)"" du, 


(m— 1) 
(45) 
here we set f) (xo) (x —x0)° = f (a0). 
We consider 
wi=wr (f™,h) = sup [[F™ (@) - ¢™ @]|, (46) 
x,yeM: 
le—yll, <P 
h> 0. 
We obtain 
(£0? (eo + lw — 20) — F™ (@0)) (@ 20)" < 
| F0 (eo +4 (@ — 0) — FO (eo)]] Ile — xo" < 
w lle — xoll” a] (47) 


11 
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by Lemma 7.1.1, [1], p. 208, where [-] is the ceiling. 
Therefore for alla € M (see [1], pp. 121-122): 


du 


' rulle— ally] @—wy"™ 
Rm (x, < — x||"" 7 
Fn (ato), <u lie —soly [| Te) Cd 


= wy, (| — zollp) (48) 


by a change of variable, where 


|t| % ag) ee) 
£6 -| rs) ie ds = — Dts /VteR, (49) 


is a (polynomial) spline function, see [1], p. 210-211. 
Also from there we get 


ee ley ne 
® < R 
m(f) S (foe 2m! 8(m—1)! }’ ao OD) 


with equality true only at t = 0. 
Therefore it holds 


|| (2, 20)]|., << w jz aolly* lle = soll | fella ~ oll VaeM 
BP pr Ns (m+1)Ih 2m! '  8(m—1)! , ; 
(51) 
We have found that 
FM (ao) (w — to)’ 
f@->— ii < 
j=0 
2 
m+1 m m1 
= 3 h lla — roll 
om) (le=aal heal : , 
on (7, )( (m+n! Om [ao ye 
Vau,r EM. 
Here 0 < wy Pau h) < oo, by M being compact and f’™ being continuous 
on M. 
One can rewrite (52) as follows: 
 f9) (wo) (= 20)? 
fOess 5 < 
j=0 vs ‘ 
m+1 m m-1 
- - All: — oll 
(m)_p, | xo, | Zoll,, D Vv M. (53 
wi(f )( (m+ 1h 2ml Saye oe OD 
12 
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a pointwise functional inequality on M. 

Here (- — x9)’ maps M into (RN)? and it is continuous, also f) (ao) maps 
(RY)? into X and it is continuous. Hence their composition fF (a) (- — 20)’ 
is continuous from M into X. 

Clearly f (-)— 7-0 £'(eo}(-—t0)" C(M, X), hence 
C(M). 

Let {En} er be a sequence of positive linear operators mapping C' (M) into 
C(M). 

Therefore we obtain 


he POE NG 299 
fOQ- DL, Fee 


+ 


tn (0-3 m ee 2 — x)" (zo) < 
; eee = -— aol)" ) ) (« 
Wy (7,2) (Ex (I ona )) (0) (i (| i ) = 
h (Ev (I~ eollf'"*)) (a0) 
( i 1)! ) Bk " 


VNEN,VaoeM. 


N Be a 
Clearly (54) is valid when M = [J [a;,b;] and Ln = An, see (26). 


All the above is preparation ferns following theorem, where we assume 
Fréchet differentiability of functions. 

This will be a direct application of Theorem 10.2, [11], pp. 268-270. The 
operators A, An fulfill its assumptions, see (25), (26), (28), (29) and (30). 

We present the following high order approximation results. 


N 
Theorem 10 Let O open subset of (RY, I-llp) ,p € [1, co], such that [J [ai, bi] C 
i=l 


O CRN, and let (x I-l.,) be a general Banach space. Let m € N and f € 
C™ (O,X), the space of m-times continuously Fréchet differentiable functions 
N 
from O into X. We study the approximation of f| eat Let xo € (11 (ai, ul) 
a; 04 i=l 
i=l 
andr >0. Then 
1) 


(Ar 20) 5 (Ae (#0 (20) (-a0)!)) (a0)|| < 


+ 


13 
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ws (#0 r (Bn (-— 20) (a0) "= vee 
(Calo e) (6 (4p) 0) 
lean tet]: (55) 
2) additionally if f9 (xo) =0, 7 =1,...,m, we have 
I(An (f)) (#0) — f (o)lly < 
ws (£0, (Ay (I —zoll™)) (eo) a 
( G ae )) 9) ) (ag) en) 


(56) 


3) 
IAn (f)) (@o) — F (20) lly 97 = || (An (F® (0) (= 20)’)) (xo)]]_ + 


1 (6,7 (An (I 7 in. (20))™) (a (hat) eo) 


(57) 
1 mr? 
= iy oS | 
and 
4) 
[An (A) - All, Fe < 
a y= |)» ( (F( (xo) (-- m0)’)) (20)}], saciae + 
Wy | r (An (I: - aollp’**) ) (x0) eg 
rm! 
|(4 (I 20") eo) (8) 


N 
co, x0€ [J [ai di] 
i=l 


laepta | 
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We need 


N 
Lemma 11 The function (An (I: — Zol|, )) (xo) is continuous in xo € (11 [a;, bl), 

i=1 
meEN. 


Proof. By Lemma 10.3, [11], p. 272. 
We make 


Remark 12 By Remark 10.4, [11], p. 273, we get that 


| (b-)) ean ® 


(4a (K-20) co) (59) 


oo,@o€ TI [ai,b] 
for all k =1,...,.m 
We give 


Corollary 13 (to Theorem 10, case of m=1) Then 


1 
(An (A) 0) ~ F (@o)Ily < |] (An (F (0) ¢ — 20))) (eof), + 


spits (1.7 ((An (Iba) (20))*) ((An (Ih =0l)) (e0))* (60) 


eee 
r 4 ’ 
and 
2) 
lle () = FI ae < 
II rene) ON. tea” 
“y oo,t0€ TT [aids] 
1 2 : 
get (Fr ||(An (Ie 20l)) o)| 
rag f ,r| An | oll, (xo) See UL Ge 
i=l 
| (4s (1 2012) (eo)? eS 
n (II —20ll2)) (eo | yo fered], 61 
vo,o€ [I [ab a 
r>0 


15 
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We make 


Remark 14 We estimate (0<a<1,m,n€N:n!-% > 2), 


[nb| k m+1 
rt m is na n olla. Z (nao — k) (22) 
A, (|r = eoll25*") (0) = =e < 
pa eee, Z (nao = k) 
1 > ee eae 
—— 129 Z (nap — k) = (62) 
GO)” =~, E . 
[nb| m+l1 
1 | k 
S- —— 2 Z (nao — k) + 
@a)* 2 ss 
k = [na 
‘lI — ®olloo S ne 
[nb] m+1 95 
k (23) 
S- |E-» Z (nap —k)p < 


k_ gol] > 2 


lee) ne 


1 1 1—h(nt-% — 2) fer 
{saben + ( ; ]b— al, (63) 


(where b—a = (b, — ay,...,bn — an)). 
N 

We have proved that (V xo € [I [a:, b:]) 
i=1 


Ay, (Ir = oll33**) (20) < 
te | ! (=) ats} = ei(n) (64) 


O<a<1,mneEN:n'-% > 2). 
And, consequently it holds 


| An (II: = wol22**) (z0)|| 


< 


N 
oo, x0 € TJ [ai,bi] 
i=1 


1 1 1—h(n'-*—2 
+ ( (n ' \|b ait} =, (n) 30, asn— +00. 
nl 2 
(65) 


16 
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So, we have that py, (n) > 0, as n + +00. Thus, when p € [1,00], from 
Theorem 10 we have the convergence to zero in the right hand sides of parts (1), 


(2). 
Next we estimate 


We have that 


(An (£ (wo) (= 20)’)) (0) | 


y 


rel ay FO (wo) (E — 20)? Z (nao — &) 


An ff (xo) (-— J (29) = k=[na 
( ( : 7 ) mS ay Z (nto — f) 
(66) 
When p= &, j =1,...,m, we obtain 
j j 
7°? x) (4 —20) | < | eo)| |* —2 ee 
Y co 
We further have that 
= 22) 
IC (0 ea) eof, 2 
[nb 
= S- fF (xo) (E-20) Piet 2 
( (1)) k=[na] it “y 
[nb| ; 
i () ( Rees, bine . 
(w (1))% a, I" ( 0 |; aes OSB). (68) 
[nb] j 
1 ) ko eens 7 
ayy MP ool | Saf, 2 —P] - 
[nb] j 
coat 2G) ke 7 
(w (1) |# (z0)|| S- moe eae k) 
k = [na] 
elle = Polls < ae 
[nb| . -s 
Bs ys F — £0 Z (nao — k) re (69) 
k = [na] sa 
Il - oll, > ae 
1 7 (eo)l] f+ (AA) po a | +0, as n+ 00 
(y(1))* a coe 2 0 f 70 . 
17 
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That is . 
| (An (7 oy soy?) ) (20)}), — 0, asn— o. 


Therefore when p = co, for 7 =1,...,m, we have proved: 


| (An (7 (20) ( -20)")) (eo), < 


real {as+(=AO=2) ponds oo 
a e], {a + (: = ate = 2) \| at =: 9; (n) < 00, 


and converges to zero, as Nn — Oo. 


We conclude: 

In Theorem 10, the right hand sides of (57) and (58) converge to zero as 
n — oo, for any p € [1, oo]. 

Also in Corollary 13, the right hand sides of (60) and (61) converge to zero 
as n — oo, for any p € [1, oo]. 


Conclusion 15 We have proved that the left hand sides of (55), (56), (57), 
(58) and (60), (61) converge to zero as n — ov, for p € [1, co]. Consequently 
Ay, > I (unit operator) pointwise and uniformly, as n — oo, where p € [1, co]. 
In the presence of initial conditions we achieve a higher speed of convergence, 
see (56). Higher speed of convergence happens also to the left hand side of (55). 


We give 
Corollary 16 (to Theorem 10) Let O open subset of (R%,||-\|,,), such that 


N 
I [a;,b;] CO CRN, and let (x, \|-|| .) be a general Banach space. Let me N 


ond f ¢ C™(O,X), the space of m-times continuously Fréchet differentiable 
functions from O into X. We study the approximation of f| ft . Let xo € 


aj ,di 
a4 


N 
(11 (eb) andr > 0. Here p;(n) as in (65) and po; (n) as in (70), where 


neN rnb? >2,0<a<1,j=1,...,m. Then 
1) 
(An 20) (7 (xo) (- — x0)')) (#0) < 
ve (es = m. r mr? 
t as = ) extn lot Feesy oy |. (71) 
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2) additionally, if f® (ao) = 0, j =1,...,m, we have 


I(An (f)) (0) — f (to) Il, S 


wi (FO, a ia m. rr omr? 
u oe gx ante) laaptst | 
3) 
N49 A, econ Sy ee 
wr ( fF, r (y(n mrt 7 
ae) es (n)) (wa) (73) 


rm! 


1 rr mr? 
(m +1) ares 3 =: ~3(n) > 0, as n > co. 
We continue with 


Theorem 17 Let f € Cp (RY,X), 0<68<1,2 ER, Nn eN with 
n'-8 > 2, wy is for p = oo. Then 


1) 
|B. (F.2)~ Fl, Si (Koa) +0 a(n? -2)) [LAL] =e. 
(74) 
2) 
IB.) = FIL) <2), (75) 


Given that f € (Cu (RY, X) NCB (RY, X)), we obtain lim B, (f) = f, uni- 
formly. The speed of convergence above is max (+, (1 —h (ni-4 - 2))) . 


Proof. As similar to [12] is omitted. m 
We give 


Theorem 18 Let f € Cp (RY,X), 0<6<1,2 € RY, NneEN with 
n!-8 > 2, wy is for p = 00. Then 


1) 
In (fa) ~ f(y Sar (42 +) HA (nh? —2)) |, = A8 
(76) 
2) 
len (A) = FIL, < As). (77) 
Given that f € (Cu (RY, X) NCB (R*,X)) , we obtain Jim Cn (f) = f, uni- 
formly. 
19 
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Proof. As similar to [12] is omitted. m 
We also present 


Theorem 19 Let f € Cp (RY,X), 0<68<1,2ER, Nn eN with 
ni-Bs 2, W1 ts for p= co. Then 


1 
[Da (Foe) = F(a), Sor (LA +S) 41m (at — 9) | =e, 
(78) 
2) 
Pn (A) Fly] < Aan). (79) 
Given that f € (Cu (RY, X) NCB (RY, X)) , we obtain Jim Dn (fAtaat, 
uniformly. 


Proof. As similar to [12] is omitted. m 
We make 


Definition 20 Let f € Cp (RX,X), N € N, where (x, I-I,) is a@ Banach 


space. We define the general neural network operator 


Fy (f,0):= So Ink (f) Z (na — k) = 

k=—0o 
Cr OG a) , af Ink (f) =e ioe f (t) dt, (80) 
D,, (f, 2), if Ink (f) = nk (f) 


Clearly l,,, (f) is an X-valued bounded linear functional such that ||l,z (f) ||, < 


si, - 


Hence F, (f) is a bounded linear operator with |lF (All| < it, ; 
We need 


Theorem 21 Let f € Cp (RY,X), N>1. Then F, (f) € Cp (RX, X). 
Proof. Very lengthy and as similar to [12] is omitted. m 


Remark 22 By (25) it is obvious that 


[An Allyl] < [[llflly||_ < 90> and 


N 
An(f) €C( TI [ai, bi], X }, given that f eC (11 [ib] X) 
i=1 i=1 
Call Ly, any of the operators An, Bn,Cn, Dn. 


20 
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Clearly then 
22 OIL, |, = flee Ee DIE], < [fz COIL, <st||_» en 


etc. 
Therefore we get 


IZA CAL, |. < ri. Veen, (82) 


the contraction property. 
Also we see that 


WACOM, < Ie OL, ss [le OIL, < |. 2) 


Here LE are bounded linear operators. 


Notation 23 Here NE N,0< 6 <1. Denote by 


—]@Q”, fLn= An, 
= -{¢ if ln = Bn, Cn, Dn, = 


1 ‘ 
= ne? if Ln = An, Bn, 
#(n) =(F if Ln = Cn, Dn, os 
N 
I] 


[a;, b;] x) ) if Ln, = An, 
Cp (RY, X) ) if Ln — Bn, Cn, Dn, 
and 
N 
II [ai, 4] , if Dn = An; 
i=1 


Y= 4 j2 
RN, if Ln = Bn, Cn, Dn. 


(87) 


We give the condensed 


Theorem 24 Let f€0,0<6<1,2€Y;n, NEN with n'-° > 2. Then 
(i) 
En (f,2) — Ff (@)Ily Sew [wr (fe (nm) + (1h (m?-8 — 2) fs | 27), 
(88) 


where w 1 is for p = o, 
and 
(ii) 
lon (F) - Fly 


For f uniformly continuous and in Q we obtain 


jim Ln (f) =f, 


| <r(n) > 0, asn—- ~. (89) 


pointwise and uniformly. 


2 
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Proof. By Theorems 8, 17, 18,19. m 
Next we do iterated neural network approximation (see also [9]). 
We make 


Remark 25 LetréN and L, as above. We observe that 
Lif—-f = (AF - Les) + (EF - Le 7p) t+ 


(Ee 7S — Ef) ton + (End — Lng) + (nf =f). 


Then 


ens — sil] < [lene —2e-%viL|| + fests - 2-71, + 


ewer 2A | + +R Lal + flood — A = 


ze? nF = DIL, | + flee? at - Dlg + [les Gat — AIL 


tot [bn Lat - Aly + [loot fll, <r lllfnr— sl]. @0) 


That is 


liens - si] <r tes — si] - (91) 
We give 


Theorem 26 All here as in Theorem 24 andr €N, tT (n) as in (88). Then 


ene —sI,] sre. (92) 


So that the speed of convergence to the unit operator of L* is not worse than of 
Le. 


Proof. By (91) and (89). m 
We make 


Remark 27 Let mj4,....m, €N: my, <m2<..<m,,0<6 <1, fen. 
Then p(m1) > y(m2) >... > yp(m,), yg as in (85). 
Therefore 


wi(f,y(mi)) > or (f,y(me2)) >... Sor (f,y (mr). (93) 


Assume further that m,? >2,i=1,...,r. Then 


1=h(mrP—2) 1 —h(maF—2) a iehee P=2) 
—. 9 iad 


5 ; ee (94) 


22 
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Let Lm, as above, i =1,...,r, all of the same kind. 
We write 


Lang (Erna (Lena (E = —f= 
UR Omens Cee Gree © Seam: ieee Eten © Seem (ete eet a ie 
Pn OO Oh OeR 3) ae Ee — (...Lmsf)) + 
he Tiga Ute Drtent |) ae bans Cea ai ebay eweE (95) 
Line (Emp1f) — Lief + Lm. f — f = 
Limp (Lmp— (Lm) (Emi f — f) + Dm, (Em,_1 (--Lms)) (maf — f) + 
Limp (Lmy—1 (-Lmg)) (Lg f — f) +--+ Lm, (Lm,af —f) +Lm,f -f. 


Hence by the triangle inequality property of el we get 
[oe) 
|| Lm, (Dies Gab m2 (L wis) ))) a fll, < 


|| a ees (edges) (Lin, f _ FIL, Ag a 
| eae ( Liss (ides) (Ling f = FIL, a “The 
[I Zn. Gea) as Ally. tat 


[I]Em. (LmesF AMI ||, + flemf - lla] 
(repeatedly applying (81)) 


< [lon F = lly] + |[lomot Sly] + [llomet - Fly] ++ 


[lene f lhl] + |lznet — ft = Softens st 9) 
i=l 


That is, we proved 


[Lem (Lorna (Lima Lm A) ~ Fla. <) ln ffl. @7) 


We give 
Theorem 28 Let f € 0; N, m1, mz,...,.m, EN: my < mg <... < mp, O< 
B<1; m, >2,i=1,..,7r, « € Y, and let (Lm,,...,Lm,) a8 (Am,,---;Am,) 
or (Binyy-; Bm,) OF (Crys +3 Cm,) OF (Dy); Dm,), p = 00. Then 


Lane (Lnmpas (--Lms (Em f))) (#) — f (#)I|, S 


23 
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eae (Lips (...Limg (Lm, f))) = filly. < 
ye lzm.f - fll,||_ < 
t=1 
cn oy [u (f,¢ (mi)) + (1 —h (mi? 2 2)) uri < 
w=1 


ren [a1 (fe(m)) + (1—A(mi-?—2)) [i J. 8) 


Clearly, we notice that the speed of convergence to the unit operator of the mul- 
tiply iterated operator is not worse than the speed of Lm,. 


Proof. Using (97), (93), (94) and (88), (89). = 
We continue with 


Theorem 29 Let all as in Corollary 16, andr € N. Here ~s(n) is as in (73). 
Then 


lang = fil] <e 


Ant = fly] <r (n)- (99) 
Proof. By (91) and (73). = 


Application 30 A typical application of all of our results is when (x, I-I,) = 


(C,|-|), where C are the complex numbers. 
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